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SECTION I. 

DEFINITIONS AND FUNDAMENTAL RELATIONS BETWEEN THE 
TBieONfMtETBICAL FUNCTIONS OF AN ANGLE (OB ABC). 

1. Trigonometry is a part of Geometry which has for its sub- 
ject-matter, Angles. It is chiefly occupied in presenting a^scheme 
for measuring and comparing angles, by means of certain auxiliary 
lines called Trigonometrical Functions, in investigating the relations 
between these functions, and in the solution of triangles by means 
of the relations between their sides and the trigonometrical functions 
of their angles. 

2» A Function is a quantity, or a mathematical expression, 
conceived as depending upon some other quantity or quantities for 
its value. 

Ill's. — A man's wages /<?r a given time is a fonction of the amount received 
per day ; or, in general, his wages is a function of both the time of service and: 
the amount received per day. Again, in the expressions y = 2a£^, y z=. o^ — 
2&JJ + 5,y = 21ogaa;, y = o*,y is a function of a; ; since, the numbere 2, 5, a and h 
being considered fixed or constant, the value of y depends upon the value we 

assign to x. For a like reason such expressions as v/a" — j;*, and Zoj^ — 2\^ 
may be spoken of as functions of «. Once more, the area of a triangle is a func- 
tion of its base and altitude. i 

3. Angles as Functions of Arcs. — We have learned in 

Geometry (Part 11. ), that angles and arcs may be treated as 

functions of each other; and that, if the angles be taken at the 
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centre of the same or equal circles, the arcs intercepted have the 
same ratio as the angles themselves, and hence may be taken as their 
measures or representatives. For trigonometrical purposes, an angle 
is considered as measured by an arc struck with a radius 1, from the 
angular point as a centre. 

4. A Degree being the -^ part of the circumference of a circle, 
becomes the measure oi-^ of a right angle; and, for convenience, it 
is customary to speak of such an angle as an angle of one degree, four 
times as large an angle as an angle of four degrees, etc., applying the 
term directly to the angle. A small circle written at the right and 
a little above a number indicates degrees (°). 

5* A Minute is -^ part of a degree. Minutes -are designat/cd by 
an accent ('). A Second is -^ part of a minute. Seconds are 
indicated by a double accent {"). Smaller divisions of angles (or 
arcs) are most conveniently represented as decimals of a second, 
though the designations thirds, fourths, etc., are sometimes met with, 
and signify further subdivisions into 60ths. 5° 12' 16" 13'" is read, 
*' 5 degrees, 12 minutes, 16 seconds, and 13 thirds." 

Ill's.— In Fig, 1 AOB is an angle of 35°, because the measuring arc db 

contains 35 of the 860 equal parts into which 
the circumference whose radius is Oat, could be 
divided. In like manner BOC is an angle of 7^*. 
BOC = iAOB = iAOC Hence, it becomes evi- 
dent that we may use the numbers 35, 7, and 42, 
to represent the respective angles AOB, BOC, 
and AOC, or the coiTesponding arcs ab, bc^ and 
ac. 

6. A Quadrant is an arc of 90°, 
and is the measure of a right angle; 
hence, a right angle is called an angle of 
Fig. 1. 90°. Thus arc ad, Fig. 1, = 9(^% or angle 

AOD = 90°. 

7» The Complement of an angle or arc is what remains after 
subtracting the angle or arc from 90°. 

8. The Supplement of an angle or arc is what remains after 
subtracting the angle or arc from 180°. 

Ill*s. — In Fig. 1, the angle BOD is the complement of AOB, and the arc bd 
is the complement of arc ab. The complement of 85* is 90** — 35**= 55**. The 
supplement of 35" is 180'- 35°= 145°. 
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,9. A Quddrant is often represented by ^, since *k is the semi- 
circumference when the radius is unity. When this notation is used, 

180° 
the TJnit Jlrc becomes -^ = 57°.29578 nearly, or 57° 17' 44".8 +, 

which is an arc equal in length to the radius. 

10, For trigonometrical purposes, an angle is conceived as gen- 
erated by the revolution of a line about the angular point, and 
hence may have any value whatever^ not only from 0° to 180°, but 
from 0° to 360°, and even to any number of degrees greater than 
3G0°, as 1280°, etc. An angle of 45° is generated by -J of a revolu- 
tion, 90° by J of a revolution, 180° by ^ a revolution, 270° by f of a 
revolution, 360° by one revolution, 450° by IJ revolutions, 1280° by 
3| revolutions, etc., etc. 

11, In accordance with the conception of an angle as generated 
by a revolving line, the measuring arc is considered as originating 
at the first position of the revolving line {L e., with one side of the 
angle), and terminating in the line after it has generated the angle 
under consideration (i. e., with the other side of the angle). The 
first extremity is called the Origin of the arc, and the other the 
Termination* 

Ill*8. — In Ftg, 1, let the angle AOB be considered as generated by a line 
starting from the position OA, and revolving around the point O, from right to 
left,* till it reaches the position OB. Oa bring taken as unity, the arc ad is the 
measuring arc of the angle AOB ; a is its origin, and b its termination, 

12, In the generation of angles by means of a revolving line, the 
normal motion is considered to be from right to left, and the quad- 
rants are numbered 1st, 2d, 3d, and 4th, in the order in which they 
are generated. 

13, Uie Trigonometrical Functions are eight in num- 
ber; viz., sinCy cosine, tangent, cotangent, secant, cosecant, versed- 
sine, and coversed'Sine. These lines are functions of angles, or, 
what amounts to the same thing, of arcs considered as measures of 
angles, and are the characteristic quantities of trigonometry. 

14, The Sine of an angle (or arc) is a perpendicular let fall 
from the termination of the measuring arc upon the diameter passing 
through the origin of the arc. Thus in Fig, 2, M is in each case 
the sine of the angle AOB, or of the arc o/xh. 

* The pnpil will nnderstand that, if he imasrin ee himself standing at the centre of motion, 
as the moving body or point pasBes before him, the distinctions " from right to left," and 
" from left" to right, are ensily made. 
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15. The Trigonometrical Tangent of an angle (or arc) 
is a tangent drawn to the measuring arc at its origin, and limited 
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by the produced diameter passing through the termination of the 
arc. Thus in Fig. %, ac is in each case the tangent of the angle AOB, 
or of the arc axb, 

16. The Secant of an angle (or arc) is the distance from the 
angular point, or centre of the measuring circle, to the extremity of 
the tangent of the same angle (or arc). Thus in Fig, 2, Oc is in 
each case the secant of the angle AOB, or of the arc axb. 

17. The Versed-Sine of an angle (or arc) is the distance 
from the foot of the sine of the same angle (or arc) to the origin of 
the measuring arc. Thus, in Fig, 2, da is in each case the versed- 
sine of the angle AOB, or of the arc axb, 

% 18. The prefix co, in the nanjes of the four trigonometrical func- 
tions in which it occurs, is an abbreviation for the word cornplemenL 
Thus cosine means complement-sine, i. e., the sine of the comple- 
ment; cotangent means tangent of the complement; etc. The co- 
sine of 40° is the sine of 90° — 40°, or 50° ; the cosine of 110° is the 
sine of 90° — 110°^ or — 20°; the cotangent of 30° is the tangent of 
60° ; the cosecant of 200° is the secant of — 110°. 

19. Construction of the Complementary Functions. 

— Let us now see how the complementaiy functions are constructed with refer-^ 
ence to their primitives, premising that all arcs in Fig. 3, reckoned from A, are 
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to he reckoned around from right to left in this discussion. 1st Let AP he 
any arc less than 90° ; then 90* — AP = aP is ita complements Now considering 
a as the oiigin and P the termination of 
this complementary arc, Pd is its sine, at 
its tangent, O^ its secant, and ad its yersed- 
sine. Hence, Pd, at^ Ot, and ad are respect- 
ively the cosine, cotangent, cosecant, and 
coversed-sine of the arc AP, or the angle 
AOP. 2d. Letting APP' be any arc between 
90* and 180% its complement is 90° — APP' 
or — aP', the — sign signifying that the arc 
is reckoned backward from P' to a. But as 
the values of the functions will be the same 
whether the origin be taken at P' or at a, 
.we may take a as the origin of this comple- 
mentary arc, and p' as its termination, 
whence P' d' becomes its sine, aH \$a tan- 
gent, O^' its secant, and ad' its versed-sine. 
Therefore P'd\ at\ Ot\ and ad', are respect- 
ively ths cosine, cotangent, cosecant, and 
covei-sed-sine of the arc APP', or the angle AOP'. 3d. In like manner, aP'' is 
shown to be the complement of aitJ APP'P" ; and as P"d", at, Ot, and ad" 
are respectively the sine, tangent, secant, and versed-sine of this complement, 
they are the corresponding cofunctions of the arc APP'P", or the salient angle 
AOP'- 4th. In the same way, it appears tliat P"'d"', at\ Ot\ and ad!" are the 
cosine, cotangent, cosecant, and coversed-sine of the arc APPP"P'", or the 
salient angle AOP"'. Observe thai a, a point on the measuring are 90" from the 
primitive origin^ is the origin of aU the complementary functiona, 

ScH. — ^It will readily appear from the figure that the cosine of an angle 
(or arc) is always equal to the distance from the foot of the sine to the vertex of the 
angle (or the centre of the measuring arc). This is the more convenient prac- 
tical definition. Thus the cosine of AP is Pd^DO; the cosine of APP' is 
P'd' = D'O, etc. 

20. dotation* — Letting x represent any angle (or arc), the 
several trigonometrical functions of it are written sin a:, cos a:, tana;, 
cot a;, sec a;, coseca:, versa:, and covers a:. They are read "sinea;,'* 
" cosine x" " tangent a;," " cotangent x/' etc. 



Fxs. 8. 



FUNDAMENTAL RELATIONS BETWEEN THE TRIGONOMETRICAL 

FUNCTIONS OF AN ANGLE (OR ARC). • 

[Note. — Thef>e ftindamental relations ma«t be made perfectly Ikmiliar. They mast be 
memorized, and be as familiar as the Maltiplication Table. The student can do nothing in 
trigoilometry without them.] 

1^** The discussions in this treatise all proceed upon one general 
plan ; viz., — First obtain the particular property of the 



* 6 



PLANE TKIGONOMETRY. 



sine and cosine, and from this deduce all the others 
decor ding to the dependencies shown in the follow-- 
ing proposition. 

21. F'TOp. — The Fundamental Relations which the Trigono- 
metrical Functions sustain to eadh other are: 



(1) sin' a; -f cos' a; = 1; 

, . sin a; 

(2) tana; = 



(3) cota: = 

(4) oota; = 



cos a; 

cos a; 
sin a;' 

1 
tana;' 



(5) sec a; = 



cos a;' 
1 



(6) coseca;= — 



sin a; 

(7) sec' a; = 1 + tan' x ; 

(8) cosec'a; = 1 4- cot' a;; 

(9) vers a; = 1 — cos x ; 
(10) covers a; = 1 — sin a:. 



(The forms sin'a:, sec'a?, etc., signify the square of the sine, the 
square of the secant of x, etc., and are read " sine square a;," " secant 
square a:," etc. The student should distinguish between sin'a;, and 
sin a;'.) 

Dem. — In JPlg. 4, let x represent any arc as AP, less than 90'. Then PD = sin «, 
OD or Pd = cos a;, AT = tana, OT = seca;, at = cota;, Ot = coseca;, AD = vei-sin a;, 
and ad = coversma;. 




Fig. 4. 



(1). In the right-angled triangle POD, 
PD' + OD" = op"? 01* shi' X + cos'* a; = 1, 
since OP = radius = 1. 

(2). From the similar triangles POD and 
TOA, 

AT PD . sin a; 

S-r = k^« or tan x = 

OA OD' "^ cos a?. 

(3). From the similar triangles POc? and 
fOi, 

at Pd ^ cos a; 

p- = 7r3, or cotaj = -. — . 

. Oa Od sm x 

(4). Multiplying (2) and (3) together^ 

sinajcosa? . ^ 1 

tanajcotaj = : — = 1, or tan x = 



cos a; sma; 



cola? 



(5). From the similar triangles OTA and 
OPD, 



St- = ^ ; but OP and OA each = 1, /. secaj = . 

OA OD 



cos a; 
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(6). From the similar triangles 0/a and OPd^ 

Ot OP 1 

-=- = TT-T, or cosecaj = ^ — . 
Oa Od ^x 

(7). From tlie right-angled triangle OAT, 

6t" = oa" + at", or sec^'aj = 1 + tan'as. 

(8). From the right-angled triangle Oaty 

O? = Oa' + oi", or cosec*jJ = 1 + cot'aj. 

(9). ADi= AO — OD,orver8a? = l-cosaj. 

(10). ad = aO — Od^ or coyers aj = 1 — sin aj. 

Thus the fundamental relations of the (unctions are established for an arc 
less than 00°. But it will readily appear that the relations are the same for any- 
other arc. For example, let x =s AP' be any arc between 90° and 180°. Then 
the triangle P'D'O gives sin'aj + cos^a? == 1, since P'D' = sina;, and OD' = cosar. 

AT' P'D' • sin x 
The similar triangles P'D'O and OAT' give ^r = 57^, or tan a? = ; and the 

\Jty ^ \J COS X 

COS X 

similar triangles P'd'O and taO give cot x = ~ — . In like manner let the 

^ ® SUl X 

student observe the relations when x = APP'P", or an arc between 180° and 
270°. So also when x = APP'P"P'", or an arc between 270° and 300°. 

22, Cor. 1. — Tlie tangent and cotangent of the same angle are 
reciprocals of each other ; so also are the secant and cosine, and the 
cosecant and the sine. Thus, if tana; = 3, cot 2; = ^ ; since cot 2; = 

; . If seca; = 2, cosa: = i; sinceseca; = -, or cos a; = . 

tana; *' cosar sec a; 

23, Cob. 3. — Sines and cosines cannot exceed 1. Tangents and 
cotangents can have any values from to cx). Secants and cosecants 
can have any values between 1 and 00 . Versed-sines and coversed- 
sines can have any values between and 2. These conclusions will 
readily appear from the definitions, and an inspection of Fig. 4. 



SIGNS OF THE TRIGONOMETRICAL FUNCTIONS. 

24m JProp* — Angles (or arcs) considered as generated from right 
to left being called positive * and marked +, those considered as gen* 
eratedfrom left to right are to be called negative arid marked — . 

♦ This ie parely an arbltraiy convention. We might equally well reverse it 
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Dem. — Tins 18 a direct application of the significance of the + and — signs. 

(See Complete School Algebra, pp. 20-23.) Thus, in Fig. 5, if the angle AGP, 

considered as generated by the revolution 
of a line from the position OA in the direc- 
tion of the arrow-head (from right to left), 
is called positive and marked + , an angle 
generated by the motion of a line from the 
V position OA in the opposite direction (from 
left to right), as the angle AGP" thus gen- 
erated, is to be considered negative and 
marked — . Let it be carefully observed 
that it is the assumed direction of the 
motion of the generatrix that determines 
the sign of the angle (or arc). Two lines 
meeting at a common point may be con- 
sidered as designating either a + or a — 
angle, according to the direction of motion 
assumed. Thus the lines GA and 0P\ Fig. 
5, may foim the positive angle measured 
^w- *• by the arc APP', or the negative, salient 

angle measured by the negative arc AP'"P"P'. q. b. d. 




23. Prop* — Radius being considered as always extending in the 
same direction, viz.yfrom the centre toward the extremity of the arc, 
is always positive. 



26n Prop. — The sign of the sine of an angle between 0^ and 180° 
being -h, that of an angle between 180** and 360** is — . 

Dem. — In Fig. 5, we observe that the sines of all angles terminating in the 1st 
and 2d quadrants, i. «., between 0® and 180°, may be considered as measured 
from the primary diameter AB, upward^ while those of angles terminating in the 
3d and 4tli quadrants, i. e., between 180" and 360°, are reckoned downward 
from the same line'; hence, the former being called +, the latter should be — , 
as the two species are estimated in opposite directions, q. e. d. 

A more elegant conception is to consider the sine as projected upon the diam- 
eter vertical to that parsing through the origin, as ae; whence Od is the sine 
of AGP (or arc AP). Now this line evidently is when the angle is ; and as the 
angle increases, the sine increases, being generated from O upward^ and hence 
is called + . This is the same conception ^s we use in the case of the cosine. 
Adopting it, we see Uiat sines reckoned from O upward are + , and downward 
— . ' Cosines reckoned from O to the right, are +, and to the left, — . 



27* Cor. — The coseca^it of an arc has the same sign as its siiie, 

since coseca; = -; — ; and as 1, beinff the radius, is -h, the sign of 
1 



sinx 



sma; 
is the same as the sign of sin x. 
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28, I^rop, — The sign of the cosine of an angle between 0° and 
90°, and between 270° and 360°, is +, while that of an angle between 
90° and 270° is -. 

Dem. — ^In Fig. 5, we observe that the cosines of all angles terminating in the 
1st and 4th quadrants, may be considered as estimated from the centre toward 
the right, as OD, OD'^ ; while correspondingly, the cosines of angles terminating 
in the 2d and 3d quadrants will be estimated from the centre toward the left, as 
OD', OD". Hence, by reason of this opposition of direction,, the former are 
called + , and the latter — . q. s. d. 

29 • Cor. — The secant ofqn angle has the same sign as its cosine^ 
since these functions are reciprocals of each other. (See 27m) 

30* Prop. — The sign of the tangent of an angle between 0° and 
90°, and also between 180° and 270°, is 4- ; while tMt of an angle 
between 90° and 180°, and between 270° and 360°, is — . 

sin Qi 

Dem. — Since tan a? = , when sin x and cos x have like signs, tan « is + , by 

cosa? ^ * * "^ 

the rules' of division ; and when sin x and cos x have different signs, tan « is — . 
Kow„in the 1st and 8d quadrants* the signs of sin a; and cos x are alike, hence 
in these quadrants tana; is plus; but in 2d and 4th quadrants sin a; and cos a; 
have unlike signs, and consequently in these tan x is — . q. e. d. 

31. Cor. — The sign of the cotangent is the same as the sign of the 

tangent of the same angle, since cot x = . 

ran x 



32. Prop. — Versed-sine and coversed-sine are always +. 

Dem. — ^Vers aj = 1 — cos a? ; and as cos a? cannot exceed 1, 1 — cosa? is al- 
ways + . In like manner, covers a; = 1 — sin a;; and as sin;c cannot exceed 1, 
1 — sin a? is always + . Q. e. d. 

ScH. 1. — It is esscMtial that the law of the signs, as explained above, be well 
miderstood, and the facts fixed in memory. Fig. 6 will aid the student in fixing 
the law in the memory. Having this constantly be- 
fore the mind, and remembering that tan and cot 
are + when sin and cos have like signs, and — when 
they have unlike, and that cos and sec have like 
signs, as also sin and cosec, or, more simply, tliat 

sin ^ 1 1 , 1 

tan =, — , cot = : — , sec = — , and cosec = -;-, 
cos tan cos sm 

the student cannot fail to know the sign 'of a func- 
tion at a glance. 

It will be of service to remember that versed-sine 
and coversed-sine, and aU the functions of angles 
of the Ist quadrant, are + ; but that of the other 
functions than the versed-sine and coversed-sine of 
angles terminating in the other quadrants, but Uoo are + in each quadrant 

*Thii3 is a convenient elliptical form for ^*an angle whose measuring arc terminates in the 
Ist quadrant,^' etc. 




^A 



Fig. 6. 
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ScH. 2 — The signs of functions of angles greater than 360' are readily deter- 
mined by observing in what quadrant the measuring arc terminates. Thus, 
sin 570** is — , since an arc of 570" terminates in the 3d quadrant. In any given 
case, the sign of the function is the same as the sign of the same function of the. 
remainder left after dividing the arc by 3C0°, or 27r. Thus tan 1180° is the same 
as tan 100** ; i, e., it is — . The same may also be said of the value of the func- 
tion. 




lit 



III 



UMITIXG ViXUES OF THE TBIGONOMETBICAL FUNCTIONS. 

33. JProp.—Siyi 0° = qp 0, sin 90° = 1, sin, 180° = ±0, 
5i;i 270° = —1, sin 360°= =fO, and the limits within which the 
sines of all angles are comprised, are + 1 and —1. 

Dem. — Let the point P be supposed to start from A and move around the 
circumference from right to left, and let x represent the angle (or arc) generated. 

Now, when P is at A, « = 0, and PD = 0. 
Moreover, if we consider the sine P'" D 
as reaching its limit, by the moving of P 
from some point in the fourth quadrant to 
the origin, the sine of 0° becomes — 0, since 
V3hat is true of a varyinfi quantity all the way 
08 it approaches its limits is assumed true at 
the limit. But, if the sine reaches its limit by 
the passage of the point P from some point 
in the fii*st quadrant to the origin, the sine 
of 0° is to be considered as +, since the 
function is + as it approaches its limit 
.'. sin 0° = T 0.* As » increases from 0° 
to 90° (i. «., as P passes from A to a), PD is 
+ and increases from to 1 ( + to + 1). 
/. sine 90° = 1. As a; continues to increase 
from 90°, sin x diminishes and becomes at 
180°. To determine the sign of sin 180°, we 
notice that it is + when the point P approaches this limit from the second 
quadrant, and — when it approaches it from the third quadrant, .'. sin 180° = ± 0. 
Conceiving x to go on increasing from 180°, sin x appeal's below AB and is — , and 
beginning at — diminishes (a numerical increase of a negative quantity being 
considered an absolute decrease) till at 270° it becomes — 1. .*. sin 270° = — 1. 
As X passes from 270° to 360°, sin x increases (see ^bove) ft-om — 1 to 0. The sign 
of this limit is ambiguous, as appears by regarding tlie limit as reached by the 
angle passing from something less than 360° to 360°, whence we have — ,and also 
Hs reached by the angle passing back from something greater than 360° to 360°, 
whence the sign is +. .*. sin 360° = T 0. Finally, as it is evident that these 
values would recur in the same order as the point P passed 'around again, the 
above comprise all real values of sines of angles, q. b. d. 



Fia. 7. 



• It has been customary to disregard the sign of 0, in such a series a6 — m .... — 3. — 2, 
— 1, ± 0, + 1, + 2, + 3, .... + »», whereas it ehould be regarded as ambiguous, as appears 
above. 
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34. JProp.—Co8 0^ = 1, cos 90° = =b 0, cos 180° = - 1, cos 270° 
= ip 0, cos 360° = 1, and the cosines of all angles are comprised 
between 4- 1 and —1. 

Dem. — Using the same figure and the same conception as in the last demon- 
. stration, it is evident that as P approaches A, from either direcUon^ that is as S) 
approaches 0°, the cosine OD approaches to equality with the radius and reaches 
it at a; = 0, being + in either case. .*. cos = 1. K&x approaches 90** from a 
less value, i. e.^ from the firet quadrant, cos a; is +, and approaching + ; but as 
X approaches 90^ from some greater value, %. e,, from the second quadrant, cos a; is 
— and approaching — 0. .*. cos 90** = db 0. In like manner we observe that as 
X increases from 90° to 180°, cos x decreases (see Dem. of 33) from to -- 1, which 
it reaches at 180°, and this whether the point is reached in one way or the 
other. .*. cos 180° = — 1. Again, cos 270° = T ; since it is — if se passes to 
270° from some value len than 270°, and -I- 0, if it passes from some value 
greater than 270. While x passes through the fourth quadrant, cos x passes 
from to + 1, reaching the latter value when x = 360°. .'. cos 360° = 1. Finally, 
as it is evident that the above values would recur in the same order as the gen- 
erating point passed around again, this discussion comprises all real values of a 
cosine. 



3S. Prop.— Tan 0° = ip 0, tan 90° = ± cx>, tan 180° = q: 0, 
tan 270° = =fc oo , tan 360° = qp ^> ^^^ ^^^ tangents of all angles are 
comprised between -h oo and — oo . 

^ m /xo sin 0° TO /v m Ano sin 90* 1 

DEH.-TanO» = ^^. = _=TO. Tan 90' = ^^j^, = ^ = ± oo . 

TanlSO- = »^:=±» = t 0. Tan 270-=?!^:=^= ± ». TanSCO* 
cf)8 180 — 1 cos 270 T 

sin 360° TO ^^ , ,. ,...v. 

= — 57777^ = -^r- = T 0. From these results it appears that the tangent may 
cos ooU 1 

have any value whatever from +00 to — 00 ; and as subsequent revolutions of 

the generatrix would evidently only repeat these values, these are all the real 

values of a tangent. (Moreover, all real values ai'e comprised between + 00 

and — od). q. k d. 

It is easy to observe the direction of the change in the tangent (whether it is 

sin 
increasing or decreasing) by observing the fraction — . As the arc increases in 

the first quadrant, the sine increases and the cosine decreases, for both of which 
reasons the tangent increases, and hence changes more rapidly than either sine 
or cosine. The student should observe the change in each of the four quad- 
rants in the same manner. 

ScH.— These values of the tangent are illustrated by Fig. 7. Thus AT, which 
is +, becomes + when P returns to A, or aj = 0. Also AT, which is — , 
and may be considered as the tangent of AP'", a negative arc, becomes — 0, 
whenAP"' = 0. Again, if AP passes to Aa, AT passes to + 00. But, if P' 
passes hack to a, so that AaP' passes to Aa, or 90°, AT' passes to — oo. .*. We 
see that tan may be considered T 0, and tan 90° = ± 00 . In like manner the 
other limits are illustrated. 
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36. Prop.— Cot 0° = ip 00, co^ 90° = =fc 0, cot 180° = q: « , 
cot 270° = db 0, cot 360° = ip oo , and /7ie limits of the cotangent are 
+ 00 , and — oo . 

Dem. — These values are the reciprocals of the corresponding values of the tan- 

cos 
gent ; or they may be deduced from the relation cot = -:— , in a manner * 

altogether analogous to those of the tangent Mg, 7 also aflfords geometrical 
illustrations of them. The student should not fail to deduce and illustrate 
them, and also to observe the law of change. 



37. Prop.— Sec 0° = 1, sec 90° = ± oo , sec 180° = - 1, sec 270° 
= zp oo, sec 360° = 1, and all real values of this function are com" 

prised between 1 and db oo , and — 1 and q= oo . 

• 

Dem. — These values are the reciprocals of the corresponding values of the 
cosine. The student should obtain them from the cosine, and illustrate them 
from Mg. 7, observing the law of change. Thus beginning at OA = 1, which is 
the secant of 0°, the secant increases till x = 90", when the secant OT becomes 
+ 00, if we consider this limit as reached thus; but — oo, if we consider 
such an arc as AaP', whose secant is — OT', which becomes — oo , when the 
point P' passes back to a. 

ScH. — The series which represent the values of secants are, for the first and 
second quadrants, + 1, + 2, + 3, + . . . . + ?», ± oo , — w, — , . . . — 3, — 2, 
— 1 ; for the third and fourth quadrants, — 1, — 2, — 3, — ... . — w, q: oo , 
+ wi, + .... + 3, + 2, + 1, underetanding the numbers in these series as rep- 
resenting a few terms of series which have an infinite number of terms of all 
values extending, in the first case, from + 1 to ± oo, and thence to •— 1. It will 
be a good exercise for the pupil to write the series representing the values of 
each of the trigonometrical functions. Thus, for the sine, we have T 0, + }, + i, 
+ }, + 1, + f, + i, + i, ± 0, for the first and second quadrants, understand- 
ing that all values intermediate between those represented are included. For 
the second and thiift quadrants, we have, + 1, + }, + t, + i, ± 0, — 4, — i, 

38. JProp. — Cosec 0° = ip oo , cosec 90° = 1, cosec 180° = db oo , 
cosec 270° = — 1, cosec 360° = i^ oo , and all the real values of this 
function are comprised between 1 and db oo , and — 1 and zp oo. 

Dem. — Let the student demonstrate and illustrate as in the preceding article. 
Do not neglect to go through the whole in detail ; it is an important and 
excellent exercise. 



39. JProp.— Versin 0° = 0, versin 90° = 1, versin 180° =± 2, ver- 
sin 270° = 1, versin 360° = 0, and the real limits of the function are 
and 2. 
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Dem. — The student will readily deduce these results from the relation vers x 
: 1 — cos aj. Thus when a? = 0, vers = 1— cos = 1 — 1=0, etc. 



40. Prop. — Covers 0° = 1, covers 90° = 0, covers 180° = 1, covers 
270° = 2, covers 360° = 1, and the limits of the real values of this 
function are and 2. 

Dem. — The student should be able to give it 



41. General Scholium. — It is important to observe that in the case of 
each of the above functions it changes iU sign hy passing through or <x>. In fact, 
it is assumed, in mathematics, that a varying quantity which passes from + to 
— , does so by passing through or oo . The converse, however, is by^o means 
true; viz., that. whenever a varying quantity passes through or oo, its sign 
necessarily changes.* 



* The Co-ordinate Ge- 
ometry affords elegant il- 
ia stratione of the theory 
of the change in valae and 
Bign of these functions. 
(See Gen. Gcom., 23) 
etc.) The annexed Fig- 
ure repretfentB a carve, 
(or as the stndent may 
be disposed to consider 
it, a series of curves), 
constrncted as follows: 
On the indefinite line 
A El * circnmference is 
developed (as it were 
straightened oat), the 
origin being at A< ^nd 
AE being the length ot 
the circnmference. The 
carves mn, m'n', m"n" 
are drawn by erecting 
at every few degrees 
from Af A line eqaal 
to the tangent of the 
same number of de- 
grees, abofne the line 
AE when the tangent is 
4-, and heUnjo AE >^'hen 
the tangent is — . Tbns 

Aa = 45*' in length, and ad = tan 45** ; A^ = 135°, and <^ — tan 13.*)°. Sach lines as a&, cd^ etc., 
are called ordinates of the carve. The law of change in these ordinates is manifestly the same 
as the law of change in tangents. We see that as we pass fh>m 0° to 90°, the ordinate (tan- 
gent) passes from to + oo. ^^90° the ordinate (tangent) is boih + and — , i. «., ± oo. So als<i at 
S70°, and at other similar points. A similar device illnstrates the changes in the other trigono- 
metrical fanctions. Some may see the propriety of distinguishing oo as + and — , who, never- 
theless, do not see why it is necessary to make the same distinction in the case of 0. But a 
moment's reflection will show that one distinction involves the other, since oo and are mata* 
ally reciprocals of each other. 




Fio. 8. 
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42» ScH. The results of the preceding discussion of the signs and limits of 
the trigonometrical functions, 34 to 41, are exhibited in the annexed 
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TK1<;0N0M£TBICAL FUNCTIONS OF NEGATIYE ARCS (OB ANGLES). 

4:3* Prop. — Changing the sign of an arc {or angle) changes tJii 
sign of its sine, and consequently of its cosecant; i.e,, sin (— x) = 
— sin a;,* and cosec (— a;) = — cosec x, 

Dem. — Ist, If the angle (or arc) is numerically less than 90', and + , it ends in 
the fii-st quadrant, and hence its sine is + ; but, if the angle (or arc) is numeri- 
cally less than 90" and — ,it ends in the fourth quadrant, and hence its sine is — . 
That is, X being numerically less than 90**, sin (— a;) = — sin x, 2d, If « is 
between 90° and 180° in numerical value, the arc ends in the second quadrant 
when a? is + , and hence its sine is + ; but when « is — , the arc ends in the third 
quadrant, whence its sine is — . /. In this c^e, also, sin (— a) = — sin x. 3d, 
Jf x is between 180° and 270° in numerical value and + , the arc ends in the 
tliird quadrant, whence sinaj is — , (— sin x) ; but if the arc is — , it ends in the 
second quadrant, whence its sign is +, [+ sin(— a?)]. .'. In this case — sin a? 
= sin (— x\ or sin a; = — 8in(— x), 4th, In lil^e manner the student will observe 
that — sin a? = sin (— x\ or sin a; = — sin (— x\ when x is between 270° and 360°. * 
Moreover, since this order will recur as we pass around again, we learn that 
in any case the sign of the sine of a negative angle is the opposite of that of an 

11 1 

equal positive angle. Finally, cosec (— x) = -7—7 r = — : — = ; — = — 

^ * ^ "^ * ^ ' sm (— a?) — sm aj sm a; 

cosec X, Q. E. D. 



44. Fvop. — Changing the sign of an angle {or arc) does not 
change the sign of its cosine or secant; i. e,, cos (— a;) = cos a;, and 
sec (— ic) = sec a;. 

Dem.— 1st, When x < 90° and + , the arc ends in the fii-st quadrant, and hence 
its cosine is + ; so, also, if aj < 90° and — , though the arc ends in the fourth 
quadrant, its cosine is still +. .*. cos (— x) = cos a?. (The student can supply tlie 

other three cases.) Finally, sec (— x) = :?: = sec x, o. e. d. 

•^ ' cos( — X) cosaj 



43. Fropn — Changing the sign of an angle {or arc) changes 
the sign of its tangent, and consequently of its cotangent; i, e., 
tan (— a;) = — tan x, and cot (— a;) = — cot x. 



* The Btndent ehoald be carefViI to note the exact meaning of this ezpree>8lon. It i% read 
"sine minn^ x = ininu:* sine a;/* and means that the sine of a negative angle (or arc) is eqaal 
(namerically) to the sine of the same positive angle (or arc), bat has the opposite sign. 
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Dem. — This is an immediate consequence of the fact that changing the sign 

of the angle (or arc) changes the sign of its sine, but not of its cosine. Thus, 

. , . sin i—x) — sin « sin a? ^ . , ^ / x 1 

tan (— x) = j^ — - = = = — tan a;. Also, cot (— x) = 

cos (—a:} cosaj cosaj tan(— ar) 

1 1 . * / \ cos i—x) cos X cos X 

= = = — cot a; ; or cot(— x) = -r— 7 — '- = — = — = ;-— 

— tan a? tan x sm (—x) — sm aj sm ;» 

= — cot a?. ^ 

Son. — The proper sign of a function of a negative angle can always be ascer- 
tained by observing in what quadrant the measuring arc ends, in a manner 
altogether similar to that in which the signs of the functions of positive angles 
are determined. 



CIRCULAR FUNCTIONS. 

46. Circular Functions are angles (or arcs) expressed as 
functions of sines, cosines, tangents, or other trigonometrical lines. 

Ill's. — In thp expression sin a?, we designate a sine^ i. e.y a right line, merely 
using the x to tell wTiat sine, as the sine of 20**, of 135°, etc. But we often wish 
to speak of an angle (or arc) which has a particular sine, tangent, or other trigo- 
nometrical line. Thus, we say, " the angle (or arc) whose sine is i," " the angle 
(or arc) whose tangent is 3," etc. In this form of expression, it is evidently the 
angle (or arc) which is the thing mainly thought of; and it is conceived as de- 
pendent upon its trigonometrical line. 

47. Notation. — The circular functions are written sin^'y, cos'^a:, 
tan-^z, etc. ; and are read "the angle (or arc) whose sine is y,*' "the 
angle whose tangent is V' etc. 

Ill's. — The expressions x = sin--iy, and y = sin a;,' are ultimately equivalent, 
since the firet is " a; = angle whose sine is y," and the second, " y = the sine of a;." 
The only difference is, that in the firet form the angle \x) is the thing thought of, 
and the sine (y) is used merely to tell what angle ; but in the second form, the sine 
(y) is the prominent thing, and the an^le\x) is used simply to tell wJiat sine. This 
mutual relation has caused the circular functions to be called also Inverse Func- 
tions, 

ScH. — This notation is rather an unfortunate one, inasmuch as it is the same 
as has been already adopted in the theoiy of exponents. The student will how- 
ever observe that the signification in this instance is altogether different from 
the fonner. Thus, since we write " the square of sine x" sin'a?; according to the 

theory of exponents, sin-'a; would be -;— ^ . JSo also sin-^aj should mean 



sm'aj sm x 

Now, the former' of these expressions would actually signify as indicated (though 
it were better to write it (sin a;)-"), while the latter does not mean at all what 
the theory of exponents would make it. Unfortunate as the notation is, it is 
probably best to retain it. It, doubtliess, was suggested thus: If we have 
y = a'Xy we may write x = a-^^y^ so also y = ax^ may be writtou x = a-^y. 
This affords a parallelism in form, but not in signification.^ 



DEEINTTIONS ANri FUNDAMENTAL RELATIONS. 

« 

EXERCISES. 
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1. What IS the complement of 150° 21' 13".5 ? What the sup- 
plement? Give the complements and also the supplements of 
125° 15', 283° 21' 11", 36° 05' 02", and 89° 00' 12". 

AT 

2. How many degrees in the angle (or arc) -o ? In Jir ? In the 

arc 2^? In|<? Inlfr? 

3. How many times is the radius contained in 108° ? How many 
times in 2ir ? How many in 460° ? How many in 210° ? 

4. Radius being taken as the measure of the arc, by what are 45° 
represented? By what 90°? By what .180°? By what 225°? 
How many degrees does 1 represent, radius being the measure ? 

5. Find the length of a degree of the meridian upon a globe of 18 
inches diameter. 

6. Express 12° 22' 13" 11'" 05*^ in °, ', ", and decimals of a second. 
So also express 53°.51 in °, ', ", etc. 

7. How many degrees, minutes, and seconds in an arc equal to 
twice radius? three times radius? Show that 27° is equivalent to 
^T. That 10° to radius 10 ft. = 1.75 ft. What radius gives 1° = ' 
1 inch ? 

8. Draw any angle, and construct its sine, cosine, tangent, or any 
other trigonometrical function, and then determine as nearly as prac- 
ticable the numerical values of the function by actual measurement. 

Solution. — Given the angle MON, to find the numerical 
value of the tangent as near as practicable by measurement 
Taking any convenient unit, as OA, for a radius, and striking 
the arc Aa, draw AT tangent to aA at A. Now apply OA to 
AT and find their ratio (Part I., ). In this case AT = li 
approximately, .'. tan MON = IJ. 

[Note. — The student should practice upon such exam- 
ples, finding the values of all the functions until the process, 
and the meaning of the numerical value of any function 
of an angle, are clearly seen.] 

9. Construct an angle n^hose sine is f , i. e., sin"^. 

SoLTJTiON. — Let O be the required angular point, 

and OA one side of the angle. Lay off from O on 

OA 3 measures of any convenient length, making 

Oa. Using Oa as a radius, describe the indefinite 

arc aM. Erect 00 perpendicular to OA and take 

00 = I of Oa. Through draw OP parallel to 

OA. Finally, draw OB throueh P. AOB is the 

angle required, since Oa being 1, the sine cf 

AOB. PD, is i AOB = sm-^. 

Fie.ia 
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10. Construct an angle whose cosine is |. That is, construct* 
cos~^f. 

Suo. — The construction is the same as in the last example, except that instead 
of OC being drawn to limit the arc, a perpendicular is erected to Oa at | (the 
second point of division) irom 0, and the point P located where this perpendicular 
intersects the arc. 

11. Construct an angle whose tangent is 2» That is, construct 
tan-'2. 

SuG. — To construct this at O on the line OA, Fig. 10, take any convenient ra- 
dius, Oa, and strike the indefinite arc. Then erect at a a tangent, and make it 
equal to twice the radius used. Through the extremity of this tangent and O 
draw a Ime, and the angle between this and OA is tan~'^2. 

12. Construct sec~*2; cot~*3; cosec"~*lJ; an obtuse angle sin~^|^ ; 
tan-»(-3). 

Bug. — To construct sin— H, see Mg, 7. Let OA be one side of the angle, and 
O (^e vertex.* With any convenient radius draw the semicircumference AaB, 
and draw the perpendicular Oa. Bisect this perpendicular, and through the 
point of bisection draw a parallel to AB, intersecting the arc in the 2d quad- 
^ rant. Through this intei*section draw a line, as OP'. Then AOP' (assuming the 
constniction as specified, and riot as in the figure) = sin— ?i. 

13. Construct the following: tan"~*l ;, tan~*(— 1); tan"^ J ; 
tan-*(-2) ; tan-'(-i) ; cos-^-i) ; sec-'(-2) ; cosec-*(-3) ; 
versin~4 5 ^^^sin~^l^. 

14. From the fundamental relations {21) deduce the following : 
sina;= Vl — cos'a;; cosa;= Vl— sin*a;; tana:cotaj=l; tana: cos a;= sin «; 

sin a: . cosa; . 1 1 

cosa: = - :sma;= — -— ; sina;= ^===;cosa;= - . 

tan X cot a; ' y 1 + cot ^x v 1 + tan^a; ' 

tana: = sin a: seca:: cota: = cosa: cosec a:: tan x = ; sina: = 

coseca: 

cosa: seca:— 1 coseca:— cota: . Vl^sin'a: 
\ vers a: =—^ = ;cota;= ^ 



sma: 



Vcosec-a:— 1 ^ sec a: cosec x 

15. Given tana:=:|, to find the other trigonometrical functions 
of a:. 

Results: Seca:=:|; cosa:=f; sin a; = f ; cosec a; = |; cota; 
= ^ ; vers a: = •^; covers a: = |. 

16. Given sin a: = |, to find the other trigonometrical functions 
of a:. 

17. Given sec a; = 2, to find the other trigonometrical functions 
of X. 

18. Given tana; = — 1, to find the other trigonometrical functions 
of t. 
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Results. — Cot a; = — 1; seca; = zfiV^; cosec x = ±a/2*; sin x 
= it I a/2"; cos a; = ^^^/^\ versin a? = 1 =fc ^V^) coversina; s= 

1 q= i V2: 

[Note. — Observe closely the signs of the functions in Ex. 18.] 

19. In the preceding examples the constructions required have 
been limited to angles less than 180°, but it is evident that an infi- 
nite number of angles (or arcs) according to the more comprehensive 
trigonometrical view, correspond to the same function. What angles 
or arcs have their tangents each 1 ? What, each — 1 ? Construct an 
angle between 180° and 270°, whose sine is ~^. What other angle 
less than 360° has the same sine? 

20. Having given a sine, how many angles less than 180° corre- 
spond to it ? Construct the angle or angles less than 180° whose sine 
is f . How many angles less than 180° have the same cosine ? tan- 
gent ? cotangent ? (In each of the last three cases only one.) Con- 
struct y = cos~*|^; y = cos'"*(— ^). How are these angles related 
to each other? Construct y = tan~*3; y = tan""'(— 3). How are 
these angles related to each other? (Restrict the constructions and 
questions in this example to angles less than 180°.) 

21. Given y = sin~*a:, show that cosy = ^1— a;*; tany = 
X 1 1 , 

Vl^^' ^^^^ ^ A/r^^^'^"^^ X' ^^^^ y = 1 - Vl -aJ*; 



, = »t-.(.^). 



v 



22. What are trigonometrical functions of 450° ? Of 1350° ? Of 
900°? 

23. Show that the following are true for all integral values of n, 

^r ic *K 

including 0: sin 4tn- = 0; sin {^n + 1)^ = 1 ; sin (4^1 + 2)- = 0; 

^ At A 

sin (4n + 3) - = — 1 ; cos 471 - = 1 ; cos {^n 4-1) ;t = ; cos {\n -h 2) - 

A A A A 

= — 1 ; cos (4n + 3) - = ; tan 2m- = ; tan {^n + 1) ^ =oo . 

A A A 

24. What are the signs of the several trigonometrical functions 
of -110°? Of -35°? Of-r.00°? Of -2000? 

25. Prove that sin 30° = J, cos 30° = i\/3, tan30°=iA/3,and 
cot 30°= a/3, sec 30° = I a/3, and cosec 30°= 2. 

Sua.— Observe that the chord of 60" = 1, and that the sine of 30"= \ the 
chord of 60". Make the figure. 
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26. Prove that sin 45^ = ^\/2, cos 45°= ^v^, tan 45°= 1, cot 45** 
= 1, sec 45°= V^y and cosec45°= V^. 

SuG. — Observe that sin 45* = cos 45* ; hence sin* 45' + cos' 45** = 1, becomes 
23m« 45** = 1. 

ScH. — The values obtained in the last two example* should be retamed in the 
memory, as they are of frequent use. The functions of 30" and of 45" aw 
always assumed to be known in any trigonometrical operation. 



SECTION II. 

BELATI05S BETWEEN THE TRIGONOMETRICAL FUNCTIONS OF 

DIFFERENT ANGLES (OR ARCS). 

{a) FUlfCTIOiq^S OF THE SUM OR DIFFEEEN^CB OF ANGLES 

(OE arcs). 

4:8* JProp. — The sine of the sum of two angles (or arcs) is equal 
to the shie of the first into the cosine of the second, plus the cosine of 
the first into the sine of the second. Thus letting x and y represent 
any two angles (or arcs), 

sin {x •\- y) = sin a; cosy + cos x sin y. 

Dem. — Let AOB and BOC be the two angles 
represented respectively by x and y. Draw the 
measuring arc AP', and the sines PD, and P'E of 
the angles. AOC = AOB + BOC, is the sum of 
the two angles. Draw P'D', the sine of the mm 
of the two angles. Then PD = sinaj, P'E = sin y, 
CD = cos aj, OE = cos y, P'D' = sin (a? + y\ and 
OD' = cos(a; + y). 

Now sin(aj + y) = P'D' = EF + P'L. But from the similar triangles EOF, 

and POD, we have ^ = 52» or -^ = -r— • •'• EF =^ sin x cosy. Also, from 
* OE OP cosy 1 ' 

P'l on P'L 
the sunilar triangles P'EL and POD, we have ^= ^^^'^ gjH^ 

.*. P'L •= cos aj sin y. Substituting these values of EF and P'L, we have 
sin (a? + y) r= sin a; cosy + cos a? sin y. Q. e. d.* 

* This demonstration may eeem defective, since the snm of the angles x and y, as represented 
in the diagram, is less than 9()° ; nevertheless, in the General (Analytical) Geometry, we con- 
stantly proceed in a manner entirely analogons ; viz., first produce the equation of a locns 
iVom some particular figure, apd then make it general in application. The demonstrations in 
cases in which the sum of the angles is greater than 90°, etc., are similar, and some of them 
will be given in the Exbboibks at the close of the section. It is not thought best to cumber the 
purely theoretical part of the subject with such matter. 




D^ F D <^ A 

Fio. 11. 



cos a; 
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Cor. Sin{90'''{'X)=cosx. Sin{lS0''+x) = -'8inx. Sin{270''-^x) 
= — cos X. Sin{d60° + a;) = sin x. 

Dem.— From the proposition we have, 

8in(90* + a;) = sin 90** cos 9 + cos 90* sin a; = cos «; 

since sin 90* = 1, and cos 90* = 0. 
In like manner, 

sin (180*+ flj) = sin 180* cos« + coslSO* sin « = — sin0; 

. since sin 180' = 0, and cos 180® = — 1. 

[The student will readily produce the other forms.] 



49. JProp* — The sine of the difference between two angles (or ares) 
is equal to the sine of the first into the cosine of the second, minus the 
cosine of the first into the sine of the second. Thus, letting x and y 
represent the angles, 

sin (a; — y) = sin x cosy — cos re siny. 

Dem. — In sin(:s + y) = sin a; cosy + cos a; siny, substituting ^y for y, wo 
have, sin(« — y) = sin a; co8(— y) •«• cos a? 8in(— y) = sin* cosy — cosa? siny ; 
since cos (— y) = cosy, and sin (— y) = — siny. {43 ^ 44.) 

Cor. Sini^O^'-^x) = cosx. iSinp^SO^'-x) = sinx. Sin{270''-x) 
=1 ^ cosx. Sin{S60'^ — a;) = -—sinx. 

Dem. — This is simply an application of the proposition, as the preceding 
corollary is of its proposition. (The student will make it) Or we may deduce 
the results from the corollary under the preceding proposition by merely sub 
stituting — X for x. Thus, sin (90* — aj) = cos (— a;) = cos x ; sin (180*— x) = 
— sin (— a?) =r — (— sin aj) = sin aj ; etc. 



SO. JProp. — Tlie cosine of the sum of two angles {or arcs) is equal 
to the rectangles of their cosines, minus the rectangle of their sines 
Thus, letting x and y represent the angles, 

C08 (a; 4- y) = cos a: cosy — sin x sin y. 

Dem. — Taking the formula sin (aj — y) = sin x cos y — cos x siny, and substi- 
tuting 90"— X for aj, we have, sin (90' — « — y) == sin (90" — x) cos y — cos (90* 
— ar)8in y. Now 90" — a?— y = 90" — (a; + y); and sin [90" — (aj + y)] = the 
sine of the complement of (a? + y\ or cos (x + y). Also sin (90* — a;) = cos x 
and cos (90"— x) = sin x, ,\ Substituting, cos (aj + y) = cos x cos y — sin « sin y. 

Cor. Ci95(90° + a;)=— «ma;. Cos{lSO''+x)=z—cosx. (7(?*(270**+a;) 
= sin X. (7(95(360° + x) = cos an. 

Dev. — Apply the proposition. 
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Sim JPrap. — The cosine of the difference of two angles {or arcs) is 
equal to the rectangle of their cosines, plus the rectangle of their sines. 
Thus^ letting x and y represent the angles, 

qob{z ~ ^) =5 coBX ooBy + sino? sin^. 

Deh. — In cos (a;+ y) = cob x cos y — sinx sin Py substituting — y for y, wn 
have, cos (a? — y) s= cos x cos (— y) — sin « sin (— y), or cos (a? — y) = cos x cos y 
+ sin a? sin y ; since cos (— y) = cos y, and sin (— y) = — sin y. [Notice that the 
last term becomes — sin a; (-- sin y), which equals + sin a; sin y.] 

Cor. Cos{90''-x)=sinx. Cos{lSO'''-x)= -cosx. Cos {270'' -x) 
= —sin oc Cos (SeO** — x) =: cos x, 

DsM.— Apply the proposition. 



S2m JProp. — The tangent of the sum of two angles {or arcs) t> 
eqical to the sum of their tangents, divided by 1 minus the rectangle 
of their tangents. Thus, x and y being the angles, we have, 

^ ^' 1 — tanic tany 

_ _, , . sin (« + y) sin ar cos y + cos a; sin y T^•-J v 

Dem. Tan (x-\-y) = ) ^ = : r-^. Diviclmg numer- 

' co8(aj + y) cosaj cosy — smajsiny 

ator and denominator of the last fraction by cos aj cos y,* ve have, tan (x + y)=z 

sin X sin y sin a; sin y 

^^-^1^ __ Z^x-^ ^^ _tan» + tany^_„siiia!_,_ , „^ 

^ sin o; sin V ^ sm^ siny 1 — tan a; tan y cosa; 

cos aj cosy • cos a? cosy 

sin X sin y sin x sin y 

cos a; cosy cos a; cosy* 

Cor. !rflw(90°+a;)=: -^cotx. Tan{lSO''+x)=tanx. Tan{270''-^x) 
= — cot X. Tan{3Q0'^ -^ x) = tan x. 

* The three following forms may readily be obtained by dividing reepectively by ein x sin y, 

, , 1 * , V cot y + cotx ^ , ^ 1 4- cot a; tan y 

fin X COB y, and cos a; sin y : viz., tan (a; + y) = — r^ — * o tan (aj + y) = — — -, and 

'» cotajcoty — l ' cotp; — tany* 

tan (af + y) = r- . Any one of these may be reduced to the one given in the prop- 

coty — tana; p *- i- 

osition, by eabstitnting in it - — for coty and reducing. Notice that the form in the Prop, is in 

terms of the tangents. Also observe why dividing by a certain term gives a particular form, 
and by which to divide to get a required form. 
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De.v[. Tan (90° + g) = ^'"^,^1"^ % = -^^ = - cota>. Tan (180* + a;) = 
^ ' co8(90 + «) — 8m« ^ ' 

sin(180° + a?) — sin a? . 

— 7-..:^ ' = = tan aj, etc., etc. 

cos (180** + a:) — cos* * 



S3. Prop. — The tangent of the difference of two angles (or arcs) 
is equal to the difference of their tangents^ divided hy 1 plus the rect" 
angle of their tangents. Thus^o; and y being the angles, 



, . tan X — tan y 

tan (a; — y) = zr-r-i : — ^ • 

^ ^' l + tanrctany 



Demokstkation. Tan (:« - y) = ?!!L^-?| = sin^cos y ■ cos a. siny ^ 

CDS (a? — y) cos a; cos y + sin a; sm y 
sin X cos y cos x sin y fin x ^ sin y 

cos a? cos y cos aj cos y cos a; cos y tifli ar — tan y ^ „ ^ /a 

*^ . . I ^ . ^ i — T • « Q. K. D. (idee 

cos a; cos y sm a? amy ^ sin a? sm y 1 + tan a; ttm y 

cos ar Cos y cos a; cosy cos x cos y 

foot-notes to preceding proposition.) This proposition is also readily deduced 

tan X 4- tan v 
ftom the preceding by substituting in the formula tan (aj + y) = 1 sL, 

*'' ® 1 — tanajtany 

— y for y, and remembering that tan (~ y) == — tan y. 



Cob. Tan{90'''-x)=cotx. Tan{lSO''—x)=:-^tanx. ran(270°-a;) 
= cot a^ Tan (360° - a;) = — tan x. 



DEM. Tan(90--.) = ^^^; = ^^=cot.. Tan(180--.) = 

5lH(^.-^=il^ = -tan^. Tan(270--a.)=-??^;:i4=Il^?^= 
cos (180*— aj) —cos x "^ ' cos (270" — a?) — sin x 

rr. •««/.« s sin(360<>— a?) — sina? 

cotas. Tan^360*>— «) = — j^rx^ (= = -tanas. 

^ ' cos(3fl0^— a;) cosaj 



* Theee and the kindred farmulas maybe produced by a direct application of the proposition. 

tan 90° + tan x tan 90* 1 

Tha.,tM(W +x) = J--— ^j,-jjj^ = 3^_,-g55.,^=-^;^ = -cotx. (The r««,n for 

dropping tana; and 1 is Uiat they are finite terms connected with infinities, as tan 90** = od. Or, 

tana? ^ tana? 

^♦iioi^i-.. ♦.«/oft(»^o.\ tan 90" -t- tana; _ ^ "*" tan flO" "*" oo 1 , 

otherwise, t«n (?0» + a?) = j— ^^j^^^^^^ = — = ._- = -^^^ rince a 

^^^^-i^x --tana: 

finite divided by an infinite equals 0. Again, tan (180<» + a?) = ♦^Ej??l±J??5_ ^ t?E£ ^ 

• 1 — tan 18U<* tana; 1 

tan ar, since tan 180° = 0, etc., etc 
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S4:. JProp* — The cotangent of the sum of two angles {or arai) is 

equal to the rectangle of their cotangents minus 1, divided by their 

sum. Thus, X and y being the angles, 

, , . . cot X cot V — 1 
cot (x ■\- y)=z — ^^-r- — . 

^ ^' coty + cota; 

. co8a?c o8y sina; siny 

"n r t/ 4. ^ — ^^®(^ "*" ^ — ^^*^ ^^^^ "" ®^^^ ^^^y — si"^ 8^".y s^P^; siny 

sin (a? "+ y)"" sina; cosy + cosa; cosy •"" sina? cosy co&r siny 



+ -r 
Bina; siny sina; smy 



cos X cos y . 



sin X sin y cot aj cot y — 1 _ , , .^ ^, 

= = — -^ ^^— — . Q. B. D. Or we may deduce it thus, 



cosy cosa; coty + cota; 

sin y . sin a; 

1- 



., V __ 1 _ 1 — tan a; tany __ cot x coty __ cot x cot y — 1 

' "" tan (a? + y) "" tan a? + tany "" 1_ 1 coty + cota? 

cota; coty 

Q. E. D. 

Cor. CotidO"" -h x) =: - tdnx. CotilSO^'+x) =cotx. Cot{270''+x) 
= — tan X. Cot (360°+ x) = cot x. 

Dem. Divide cosine by sine, or take the reciprocals of the corresponding 
tangents. Thus, cot (90<> + a?) = ^^ ^^^. ^ ^^ = -^^ = -■ tan a?, etc. 



SS. JProp. — The cotangent of the difference of two angles {or 
arcs) is equal to the rectangle of their cotangents plus 1, divided by 
their difference. Thus, x and y being the angles, 

, , V cot X cot V + 1 

cot (a? — y) = — : -—^ — . 

^ ^^ coty — cot ic 

Dem. Substitute — y for y, in the preceding formula ; or, divide cos (x — y) 
by sin (a? — y) and reduce ; or, take the reciprocal of tan (x — y), and substitute 

— - for tan, 
cot 

Cor. Cot (90° - a^) = tanx. Ob^(180°-a;) = - cotx. Cot {270""- x) 
= — tan X. Cot (360°— x) = — cot x. 

Dem. Same as above. 

ScH. 1. The formulcB for the secant and cosecant of the sum and of the 
idiflference of two angles (or arcs) are not of sufficient importance to warrant 
their- introduction here ; some of them will be given in the exercises, as also the 
extension of those already given to case of the sum of three or more angles, or 
arcs. 
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BcH. 2. The results reached in this discussion are so important that we will 
collect them into a « 



(A> sin {x + y) 

(B) sin (x - y) 

(C) cos (x + y) 

(D) cos(aj— y) 

(E) tan (« + y) = 



(F) tan(«-y) = 

(G) cot (« + y) = 
(H) cot(«-y) = 



TABLE. 

= sin a; cosy + cos a? sin y. 
= sin « cosy — cos a; sin y. 
= cos x cos y — %mx sin y. 
= cosx cosy + sin a; sin y. 
_^ tan x + tan y 

1— tana; tany' 

tan X — tan y 



1 + tan X tan y ' 
cot a; coty -- 1 

coty + cot« * 
cot a; coty 4- 1 

coty — cot» ' 



(I) 



X 


W*—x 


W+« 


180«— a; 


180«+a; 


870»— a; 


»70»+ X 


8fl0»— a; 


a80-+« 


sine 


C08« 


008 


Bin 9! 


— sin a; 


— cos a; 


— cos a; 


— sin a; 


sin a; 


cosine 


Bins 


— sin a; 


— cos a; 


— cosx 


— sin X 


sin a; 


conia; 


cos a; 


tangent 


cot a; 

• 


— cot a; 


-tana; 


tana; 


cot a; 


— cot a; 


-tana; 


tana; 


cotangent 


tana; 


— tanx 

• 


— m>ta; 


cot a; 


tana; 


-tana 


— cot a; 


cot a; 



It will not be found difficult to memorize and extend set (I), if the student 
observes, that, when the number of whole quadrants is odd (as 90", 270°, etc.), 
the function changes name (as from sin to cos, from cos to sin, etc.) ; but, when 
the number of whole quadrants Sa' eten, the function retains tlie same name. 
The sign of the sine and cosine is readily determined according to fundamental 
principles by observing where the arc ends, assuming x < 90°. Thus 180°+ x 
ends in the thiixl quadrant ; hence its sine (which in numerical value is sin a;) is 
-^ , and its cosine is also — . As the signs of the tangent and cotangent of the 
same arc are alike, we have only to observe whether the sine and cosine, in any 
given case, have like or unlike signs, in order to determine the sign of the tan- 
gent and cotangent For example, what is cot (630° +a;) equal to? The num- 
ber of quadrants being odd (7), the function changes namef and since the arc ends 
in the fourth quadrant, its sine is — , and its cosine + ; therefore cot (630°+ x) 
= — tana:. If Jn any given case x > 90**, determine the character of the function 
as above, on the hypothesis x < 90°, and then modify the result for the partic- 
ular value of X, Thus in the last case, if x was between 90° and 180**, its tan- 
gent would be — , and for such a value cot (630° + a;) = tan x. Or, we may 
consider at first where the arc ends, taking into consideration the given value 
ofa^ 
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(h) PUl^CVONS OF DOUBLE AND HALP ANGLES. 

36. Prop.-^LeiHng x represent any angle {or arc), 

(K)Bin2z=z28mxcosx; I (M) fa.,9.y- ^^^^ . 

1 — tan' a:' 



(L) cos 2x = cos* a: — sin' a: = 
2cos'a;-l, orl-Ssin'a:; 



(N) cot 2x = S2^1Sil 

2cot X 



ci«l« ^'-^*'^*co8y + cosaj8my,if we make «=«. we have sina^- 
smxcoB^ + cos.8in. = 2sin.cos.. (In like manner pr^dTcero^^^^^^ 



S7. :Prop.— 



(0) sin l^a; = 
(P) cos \x = 



Letting x represent any angk {or arc), we have, 

Vi(l-c^s^ (Q) tan }a? = d= i/Liz 
1 + 

Vi{i + C08x); 



C08X 

4- cos a: 



I 



(E) cot Ja? == db |/i±.££if. 

1 — cos a;' 



*« lor Xy this becomes sin ia; = + ^ /Hi ;r;;r:;A t i -i ^ 

formula (LI 2.^.. - i „„. t^^T^"' *>• ^ >*« '"!^^' f«»» the same 



formnlQ /T \ o . ^ '^ --«*/. *" "«^c uiaiiiier, xrom tfic Same 

formuU L) W. = Ij^^s^,. ,,ence. cosi. = ± VHTT^, Again. 



COS a; 



cos;e 



Q. £. D. 



ScH. The sign of the function in the case of each of these is + if ^ ^ i«ao 
but can only be determined by the value of a: in an/given cL ^ ^ ^ < ^^ ' 



EXEECISES. 

1. Prove from Fig. {a) that sin (x + y) 
when X and y are each < 90% but a; +*«/ 
> 90% ^ 

2. Same as in Bx, 1, from (b), when 
a^ < 90% x+y> 90% and < 180% and 
y > 90° and < 180% 

SuG. In this case, sin [x + p) = P'O' = P'L ^ 
EF. In other respects the demonstration is 
identical with the preceding. This gives 
8in(a? + y) = cos aj sin 3< - sin a; cosy. But the 



sin a: cos y + cos x sin y. 




jy OF D aH 



(a). 
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(&). 



— sign is accounted for in the general formula, 
sin (x + yj = sin x cos y + cos x sin y, by notic- 
ing that cosy i^ — , wheny > 90* and < 180". 

3. Same as in the preceding, when 
both a; and y > 90° and < 180° (c). 

Bug. Here sin (a? + y) = P'D' = EF - PL In 
all other respects the demonstration is identical 
with the other cases. The — sign in this case 
arises from x being between 90** and 180*", 
whence cos a; is — . 

[Note. A number of other cases may be 
devised, but the above illustrate the varieties.] 

4. From Fig. 9, Art. 48, demonstrate 
geometrically the formula cos {x -h y) = 
cos a; cos y — sin x sin y. The same for 
each of the cases in Ex's 1, 2, and 3, 

above. («). 

Bug. In Fig. 9, cos (« + y) = OD' = OF — 
LE. ^- = ^^, or OF = cos a? cos y. -~| = ^^, or LE = sin a? sin y 



DoA 




OE OP 



P'E"OP' 



6. Prove geometrically the relation sin {x —y) 
= sin X cos y — cos x sin y. 

Suo. Let aP zsx^ and since y is to be subtracted we 
measure it back from P, and y== PP\ Now sin {x — y) 
= PD = EF - P'U 

6. Prove from Fig. (d) that cos {x — y)=z 
cos a; cos y + sin x sin y. 




(rf). 



7. Given sin 45°= a/J, and sin 30°= i to find sin 75°, and sin 15*, 
Also tan, and cot. Result, sin 75° = .97, sin 15°= .26, nearly. 

Suo. Use formula (A . . . • H). 

8. Given sin 30° =^, to find sine, cosine, tangent, and cotangent, 
of 15°, 7° 30', 3° 45', and 1° 52' 30". Results^ sin 15°= .2588, cos 15° 
= .97, nearly. 

Sua. Use the formula in (57). Compare results with those found in the 
Table of Natural Sines, etc. 

9. Of what angles may the trigonometrical functions he found 
from sin 45°= i\/2, by means of the/orwwte in (St) ? How ? 
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10. Prove that sin (a: + y + j?) = sin a; cos ycosz-h cos x sin y cos z 

4- cos X cos y sin « — sin x sin y sin a;. Also, cos {x -^ y + z) = 

cos a; cos y cos a: — sin a; sin y cos 2? — sin a; cos yBinz — cos ic sin y sin jz. 

A 1 J.T- i. i. / . . \ t8.n X -f tan v + tan z — tan a; tan y tan j8J 

Also that tanfa; + y +z) = -= r :r-^ 1 1 — ^-z . 

^ ^ / 1 — tan X tan y — tan x tanz — tany tan z 

8uo. Sin (a; + y + 2) = sin [ (a; + y) + e] = sin («*f y) cos « + cos (aj + y)siii «. 

ScH. Since if (x + y + «) = ar, tan (a? + y + «) = 0, we have from the last 
form, tana; + tany + tane = tana; tany tan«; i. e.^ if a semicircumfei*ence be 
divided into any three parte, the sum of the tangente of the three parte equals 
the producte of the tangente of the same. 

1 1 T» j.T_ J. / . \ sec x sec y cosec x cosec y 

11. Prove that sec (a? + y) = ^-. 

^' cosec X cosec y — sec a; sec y 

12. Prove that sin dx = Ssin x — 4sin* x. Also that cos Sx = 

4cos*a: — 3cos x. Also, tan dx = — = 5- — 5 — -. Also, cot 3a; = 

JL ■*" otan x 

cot' X — Scot a; 
Scot* a; -1 • 

SuGS. Sin 3aj = ^n (2a? + a?) = sin 2a? cos x + cos 2a; sin a? = 2sin x cos x cos a; 
+ (1 — 2sin'aj) sin a? = 2sin a? cos' x+ sin a; — 2sin* x = 2sin a; (1 — sin' x) + sin a; 
~ 2sin* X = 3sin a; — 4sin* a;. 

Tan 3a; = tan (2a; + a;) = r — fl-t-^^JL. in the latter substitute for tan 2a; ito 

1 — tan 2a; tan x ' 

value in terms of tana;. 

■ • 

13. Prove that sin 4a; = 4(sin x — 2sin' x) cos as, 

tA Tt XT. J. • 2tan4a; 2 

14. Prove that sm x = r t-t-t- ~ — n 1 — r-* 

1 + tan ^a; cot^a; + tan ^x 

g sin jx 

a o' A . , , 2sin4a; cosia? 2tanja; 2tania; ^ 

Bug. Sm « = 2sm la; cos ia; = r-= , = — 5-r- = - — ;;— 2-7-. To 

secia; secja; sec'^a; l+tan'Ja; 

cos ix 

2t&n "ia; 

produce the last form divide numerator and denominator of fr- bv 

^ l + tan'i« • 

tania;. 

% 

15. Prove that tan ia; = — : . Also cot ix = — -. . 

* sin a? * . sma; 

Sua. From (L), (56)y 2sin' ia; = 1 — cos a;, and from (K), 2sin Ja; cos ia; = sin x. 
Divide the former by the latter. 
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16. Find the trigonometrical fnnctions of 18% 

Solution.— Letting x = 18", 2x = 36% and 3a; = 54', hence sin %x = cos 3aj. 
But sin 2x = 2sin x cos x ; and cos 3a; = 4co8' x — 3co8 x ; hence 28in x cos a? = 
4008' x — 3cos X, or 2sin x = 4co8' a; - 3 = 4 — 48in* a? — 3. From which 48in» x 

+ 2sina; = l. Solving this quadratic, we have sin a;, or sin 18° = -^^— j — t 

neglecting the — root, since sin 18' is +. From this> cos 18* = ii/ 10 + 2y^5l 
These may be put in approximate decimal fractions. 

17. Having given the functions of 18°, and 15° (Ex. 8), find those 
of 3° ; then of 6% 12°, 24°, etc. 

Compare the results obtained with the values as given in the Table of Natural 
Sines, etc., obtaining all the values in decimal fractions. 



SECTION III 

fobmulj: fob rendering calculable bt logabfthms the 
aloebriac sum of tbigonometbicix functions. 

S8* Since multiplication, division, involution, and evolution are 
the only elementary combinations of number which we can eflfeCt by 
means of logarithms, if we wish to add or subtract trigonometrical 
(or other) quantities, we have first to discover what products, 
quotients, powers, or roots, are equivalent to the proposed sums or 
differences. 



S9. Prop* — To render sin x ± siny, and cos a: ± co8 y calculable 
by hgarithms. 

Solution. From (55 ^ Sch. 2) we have sin (a; + y) =sina; cosy + cos a 
ftiny, and sin {x — y) = sin x cos y — cos x sin y. Adding these formulas, 
sin (a; 4- y) + sin (a; -- y) = 2sin x cos y. Now putting a; + y = a;', and x^y=iy'\ 
whence x = J(a5' + y'), and y = i (a;' — y') ; we have sin a;' + siny' = 28in^a/ +y') 
cosi(a;' — y') ; or, dropping the accents, as the results are general, 

(A') sin a; + sin y = 2sin K^J + y) cos i(a; — y). 

Again, by subtracting formula B (55, Sch. 2) from formula A, and making 
the same substituticns, we have, 

(B') sin a; — sin y = 2cos i(x + y) sin i(x — y). 



30 PLANE TRIGONOMETRY. 

In like manner adding cos (« + y) = cos x cos y —• sin aj sin y, and cos (a; — y) = 
cos a; cosy + sirx siny, and making the same substitutions, we have, 
(C) cos X + cos y = 2cos i{x f y) cos K* — y). 

•Finally subtracting formula C (55, ScH. 2) fi-om formula D, and making 
the same substitutions, we have, 

(DO cos y — cos X = 2sin i(a? + y) sin Ka? — y), or 

cosa? — cosy = — 28in^aj + y) sin ^x — y). 

60. Cor. 1. — The sum of the sines of two angles is to their differ- 
ence, as the tangent of one-half the sum of the angles is to the tangent 
of one-half their difference. 

Dem. — Dividing A' by B', we have, 
sin a? 4- siny __ ain ^x + y) cos ^a; — y) __ sin ^{x 4- y) cos Ka?--y) __ 
sin a? — sin y "" cos ^x + y) sin i(a? — y) "" cos i(a; + y) sin \(x — y) "" 

1 tan ^x -t- i/\ 

tan i(aj + y) coti(aj — y) = tan i(aj + y) x - — -. r = - — ^ —^. q. e. d, 

'^ "' *^ ^' s\ jr/ tan^(aj — y) tani(aj — y) ^ 

6i« Cor. 2. — The difference of the cosines of ttoo angles divided hy 
their sum is numerically equal to the product of the tangent of one- 
half the sum of the two angles into the tangent of one-half their 
difference. 

Dem. — Dividing D' by C, we have, 

cos X — cos y _ — sin ^{x + y) sin \{x — y) _ sin |(a; + y) sin \{x — y) __ 
cos x + cos y ~~ cos i(a; + y) cos \(pa — y) "" cos ^(a; + y) cos i(a; — y) ^ 

Ian i(a; + y) tan ^(a; — y). q. e. d. (Observe the op])osition in signs.) 



62. Froh* — To render tan x db tsm y calculable by logarithms. 

^ . m ■ . X sin a? . siny sinajcosy ± cosa; sin y sin (a;± y) 

Dem. — Tan x ± tan y = ± — - = ^ = ^ ■-, 

cosa; cosy cos a; cosy cos a; cosy 

Q. B. D. ^ 



EXERCISES. 

Let the student deduce the following relations : , 

^ /M I X Bm(x -\- y) 

1. Cot X + coty = -^-^ — r-^. 

^ sm X sm y 

2. Sec a; + secy = — ^ ^ -. 

^ cos X cos y 

« CI 2 sin Ux + «/) sin Ux — v) 

3. Sec a; — secy = ^^^ ^ ^ ^. 

^ cosa; cosy 



/ 
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4. 1 + COS a: = 2co8'^a:. (See 37.) 

5. 1 — cos a; = 28in'iic. 

6. ?i5iL±JH^if = tan i{x + y). (Divide A' by C, S9y Sch. 2.) 

COSiC + cosy »\ c?/ \ J ^ y / 

-, sin a: — sin V . . , . 

7. = tan i(a;— y). 

cos a; + cosy *^ ^' 

- sin a: 4- sin y . , , . 

8. = — cot Ux — y). 

cos a; — cosy *^ ^' 

^ sin a; — sin y , . , . 

9. ^ = — cot Ux + y). 

cos a:— cosy *^ ^' 



SUCTION IV. 

CONSTRUCTION AND USE OF TSI60N0METBIC1L TABLES. 

[NoTE.-rln order to read this and the sabseqnent sections, the student needs 
a knowledge of the nature of logarithms, and the niethod of using common 
logarithmic tables. If he is familiar with the last chapter in The Comfletb 
School Algebra of this series, he is prepared to go on. If he has not this 
knowledge, he should read the mtroduction preceding the table of Logarithms, 
before reading this section.] 

63. A TaMe of Trigonometrical Functions is a table 
containing the values of these iunctions corresponding to angles of 
all diflferent values. In consequence of the incommensurability of 
an arc and its functions, these results can be given only approxi- 
mately; yet it is possible to attain any degree of accuracy which 
practical science requires. 

64:. There are two tables of trigonometrical functions in common 
use, the Table of Natural Functions^ and the Table of Logarithmic 
Functions, 

65. A Table of Natural Trigonometrical Functions 
is a table in which are written the values of these functions for 
angles of various values, the radius of the circle being taken as the 
measuring unit, and the function being expressed in natural num- 
bers extended to as many decimal places as the proposed degree of 
accuracy requires. 

66. A TaMe of Logarithmic Trigonometrical FunC' 
tions is the same as a table of natural functions, except that the 
logarithms of the values of the functions are written instead of the 
functions themselves, and to avoid the frequent occurrence of nesja* 
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tive characteristics, the characteristic of each logarithm is increased 
by 10, For example, sines and cosines being always less than unity, 
except at the limit (SO), and tangents of angles less than 45® and 
cotangents of angles greater than 45° being also less than nnity, the 
logarithms of all such functions have negative characteristics. To 
obviate the necessity of writing these with their sign, the charac- 
teristic of each logarithm is increased by 10. 



67. Frop. — To compute a table of natural trigonometrical func- 
tionsfor every degree and minute of the quadrant. 

Solution. — It is evident that an aixj is longer than its sine, but that this 
disparity diminishes as the arc grows less. Thus, in a circle whose radius is 

1 inch, the length of the sine of an arc of V would not differ appreciably from 

the arc. Much less should we be able to distinguish between the sine of V and 

the arc. Now, since when the radius is 1, a semicircumference = jr = 3.141592(3, 

and also = 180% or 180 K 60 = 10800', we have the length of an arc of 1' = 

8 141592 
' ' = 0.0002908882 approximately. Assuming this as the sine of 1', we 

obtain the cosine thus, 

cos V =\/l - sin'^ 1' ==\/(l + sin 1) X (1-sin 1') = \/l.0002908882 X .9997091118 
= 0.9999999577. 

Having thus obtained sufficiently accurate values of sin 1' and cos 1', we can 
continue the operation as follows : from tlie formula sin (a? + y) + sin (a? — y) = 

2 sin X cosy, and cos (a; + y) + cos (« — y) = 2 cos x cos y, we have 

sin (aj 4- y) = 2 sin « cos y — sin (aj — y\ 
cos (aj + y) = 2 cos X cos y — cos (a; — y). 

Now letting y remain constantly equal to 1', and letting x take successively 
the values 1', 2', 3', etc., we have 

^ , ( sin 2' = 2 cos V sin 1' - sin 0' = 0.0005817764 
For « = 1', j 



For a? = 2', \ 



cos 2' = 2 cos 1' cos 1' - cos 0' = 0.9999998308 

sin 3' = ? cos 1' sin 2' - sin 1' = 0.0008726646 
cos 3' = 2 cos 1' cos 2' — cos 1' = 0.9999996193 



_ j sin 4' = 2 cos 1' sin 3' - sin 2' = 0.0011635526 
For a? _ 3 , ^ cos 4' = 2 cos V cos 3' - cos 2' = 0.9999993232 

_ ( sin 5' = 2 cos V sin 4' - sin 3' = 0.0014544407 
For aj - 4 , | ^^^ g, _ ^ ^^^ ^, ^^^ ^, _ ^^^ g, __ 0.9999989425 

etc., etc. 

These operations present no difficulties except the labor of performing the 
numerical operations. 

Of course 60 operations are required for every degree, and for 30°, 1800. But 
having computed the sines and cosines for eveiy degree and mmute up to 30*, 
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we can complete the work by simple sufotraclion of values already foimcL For 
example, letting x = 80*", the firtit formula used above becomes " 

sin (30* + y) = cos y — sin (80* — y), 

and from cos (« + y) — cos (a? — y) = — 2 sin aj sin y, we have 

cos (30 + y) = cos (30° — y) — sin y. 

Now making y successively = V, 2', 8', etc., these give 

( sin 80* 1' = cos 1' - sin 90' 59' 
( cos 80° r = cos 29" 69' - shi 1' 

j sin 80** 2' = cos 2' - sin 29° 58' 
i cos 80° 2' = cos 29° 58' - sin 2' 

j sin 80° 3' = cos 8' - sin 29* 57' 

( cos 30° 3' = cos 29° 27' - sin 8' 
etc., etc. 

All of these values which occur in the second members having been deter- 
mined in, reaching sin 30* and cos 30*, those in the first members can be found 
by performing the requisite subtractions. 

Proceeding in this way till we reach 45°, the numerical values of aU sines and 
cosines become known, since the sine of any angle between 45° and 90°, being 
tiie cosine of the complefhenttiry angle, will have been computed in reaching 
45*. And so also the cosines of angles between 45° and 90* will have been 
computed as sines of the complementary angles below 45°. 

The sines and cosines being computed, the corresponding tangents, cotan- 
gents, and, if need be, the secants, cosecants, versed-sines, and coversed- 

smes, can be calculated from the relations tana; = , cota; = - — or - — , 

' cosa;' tana; smai 

sec X = , coseca; = -; — , versa? = 1 — cosa?, and coversa; = 1 — sin a. 

cos a? sma; 

68» ScH. — If it is desired to obtain the natural functions of angles esti- 
mated to seconds, it is necessary that the values in the tables computed as above 
be extended to 7 decimals at least From such a table we may make interpo- 
lations for seconds with sufficient accuracy for most practical ends, except 
for values neai* the limits, where the disparity between the variation of the arc 
and that of the function changes Very rapidly. For example, let it be required 
to find sin 84° 24' 12" from the data sin 34* 24' = .6649670, and sin 34° 25' = 
.6652070. We observe that an increase of 1' upon the angle of 34° 24' makes 
an increase of .5652070 — .5649670 = .0002400 m the sine. Hence an increase 
of 12", or i of 1', makes an increase of i of .0002400, or .0000480, approxi- 
mately. Adding, we have sin 34° 24' 12" = .6650150. The student must be careful 
to notice whether an increase of the angle makes a numerical increase or a de- 
crease of the function, and add or subtract as the case may require. 



69* Proh. — To construct a table of logarithmic tngonometrical 
functions. 

Solution. — Compute the natural sines and cosines as in the preceding prob- 
lem. Take the logarithms of the values thus obtained^ and add 10 to each 

3 



34 PLANE TRIGONOMETBY. 

characteristic. The results are the ordinary tabular logaritlimic sines and co- 
nines. For example, we find from the table of natural functions that sin 34** 24' 
.= .6649670. The logarithm of this number is 1.752023. Adding 10 to the char- 
actcjristic, we have log sin 84' 25' = 9.752028, as usually given in the tables. In 
like manner the cosines are obtained. 

sin X 

To obtain the tabular logarithmic tangents, we have from tan x = 

° cos X 

log tan a? = log sin a? — log cos a?. If we now take the log sin x from tlie table as 
computed by the preceding part of this solution, and from it subtract the cor- 
responding log cos a;, the I'esult is the true log tana;, since the extra 10 in the 
tabular log sin and log cos is destroyed by the subtraction. Therefore, to this 
difference we niust add 10 to get the tabular log tan, as above explained. For 
example, the tabular log sin 34*' 24' = 9.752023, and log cos 84" 24' = 9.916514 
Hence, the tabular log tan 34'' 24' = 9.752023 - 9.916514 + 10 = 9.835509. In 
like manner the tabular log cota? = log cos x — log sin a? + 10. 

If the logarithmic secants are required they can be obtained fi*om the relation 

sec X = , which gives log sec a; = 1 -- log cos a?. In applying this by means 

cos X 

of tlie tabular functions, it must be observed that the log cos x, as we get it 

from the table, is 10 too great ; hence, the true log sec a; = 1 — log cos x + 10. 

In tabulating log secants and cosecants, it is not necessary to add 10, since, as 

these functions are never less than 1, their logarithms are never negative. 

70. ScH. — The interpolations for seconds are usually made in the same way 
when using the logarithmic functions, as explained above for the natural func- 
tions. But to facilitate the operation, the approximate change of the logarithm 
for a change of 1" of the angle is commonly written in the table, in a column 
called Tabular Differences^ and marked D. 



EXERCISES. 

1. Find from the tables at the close of the volume the natural 
trigonometrical functions of 25° 18'. ' 

Solution. — To find the sine and cosine we look in Table 11., and find 25** at 
the top of the page. In the extreme left-hand column we find the minutes, and 
passing down to 18, find opposite, in the column headed N. sin (natui*al sine) 
42736 ; also in the column N. cos, we find 90408. Now, as these are the lengths 
of the sine and cosine as compared with radius, wc know they are factions. 
.-. Sin 25" 18' = .42736, and cos 25' 18' = .90408. 

To find the tangent we turn to Table IV,, and finding 25* at the top of the page, 
pass down the column of minutes, on the left-hand of the page, to 18, opposite 
which, and under the column headed 25°, we find 2698. To this we prefix the 
figures 47, which stand in the same column, opposite 10', and belong to the tan- 
gents of all the angles from 25** 10' to 25" 19', and are omitted in the table sim- 
ply to relieve the eye and to economize space. Thus we find tan 25° 18' = .472698, 
the number being known to be a fraction because the angle is less tlian 45". 
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7b find the cotangent we look at the bottom of the page in the same table till 
we Und 25*, and then passing up the minutes column at the right hand, find 
oot25° 18' = 2.11552. 

If the secant were required we should be obliged to obtain it by dividing 1 by 
the cosine, as our tables do not include this ftmction. Thus sec 26** 18' = 
1 ' _ 1 

cos 25^* 18' "" SOSW "" ^'^^^ 

[Note. — Tables of secants and cosecants are sometimes given, but they arc 
not of sufficient importance to justify their introduction into an elementary 
text-book.] 



o« 



2. Show that sin 37° 43' = .61176 ; cos 37° 43' = .79106 ; tan 37° 43' 
= .773353; cot 37° 43' = 1.29307; sec 37° 43'= 1.264142; C08ec37 
43' = 1.635615 ; vers 37° 43' = .20895 ; covers37° 43' = .38824. 

3. Find that sin 64° 36' = .90334; cos 64° 36' = .42894 ; tan 64° 
36' = 2.10600 ; cot 64° 36' = .474835 ; sec 64° 36' = 2.331415 ; coseo 
64° 36' = 1.107008 ; vers 64° 36' = .57106; covers 64° 36' = .09666. 

8na. — In looking for sines and cosines of angles above 45"", seek the degrees 
at the bottom of the page, and be carefUl to observe that the colunms oC sines and 
cosines, as named at the top, change names when read from the bottom. The 
foundation of this arrangement will be readily perceived. Thus, turning in 
Table II. to 24** 32', we find sin 24'* 32' = .41522. But sin 24* 82' = cos (90 - 24" 32') 
= cos 65** 28' = .41522. Thus the degrees and minutes read from the bottom of 
the page %re the complements of those read from the top. 

4. Pind that sin 42° 27' 12" = .67499; cos 42° 27' 12" = .73783 ; • 
tan 42° 27' 12" = .914834; cot 42° 27' 12" = 1.09309. 

Sua— Sin & 27' = .67495, and sin 42* 28' = .67518. .-. An increase of V in 
the angle makes an increase of 21 (hundred-thousandths) in the sine, and 12" 
will make ij( or i as great an increase, approximately. Observe that in the case 
of cosine an increase of the arc makes a deereoM of the function. 

5. Find that sin 143° 24' = 0.596225; cos 151° 23' = .877844; 
tan 132° 36' = 1.08749 ; and cot 116° 7' = .490256. 

Sua.— Sin 143' 24' = sin (180** — 143* 24') = sin 36* 86'. Also the trigono- 
metrical function of any angle is numerically equal to the same function of its 
supplement ifiO)^ 



6. Find the loganthmic trigonometrical functions of 32° 15' 22' 
from the tables at the end of the volume. 
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Solution. — Turning to Table II. we find 32" at the top of the page, and 
opposite 16', and in the column L. sin (logarithmic sine), we get 9.727228 ; i. e.^ 
log sin 32" 15' = 9.727228. Now from the cohimn of differences, D. 1", we learn 
that an ijicrease of 1" of the arc at this point, makes, approximately, an increase 
of 3.34(miUionths) in the logarithm of its sine. Hence, we assume ihat an in- 
crease of 22" makes 22 x 3.34 = 73 (millionths). /. log sin 32" 15' 22" = 9.727228 
+ .000073 = 9.727301. In a similar manner we have log cos 32* 15' = 9.927231. 
An increase of 1" in the arc makes a decrease of 1.33 (millionths) in the log cos. 
.'. an increase of 22" makes 29 (millionths) decrease in the log cos, and log cos 
82** 15' 22" = 9.927202. Log tan 32' 15' 22" =± 9.800099 ; and log cot 32* 15' 22" = 
10.199901. 

7. Find that log sin 24° 27' 34" = 9.617051 ; log cos 26° 12' 20" = 
9.952897; log tan 26° 12' 20" = 9.692125 ; log cot 126° 23' 50" s^ 
9.867579. 

Sua.— Observe cot ^128° 23' 50") = cot (180' - 123* 23' 50") = (53' 36' KT) 
Also that angles above 45° are found at the bottom of the table ; and remember 
to subtract the coiTection for co-functions, if an increase of arc is assumed. 



8. Given the natural sine .45621^ to find the angle from the tables. 

Solution. — Looking for this sine in the table of natural sines, we find the 
next less sine to be .45606, and the angle coiTesponding, 27" 8'. Now, at t^s 
point, an increase of 1' in the arc makes an increase of 26 (hundred thousandths) 
in the natural sine. But the given sine .45621 is only 15 (hundred thou- 
sandths) greater than .45606, the sine of 27* 8'. Hence the required angle is 
but if of 1' or 60" =35", greater than 27* 8'. .-. sin-».45606 = 27" 8' 35", 
and its supplement 152^ 51' 25", which has the same sign, and these arcs in- 
creased by every multiple of 2;r, 

9. Find sin-\62583; oos"\34268; tan-\468531; coir\876434. 

BesuUs. Sin-^62583 = 38° 44' 35", and 141° 15' 25"; and these 

arcs increased by every multiple of 2'r. 

cos-'.34268 = 69° 57' 36", and 360° - 69° 57' 36" = 
339° 2' 28'', and these arcs increased by every 
multiple of 2;r. 

tan-\468531 = 25° 6' 16", and 180° + 25° 6' 16" = 205° 
06' 16", and these arcs increased by every multiple 

of 2;r. 
cot-^876434 = 48° 46' 3", and 180° + 48° 46' .3" = 
228° 46' 03", and these arcs increased by every 
multiple of 2;r. 
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Sua. — Observe that an inerM§e of the arc makes a deereoK of its co-functions. 
In the table of tangents as given, Table IV., the proportional partg given at the 
bottom of each column are the approximate changes which the fhnctions 
undergo for a change of V in the function. Thus, in finding cotr' .876484, we 
find cot-^ .876462 = AS'' 46' ; and at the bottom we find that a change of 8.64 
(million ths) in the function makes a change of 1' in the angle. Hence, as the 
ll^ven cotangent is 28 (millionths) less than the cotangent of iS"* 46'. the angle 
requu^d is 28 + 8.64 = 8 (seconds), greater than 48* 46'. 

71m 6cH.-*It is usually best to take fix>m the table that function which is nearest 
in value to the given function, and then increase or diminish the corresponding 
arc as the case may require. If we always take from the table the next less 
function than that given in the example for sine, tangent, and secant, and the 
next greater for the cosine, cotangent, and cosecant, corrections for seconds 
will require always to be added. If we always take from the tables the func- 
tions rtext lees than the one given, the corrections for seconds must be added for 
sine, tangent, and secant, and sitbtracted for the co-functions. If we were always 
to take from the tables the next greater fhnction than the one given, tlie 
seconds corrections would be added for the co*functions, and subtracted for the 
others. 

[Note. — ^It is very important that the pupil become so &miliar with the 
nature of these tables as to use them intelligently, and not mechanically. For 
this reason we refrain from giving the usual specific, mechanical directions for 
their use, and substitute illustrations showing how they are used in accordance 
with the iirinciples upon which they are constructed.] 

10. Find Bin-»(- .34256); cog-»(- .62584) ; tan-»(-- 3.41621) ; 
cotr^- 1.21648). 

BesuUs. Bin-*(-.34256)=200°l'58",and339°58'24", and these 

arcs increased by every multiple of 2«'. 
cog-»(-.62584) = 128^ 44' 38", and 231° 15' 22", and these 

arcs increased by every multiple of 2flr. 
tan-H- 3.41621) = 106° 18' 57", and 286° 18' 57", and 

these arcs increased by every multiple of 2ne. 
cotr»(- 1.21648) = 140° 34' 42", and 320° 34' 42", and 

these arcs increased by every multiple of 2«', 

Sua — ^To obtain these results the pupil will need to recall the principles in 
the corollaries to (48— 5S). I'hus, to find cot- *( — 1.21648), we find from 
the table that cot~'(1.21648) s 89" 25' 18" ; and fh>m (55) Cor., we learn that 
cot (180'- a?) = - cot X. .-. Cot-»(- 1.21648) = ISC'* - 39" 25' 18" = 140'' 34' 42". 
Again, from the same corollary, we learn that cot (360* — «) = — cot x. 
.% Cot-'(- 1.21468) = 860" - 89' 25' 18" = 320'* 34' 42". ' 



11. Given the logarithmic sine 9.451234, to find the corresponding 
?^ugle. 
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Solution.— The next nearest log sin found in Table II., is 9.451204 = log 
sin 16° 2*5'. Now we learn from the table that an increase of 1' in the angle at 
this point, makes an increase in its log sin of 7.14 (million ths). But tiie giyen 
log siif, 9.451234, is 80 (millionths) greater than log sin 16° 25'. .*. The required 
angle is 80 + 7.14 = 4 (seconds) greater than 16° 25' ; and we have sin 16° 25' 4" * 
= 9.451234 Again, as sin 16° 25' 4" = sin 180° - 16° 26' 4" = 163° 84' 56", the 
latter angle has for its log sin 9.451234. Finally, cither of these angles increased 
by any multiple of 2?r has the same logarithmic sine. 

12. Show from the table that the angle whose log cos is 9.778151, 
18 53** r 49", and also 306** 52' 11", and each of these angles increased 
])y any multiple of 2ir. 

13. What angles correspond to the logarithmic cosines 9.246831, 
and 9.889372 ? 

14. Find from the table what angles have for their logarithmic 
tangents 9.895760, 10.631054, and 11.216313. 

Remits. The first two are the log tans of 38° 11' 20", and 73* 
35' 43", and also ot 180** + either of these angles, and each increased 
by any multiple of 2r. 

15. Find the angles corresponding to the logarithmic cotangents 
10.008688, 9.638336, and 9.436811. 

Results. The first two are the log cots of 44° 25' 37", and 66° 29' 
54", and also of 180° + either of these angles, and each increased by 
any multiple of 2flr. 



72, ScH. — Strictly speaking, negative numbers have no logarithms; since 
no base can be assumed, such that all negative numbers can be represented by 
said base affected with exponents. It is therefore customary to say that nega- 
tive numbers have no logarithms. Nevertheless, we do apply logarithms to nega- 
tive trigonometrical functions. Thus, if we have — cos «, the — sign is inter- 
preted as simply telling m what quadrants x may end ; while, in other respects, 
the function is treated exactly like + cos x, 

16. Given log (- cos a;) = 9.346251, to find x. 

Solution. — The logarithmic cosine 9.846261, considered independently of its 
sign, corresponds to 77** 10' 36". But the — sign requires that the arc shall end 
in the 2d or 3d quadrant, for such angles, and such only, have negative cosines. 
.-. The angles required are ISC'* T IT 10' 85" = 102'' 49' 25", and 257*' 10' 35", 
and these increased by entire circumferences, as all these angles have loga- 
rithmic cosines, which are numerically equal to 9.346261, and the cosines them- 
selves are negative. 

17. What angle less than 180° has a negative cosine whose tabu- 
lar logarithmic value is 9.653825 ? Ans. 116° 47' 4". 
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18. What angle less than 180** has a negative tangent "whose tabu- 
lar logarithmic value is 9.884130 ? Ans. 142*^ 33' 15". 

19. What angle less than 180° has a negative sine whose tabular 
logarithmic value is 9.341627 ? 

20. What angle less than 180° has a negative cotangent whose 
tabular logarithmic value is 91564299 ? Ans. 110° 8' 16". 

21. Find values of a; < 180° which fulfil the following cbnditions : 

log (- cos x) = 9.562468 ; log (- tan x) = 10.764215 ; 
log (- sin x) = 8.886432; log (- cot x) = 11.152161. 

EestiUs. 111° 25'; 99° 45' 54"; none; 175° 58' 14". 

22. Having at hand only the common logarithmic tables of trig- 
onometrical functions, and the table of logarithms of numbers, I 
wish to find the number of degrees, minutes, and seconds corre- 
sponding to the natural tangent 2.16145. How is it done, and what 
is the result? 

Answer : Find the logarithm of 2.16145, to this add 10, and find 
the angle corresponding^ to this tabular logarithmic tangent The 
angle is 65° 10' 20". 

23. From the same tables as above find the natural cosine of 
35° 23'. Also what angle corresponds to natural tangent 2. 

24. From the same tables as above find the angle corresponding to 
natural tangent — 1.82645. Also to natural cosine — .42536. 

25. Why is it in the table of logarithmic functions that the sine 
of an angle minus its cosine + 10 gives the tangent ? Why that cosine 
— the sine + 10 gives the cotangent ? Why that the sum of the tan- 
gent and cotangent of any angle = 20 ? Why is but one column of 
tabular differences needed for tangents and cotangents, while the 
sines and cosines require each a separate column ? 



FUNCTIONS OF ANGLES NEAB THE LIMITS OF THE QUADRANT. 

TABLE III. 

[NoTB. — This subject may be omitted in an elementary course, the first time 
going over, if thought best] 

73. Failure of Table II. — The method which has been given 
in the preceding pages for finding the logarithmic functions of angles 
involving seconds, by means of the Tabular Differences, Table IL, is 
sufficiently accurate in most cases for practical purposes, but is 
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entirely too rude for the sines, tangents, and cotangents of angles 
near the beginning of the quadrant (those less than 2** or 3°), and 
for cosines, tangents, and cotangents of angles near the close of the 
quadrant (those between 87** or 88° and 90°). An example will 
render this clear. Suppose we wish to find log sin 1' 12". We find 
from Table II., log sin 1' = 6.463726 ; and also that the average 
increase of the log sin between V and 2' is 5017.17 (millionths) for 
every second increase of the angle. But this average rate of increase 
of the function during the minute is much less than its real rate of 
increase in the first part of the minute, as from I'to 1'12", and much 
greater than the real rate of increase tVi the latter part, as the angle 
approaches 2'. In fact, we see from this table, that we should use 
2934,85 as the increase of log sin 2' for 1" increase of the arc. Now, 
in our proposed example, we want the increase of the log sin while 
the angle is passing from 1' to 1' 12". This, as shown above, is con- 
siderably more than 5017.17 (millionths) for every second. 

The cosine being the sine of the complement is subject to the same 
law of change near the close of the quadrant, that governs the sine 
at the beginning. 

The case of the tangent of a small angle is similar to that of the 
sine ; and since the cotangent is the reciprocal of the tangent, it 
has the same law of change, only that the one increases as the other 
decreases. Thus, since doubling a small arc, as 1", doubles its tan- 
gent (approximately), it divides its cotangent by 2. 

Finally, while the law of change in the sine is very different near 
the close of the quadrant from what it is near the beginning, the 
sine changing very rapidly at the beginning and very slowly at the 
close, and the cosine is just the opposite, the tangent, and cotangent 
have the same law of change at both extremities of the quadrant. 
Thus, if near the beginning of the quadrant a certain small increase 
of the arc increases the tangent at a particular rate, it decreases the 
cotangent at the same rate, since these functi6ns are reciprocals of 
e^ch other. Moreover, since tan 1° = cot (90° — 1°) = cot 89°, 
cot 89° changes according to the same law as tan 1° ; and tan 89° 
changes reciprocally with cot 89°. 

74. I>e8cription of Table III. — The first page of the table 
enables us to find the sines of angles less than 2° 36' 15" (and con- 
gequently the cosines of angles between 87° 23' 45" and 90°) with 
Viiry great accuracy. The columns headed Angles contain the degrees, 
minutes, and seconds of the proposed angles, and the columns at 
their right give the same angles in seconds. The columns headed 
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ft 

t)iff. contain the corrections to be used according to the following 
problems. The second and third pages answer a similar purpose 
vfiih. reference td tangents and cotangents of arcs within 2° 36' 15'' 
of the limits of the quadrant. 



75. Prop. — Letting x represent any number of seconds less than 
2** 36' 15", we have, 

log sin x" = 4.685575 + logo? - Diff. 

Dbm.— The length of 1" of an arc to radius unity Ib 8.14150265358979 (the 
length of the eemicircumference) -i- 648000 (the number of seconds in 180**), and 
= .00000484812. For practical purposes this fraction may alno be taken as the 
6ine of 1". Though, actually, the sine is less than tlie arc, the expressions for 
arc 1" and sine 1" agree to as many places of decimals as we have here. Again, 
for these small arcs the sine increases at nearly the same rate as the arc, so that 
sin 3" = .00000484812 x 8 nearly; sin 102" = .00000484812 x 102 nearly; Uiese 
results being slightly in excess of the true values. It is the correction for this 
excess tliat is furnished by Table III. in the columns marked Diff. But this 
table is adapted to logarithmic computation ; hence we have log sin x" = log 
sin 1" + logo;' — Diflf. In this expression log sin a?" is the logarithm of the natu- 
ral sine of a;" (not increased by 10, as each fhnctlon in Table IL is) ; log sin 1'' 
•k- login, that is, tKe logarithmic sine of 1" plus the logarithm of the number of 
seconds, corresponds to multiplying the sin 1'' by the number of seconds, and 
gives the logarithm of the product, or strictly, the logarithm of the length of the 
arc of a;". Now, the sine ofx" being less than the arc, its logarithm is less than 
the logarithm of the length of the arc Just how much less the table tells. This 
difference, therefore, between the logarithm of the arc and the logarithm of its 
sine, which is given in the table, is to be subtracted. Finally, to make this 
result agree with Table II. we must add 10 to 'the result Now, log sin 1" = 
log .00000484812 = 6.685575, and adding 10, we ha^e 4685575. 

.-. log sma?" = 4685575 + log« - Diff., 

a result which agrees with the logarithmic functions in Table IL q. s. d. 

76. Cor. 1. — To obtain the log cos of an angle between ST 23' 45" 
and 90° y from this tabh, take the log sin of its complement. 

' 77. Cob. 2. — 2b obtain the log tan of an angle less than 2° 36' 15", 
from this table, use tlis formula, 

log tan X" = 4.685575 + logx + Diff. 

Dem.— For as small an arc as 1", sine, arc, and tangent are practically 
equal ; hence, log tan 1" — log sin 1'' = 4685575 (10 being added). Moreover, 
for these small arcs the tangents increase (like the sines) in nearly the same 
ratio as the arcs; hence, we add logo?. Finally, the tangent is a little in excess 
of the arc, which excess is given in the table, and is to he added, q. b. d. 
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78. Cor. 3.— To obtain 4he log cot of an angle less than ^'^ 36' U"f 
frofn this table, use the formulay 

log cot a;" = 15.314425 - log a; - Diflt 

Demonstration.— Since cot a?" = ^JJ^' ^^S ^o* *" = log 1 - log tan aj' 

= 20 - (4686575 + log x + DiflF.) = 15.314425 - log a? - Diff. The 20. arises 
from adding 10 twice to log 1 (= 0). One 10 is added because 4685575 is 10 in 
excess of the true log tan 1" ; and tlie other 10 is added in order to make the 
log cot x" agree with the ordinary tabulated value, as in Table II. Q. ». d. 



79. Cob. L—To obtain the log tan of an angle between 87° 23' 45" 
and 90°, take the log cot of its complement ; and to obtain the log cot 
of an angle between the same values, take the log tan of its complement. 



80* JProb. — Having given a log sin less than 8.657397 (the log 
sin 2° 36' 15"), to find the corresponding angle. 

SoLUTiON.—From log sin «" = 4.685575 + log x — Diflf., we hare, log x = 
log sin a?" — 4685575 + DiflF. Hence, if from the given log'sin, we subtract 
4685575, and then add the proper correction as furnished by Table III., we have 
the logarithm of the number of seconds sought But we cannot tell what Diff. 
to take till we know the number of seconds. To meet this difficulty, find the 
angle corresponding to the given log sin from Table II., and reduce it to seconds. 
This will be sufficiently accurate to furnish the required DiflT. 



81. Cob. 1. — Having given a log cos less than 8.657397 {the log cos 
of^V 23' 45"), to find the correspo?iding angle, treat it as if it were a 
log sin, and having found the corresponding angle, take its coinph' 
ment. 



82. Cob. 2. — For log tan and log cot, the formulce in (77, 75), 

give, 

• loga; = log tan x" - 4.685575 - Diff., 

and, log x = 15.314425 - log cot a;" - Diff. 

These are applied as in (80) ; that is, the Diff. to be subtracted is 
found by getting from Table II. the required angle in seconds, as 
near as may be, and then take from Table III. the corresponding 
Diff. 
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EXAMPLES. 

1. Find the log sin, tan, and cot of 1° 11' 15". 

Solution.— Log sin V IV 15" = 4685675 + log 4275 - .000031 = 8.316480. 
1** 11' 15'' = 4275". Since 4275" is between 4230" and 4300, the DifT. is 13 
(millionths). 

Log tan V IV 15" = 4.685575 + log 4275 + .000062 = 8.3165781 

Log cot 1" 11' 15" = 15.314425 - log 4275 - .000062 = 11:683427. 

Or, log cot can be found by subtracting log tan ii'om 20. 

2. Verify the following by using Table III. : 

log sin 66' 26" = 8.215242 ; log tan 56' 26" = 8.216301; 
log cot 56' 26" = 11.784699. 

3. Verify the following by using Table III. : 

log cos 88** 17' 44" = 8.473396 ; log tan 88° 17' 44" = 11.626412 ; 
log cot 88° 17' 44" = 8.473588. 



4. Having given the logarithmic sine 7.246481 to find the angle. 

Solution.— From Table II. we find 6' 6" = 365" as the angle. But this is 
subject to the inaccuracy exhibited in (73), To obtam the correct result from 
Table III., we have (80), 

log z = 7.246481 - 4685575 + = 2.660906. 

/. X = 363.8; or the angle is 6' 3" .8. 

6. Given the logarithmic tangent 7.805487, to find the correspond- 
ing angle. 

Solution.— Table IL gives 21' 58" = 1318" as the angle. Prom Table IIL 
the Difif. corresponding to this is 6 (millionths). Hence, 

log X = log tan ar" - 4685575 - Diff. (81) 
becomes, log x = 7.805487 - 4685575 - .000006 = 3.119906. 
.-. X = 1318 ; and the angle is 1318"^ = 21' 58".2. 

6. Given the logarithmic cotangent 12.197148, to find the corre- 
sponding arc. 

Table IL gives the angle 21' 49".8, but the true angle as given by 
Table III. is 21' 50". 



u 
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SECTION F, 

m 

TBIOOXOMETBICIL SOLUTION OF VIASE TRIANGLES. 

83. There are six parts in every plane triangle : three sides and 
three angles ; one side and any other two of which being given, the 
remaining parts cati be found by means of the reladons which exist 
between the sides and tabulated trigonometrical functions. To 
exhibit these highly important practical operations is the object of 
this section. We shall treat first of right angled plane triangles, and 
then of oblique angled plane triangles, 

OF RIGHT ANGLED TRIANGLES. 



Frop. 84:. — The relations between the sides and the trigonomet- 
rical functions of the oblique angles of a right angled triangle are as 
follows : 



__ side opposite ^ 

"" hypotenuse ' 

_ side adjacent ^ 

~" hypotenuse * 

/o\ ti. X side opposite 

(3) 'tangent = -t^ — 3? -, ; 

^ . ° side adjacent 



(1) sine 

(2) cosine 



hypotenuse 

.". cosecant = -t~ r— ; 

side opposite 

_^ hypotenuse 

side adjacent ' 

side adjacent 

cotangent =s -r^ — :— -. 

° side opposite 



secant == 




Dem.— Let CAB, Mg, 11, be a tiiangle, right 
angled at A. Let aM be the measuring arc of the 
angle B, PD = sin B, and BD = cos B. From the 

PD 

similar triangles PDB and CAB, we have gs = 

^^ side opposite ^ since BP = 1. 
hypotenuse 



g^; ». «., sm 



From the same tiiangles iP = ?A ; e. «., cos B = 

* BP BC 



side adjacent 



. Tangent being equal to sine divided 



hypotenuse 

, , ,. X B side opposite side adjacent side opposite -,, ^ 

by cosme, we have tan B = — Li- -¥■ — ^ = -— — 5r :• The 

hjrpotenuse hypotenuse side adjacent 

other functions being the reciprocals of these three, are as given in the proposi- 
tion. Finally, as a similar construction could" be made about the other obUque 
angle, C, this demonstration may be considered generals q, e. d. 
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ScH. 1. — These formula are so important that it is well to haye them fixed 

in the memory, not only as written above, but also as follows: 

hy side-adj 

(1). Side-opp = hy X sin, or , or tan x side-adj, or — ; 

vOsec cui 

(2). Slde-adj = hy x cos, or — ^, or cot x side-opp, or — --BE- ? 

•^ sec '^'^' tan 

of which the relations side-opp = hy x sin, and side-acU = hy x cos are of the 

most frequent use. 

ScH. 2. — The six ratios given in this proposition are frequently made the def* 
iuitions of the trigonometrical functions. Thus, referring to a right angled tri- 
angle, a sine of an angle may be defined to be the ratio of the side opposite to 
the hypotenuse ; the cosine as the ratio of the side adjacent to tlie hypotenuse, 
etc. 

8cH. 3. — The student will be aided in remembering these important relations 

by observing that the side opposite the angle is analogous to the sine, and the 

its analogue 
side adjacent to the cosine. Now, the sine = r , and so also the co- 

«ine. Tangent equals sine divided by cosine, and iii this case it is the part 
analogous to the sine, divided by the part analogous to the cosine. One should * 

hv 

not make the blunder of saying that sin = .. ' ' , since that would make 

' ° Bide-opp 

the sine always more than 1 ; but we have seen that it never can exceed 1. 

Similar checks against error may be made in the case of the other relations. 



EXERCISES. • 

[NoTB. — The first five of these exercises are mainly designed to illustrate the 
proposition, and familiarize the mind with the relations.] 

1. In a right angled triangle whose sides are 3^ 4, and 5, what are 
the trigonometrical functions of the angles ? What are the functions 
when the sides are 6, 8, and 10 ? 

2. In a right angled triangle the hypotemise is 12, and the angle 
at the hase sin""*J^. What are the sides ? What is the sine of the 
other angle ? 



Suo. — ^Represent the angles by B, A, and C, A being the right angle ; and 

b b 

the sides opposite by o, a, and o. Then sin B = -, or i = Tq ; whence, 6 = 6. 

Sin C = COS B = \^, c = 6^^ 



3. In a right angled triangle whose hypotenuse is 12, and the 
angle at the base tan'"*2, what are the other parts ? 

Ans. Cos-'fV^ V/57and*/V5r 
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4. The sides of a right angled triangle are 20 and 32. What are 

the angles and hypotenuse? Obtain the hypotenuse by means of 
the secant. __ 

Ans. Tan-' f, tan-* f, and WSd> 

5. The hypotenuse of a right angled triangle is 120, and one 
side 100. Show that the angle opposite the latter is tan-*-^\/ii> the 
adjacent angle cosec-'-j^Vllj and the remaining side 20 Vll« Obtain 
these results in the order given. Use a trigonometrical function to 
obtain the last 



EXAMPLES. 

{a) BY MEANS OP THE TABLE OP NATURAL FUNCTIONS. 

1. In a right angled triangle ABC, the hypotenuse BC is 235, and 
the angle B is 43° 25'. Find the angle C, and the sides AB and AC. 

C = 46° 35'; AB = 170.7 ; AC = 161.52. 

Solution — To find C, we have but to remember that the angles of a right 
angled triangle are complements of each other ; whence, C = 90° — B = 46^ 35'. 

AR 

To find AB, we have cos B =g|' or AB = 235 x cos 43" 25'. Now, from the table 
of natural functions we find cos 43* 25' = .72687; whence AB = 235 x .73637 

- 170.7. To find AC, we have sin B = || ; whence AC = 235 x .6873 = 161.52. 

2. In a right angled triangle ABC, the hypotenuse AC is 94,6, and 
the angle C is 56° 30'. Find the angle A, and the sides AB and BC. 

A =33° 30'; AB =78.88 ; BC = 62.21. 

3. In a right angled triangle BDF, the hypotenuse BF is 127.9, and 

the angle B is 40° 10' 30". Find the angle F, and the sides BD and 
DF. 

F = 49° 49' 30" ; BD = 97.72 ; DF = 82.51. 

4. In the triangle CDE, right angled at E, given the side DE 75, the 
side CE 50.59, to find the other parts. 

Hypotenuse = 90.47. 

.5. In the right angled triangle CDE, given the hypotenuse CD 264, 
the side CE 135.97, to find the other parts. 

• DE = 226.28. 

6. Given the hypotenuse 435, and one of the acute angles 44°, to 
find the other parts. » 

7. Given the hypotenuse 64, and the base 51.778, to find the othei 
parts. 
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8. Given the hypotenuse 749 feet, and the hase 548.255 feet, to 
find the other parts. 

9. Given the hypotenuse 125.7 yards, and one of the acute angles 
75° 12' 23", to find the other parts. 

. 10. Given one side 388.875, and the adjacent angle 27** 38' 50", to 
find the other parts of a right angled triangle. 



{b) BY MEANS OF A TABLE OF LOGARITHMIC FUNCTIONS. 

11. In a right angled triangle, given an oblique angle 54° 27' 39", 
and the side opposite 56.293, to find the other parts. 

Solution.— Tho other obUque angle is 90' -54' 27' 89" = 86' 82' 21". 

To find ihehypoUnvM, wo have sin 54'* 27' 39" = — -, or Ay = ^.^ ^^:^^, ^g,,. 

Applying logarithms to facilitate computation, log hy = log 56.293 — log 
Bin 54** 27' 39" + 10. The 10* is added since the log sin 54'' 27' 39" found in the 
table is 10 too great Now, looking in Table L, we find log 56.293 = 1.750454 ; 
and in Table II., log sin 54** 27' 39" = 9.910473. Hence, 

log hy = 1.750454 - 9.910474 + 10 = 1.839980, and hy = 69.18. 

To find the other side we have, tan angle = "^^ , or tan 54' 27' 39" = 
- ; whence nde cuff = ^^ kao crr^ o^^n - Applying logarithms, log side cu^ 



side adj ' ^ tan 54° 27' 39 

= log 56.293 - log tan 54" 27' 39" + 10 = 1.750454 - 10.146104 + 10 = 1.604350. 
.'.Side a4f = 40,2115. 

12. In a right angled triangle ABC, the hypotenuse AC is 340, and 
the side AB is 200. Find the acute angles A and C, and the perpen- 
dicular BC. 

A = 53** 58' 6" ; C = 36^ V 54' : BC = 274.95. 

13. In a right angled triangle ABC, the perpendicular / B is 736.3 
and BC 500. Find the acute angles A and C, and the hypotenuse AC. 

A = 34^ 10' 46" ; C = 55° 49' 15" ; AC = 890.02. 

14. In a right angled triangle BDF, the perpendicular BD is 246.32, 
and DF 380.07. Find the acute angles E and F, and the hypote- 
nuse BF, 

B = 57° 3' 11"; F = 32° 56' 49" ; BF = 452.91. 

15. In a right angled triangle ABC, the side AB is 249, and the 
angle A is 29° 14'. Find the perpendicular BC, and the hypotenuse 

AC 

BC = 139.3r ; AC = 285.341. 
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16. In a right angled triangle ABC, the hypotenuse AC is 95.75, and 
the side BC 60. Find the acute angles A and C, and the perpen- 
dicular AB, 

A = 38° 48' 7" ; C = 51** 11' 53" ; AB = 74.62. 

17. In a right angled triangle ABC, the side BC is 864.3, and the 

angle A is 50° 45'. Find the perpendicular AB, and the hypotenuse 

AC. 

AB = 297.645 ; AC = 470.433. 

[Note. — ^The first ten examples may be solved by logarithms if additional 
exercises are needed, or these by means of the natural functions. Also any one 
of the examples will afford several others by giving and requiring different 
parts. Thus, from Ex, 17, we can give AB = 297.645, A = 50° 45', and require 
the other parts, etc.]. 



GENERAL AFPLICATIONS. 

1. Find the area of a parallelogram whose adjacent sides are 28 
and 30 feet, and the included angle 75°, 

' SuG. — ^First find the altitude. 

2. A railroad track 463 feet 3 inches in length has a uniform grade 
of 3°. Show that the vertical rise is 24 feet 3 inches, nearly. 

3. A railroad track makes a vertical rise of 150 feet, by uniform 
grade, in 3,000 feet of track. What is the grade ? 

4. Find the apothegm and* radius of the circumscribed circle of a 
. regular heptagon one of whose sides is 12 feet 

5. Find the area of a regular dodecagon inscribed in a circle whose 
radius is 1 2. 

6. The angle of elevation to the top of a steeple is 47® 30', ai 
measured from a point in the same horizontal plane as its base, and 
at a distance of 200 feet from it. What is the height of the steeple ? 

A71S. 218.26. ft 

7. A tower 103 feet high throws a shadow 51.5 feet long, upon the 
horizontal plane of its base : what is the angle of elevatioa of the 
sine ? 

8. The angle at the vertex of a right cone is 52° 23', and the 
slant height 126 feet : what is the diameter of the base, and wLit 
the altitude ? 
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Fw.1%, 



9. In Fig. 12, letting EO rep- 
resent the earth and M the 
moon, the radius of the earth 
EO = 3956.2, and the angle 
EMO * = 57', required to find 
the distii^nce OM, E being a 

right angle. 

TJie distance of tJu moon from the earthy as given hy this eompu- 
tation, is 238,613 miles. 

10. In Fig, 11, letting ON represent a tangent to the moon's disc 

at N, the angle NOM is readily measured, being half the moon's 

apparent diameter. The apparent diameter. of the moon being 

31' 20", and its distance from t^e earth as found in the last example, 

what is the diameter ? 

Ans. 2176 miles. 



OF OBLIQUE ANGLED PLANE TRLA.NGLE8. 

IMPORTANT RELATIONS EXISTING BETWEEN THE SIDES AND THIGO- 
NOMETRICAL JUNCTIONS OF THE ANGLES OF OBLIQUE ANGLED 
PIANE TBXANGLE& 



85 » Prapm-^The sides of any plane 
triangle are proportional to the sines of 
the angles cpposit0. 

Dem. — Let ABC be any plane triangle. Let 
fall from either angle, as C, a perpendicular 
upon the opposite side, or upon that side 
produced. Designate the angles bj A, B, and 
C, the sides opposite by a, 5, and o, and the per- 
pendicular by P. 

Now, from the right angled triangle ADC 
we have P = J sin A ; also from CDB, P = a 
a sin B ; sin ABC in the second figure being =r 
sin CBD. Hence, equating the values of P, '^^' 18. 

6 sin A = a sin B, or «: ft : : sin A : sin B. q. E. D. 




* This angle is called the moon^s horizontal parallax, and is readily measured. Some rnde 
notion of the manner in which parallax beccmies apparent, may be got from considering the 
difference in direction from two observers to the moon, one observer standing directly nnder 
the moon, as at F« ^Qd the other at E« seeing the moon in his horizon. The angtilar displace- 
-Bient of the moon due to these different points of observation is horizontal parallax. 

4 



50 



PLANE TRIGONOMETRY. 



86* JProp.— Tfie sum of any two sides of a plane triangle is to 
their difference, as the tangent of half the sum of the angles opposite 
is to the tangent of half their difference. 

Dem. — Letting a and h represent any two sides of a plane triangle, and A 
and B the angles opposite, we have a : 5 : : sin A : sin B. Taking this boUi by 
composition and division, we have a + 5 : a — b i\ sin A + sin B : sin A — sin B. 
But from (6*0), sin A + sin B : sin A — sin B : : tani(A + B) : tan i(A — B). 
/. a + 6 : a — 6 : : tani(A + B) : tan ^A — B). q. b. d. 



87* Prop. — Tlie tangent of half of any angle of a plane triangle 
equals k, divided by half the perimeter of the triangle minus the side 
opposite the angle ; in which h is the radius of the inscribed circle^ 
and equals the square root of the continued product of half the peri- 
meter minus each side separately, divided by half the perimeter. 



Deh. — Let ABC be any plane triangle. 
Represent the angles by A, B, and C, the 
sides opposite by a, ft, and c, the perimeter 
by p, and the segments of the sides made 
by the radii of the inscribed circle, by «, y, 
and 2, as in the figure. 

Then a + 6 + 6 = 2jB + 2y + 2«=p,or 
u + y 4- « = ip. 

Whence a;=ip — a, y=i^— J, and z 
= iP — <5 ; since y +z = a,x + z = b, and a? + y 




Fro. 14. 



= C 



k h 
Now from the triangles AOD, DOB, and COB, tan iAr=-=Y- -, tan 



iB = - = r, and tan JC = - = -. , 



X l;p — a' 



To find k. |A + iB + iC = 90% or iA = 90* - (^B + iC) ; whence, tan ^A 
= ^ =tan[90- - (iBV iC)]'=cot(iB + ,C)^^^^^ (5^, D^). 

Substituting for tan iB, and tan iC, -, and -, we have - = ^^ 



X k k 

- + - 

y » 



; whence 



** = ^o.!/ "' (^ + y + «)*" =«y2; and A; = 4/—^^-. In this value of*, sub- 

fltitutmg for aj, y, and z then- values, we have k = ^/(iP - ^) (iP ~ ^) (iP -"c) 

^ ip 
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88, ScH. 1. — These three propositions {85 j 86, 87)y furnish the most 
elegant and expeditious means, for finding the unknown parts of an oblique 
angled plane triangle, when a sufficient number of parte are giyen or known (83). 

" 89. ScH. 2.— 'Important Breictical Suggestions. 

1st Two angles of a triangle being given, the thurd is known by implication, 
it being the supplement of the sum of the other two. 

2nd. When two of the known, or given, parte are opposite each other, the 
first proposition (^5) effects the solution. 

8rd. When two sides and the included angle are given, the solution is effected 
by means of the second proposition (80), 

4th. When the three sides are given, the angles are found by the third 
proposition (^7)- 



EXERCISES. 

1. In the plane triangle CDE, given the angle D = 15° 19' 51", 
C = 72° 44' 05", and the side Cj opposite C, 
250.4, to find the other parts. ^ 




Solution.— JPVr««, E = 180'- (D + C) = 91* 66' 04" 

(89, 1st). ^ 

Second^ To find side d opposite angle D (^9, 2nd). Fxs. ift. 

sin C : sin D : : e : (f, or 

sin 72*' 44' 06" : sin 16° 19' 51" : : 260.4 : d. 

This proposition may be solved for d, by taking the natural sine of 16° 19' 61", 
multiplying it by 260.4, and dividing the product by the natural sine of 
• 72° 44' 05"; or, more expeditiously, by logarithms, as follows : 

log 250.4= 2.398634 

log sin 15° 19' 51" = 9.422249 

log sin 72° 44' 06" (ar. comp.)* = 0.020024 

logd= t 1-840907 .-.<«= 69.32a 

Third, To find side e opposite angle E {88, 2nd). 

sin C : sin E : : 6 : 6, or 
sin 72° 44' 06" : sin 91° 56' 04" : : 260.4 : e. 
Making the computation by logarithms, 

log 250.04= 2.398634 

log sin 91° 56' 04" t 9.999752 

log sin 72° 44' 06" (ar. comp.) = ..... 0.020024 

\ log 6= 2.418410. .-.«= 262.066. 

• See Introdaction to Table I. (17). 

t The etadent must bear in mind the fact that all the log. trig, ftincs. are 10 too large, and 
mnet Bee exactly what corrections to make in his results, on this accoant. In this case the 
ar. comp. is 10 too smaU, since the logarithm we took fh)m the table for log sin 72<> 44^05" was 
10 too large. But our log sin 15** 19' 51 " is 10 too large, and just corrects the latter. Hence, we 
have to reject only 10 from the entire earn 11.840'.)07, and this on account of the use of ar. comp. 

X Take the sine of the supplement, or the cosine of the given angle minus 90<*. 
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2. In the plane triangle ABC, A = 35° 42', B = 76° 27', and AB = 
142. What are the other parts ? 

Ans. c = 67° 51'; AC = 149.05; BC = 89.47. 

• 3. Given two angles of a plane triangle, 23° 40' 32" and 69° 39' 51", 

and the included side 100, to find the other parts. 

4. In a plane triangle ABC, the side AB is 254.3, the side AC 396.8, 

and the angle B 94° 29'. Find the angles A and C, and the side BC. 

A = 45° 48' 21"; C = 39° 42' 39"; BC = 285.37. 

Bug's. — To find the angle C, we have 

896.8 : 254.3 : : sin 94"* 29' : sin C. 

From this proportion we get log sin C = 9.805443. Now, as we have seen 
before, there are an infinite number of angles corresponding to any given sine, 
how shall we know what one to take in this case ? First, no angle of a triangle 
can exceed 180**; hence, there are but two angles, one an acute angle, and the 
other its supplement, which can come into consideratkm in the solutioa of plane 
triangles. But which of these two are we to take ? Thus, in this case, both the 
angies 39" 42' 39" and 140' 17' 21" coiTCspond to log sin 9.805443. In this ex- 
ample the ambiguity is resolved by observing that the given angle B is obtuse, 
and a pkme triangle ean have but one obtuse angle. .*. C = 39'' 42' 39'^ 



5. In a plane triangle 6DF, the angle B is 40°, the side BD is 400, 
and the side DF 350. Find the angles D and F, and the side BF. 

Suo's. — To find F, we have 

350 : 400 :: sin 40° : sin F, 

from which log sin F = 9.866059, and F = 47* 16' 28", aad its supplemeat 
132° 43' 32". How are we to determine which of these to take? The given 
angle is 40° ; hence, as far as that is concerned, either of the two will meet the 
conditions. There are, therefore, <«» angles, F = 47° 16' 28" and F = 132° 43' 32", 
which fulfill the conditions. We therefore solve two triangles, one having two 

of its sides 400 and 350, and the angles 40*, 

47° 16' 28", and 92° 43' 32" ; and another triangle 

with the same given parts and the two required 

angles 132° 43' 32", and 7° 16' 28". This is readily 

illustrated geometrically. Thus, lay off DBF' = 40°. 

Take BD = 400. Then from D as a centre, with 

Pig. 16. radius 350 describe an arc cutting BF'. It is evident 

that if B is an acute angle the following cases may aiise depending upon the 

value of DF : 

1st. If DF is less than the perpendicular p, the problem is impossible. 
2nd. K DF = p, the triangle is right angled at F. 

3rd. If DF > i? and <BD there are two triangles^ one with an acute angle at 
F', as DF'B, and the other with an obtuse angle at F, as DFB, both of which 
fulfil the conditions of the problem. 

4th. If DF > DB there is but one triangle which fulfills the conditions, viz., 
the one with an acute angle at F'. 
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The results in the above examples are» for triangle DF'B, angle DF'B := 
47M6'28", BDF' = 92'* 43'82", and side BF' = 643.89; for triangle DFB, 
angle DFB =: 132' 43' 32", angle BDF = 7' 16' 28", and side BF = 68.94. 

90. COE. — In applying trigonometrical /ormukB to the solution of 
triangles, if the part sought is found in terms of its sine, the result 
is amMguouSy and we are to determine whether there really are two 
solutions to the problem in a geometrical sense, by certain geometrical 
considerations, or else by trying both values for the angle determined 
by its sine. This ambiguity arises only when an angle is determined 
by its sine, as will appear liereafter. 

6. Giyen two sides of a plane triangle 201 and 140, and the angle 
opposite the latter 36° 44'. Find the other parts. 

Results. — There are two triangles. 

Parts of the first, 120° 49' 49", 22° 26' 11", and 89.34; 
Parts of the second, 69° 10' 11", 84° 5' 49", and 232.84. 

7. Given two sides of a plane triangle 180, 100, and the angle op- 
posite the former 127° 33', to find the other parts. 

There i^ but one triangle, and the parts are 26° 7' 59", 26° 19' 1", 
and 100.66. 

8. Given two sides of a plane triangle 30.8 and 64.12, and the 
angle opposite the latter 36° 42' 11", to find the other parts. Why 
but one triangle ? 

9. Given two sides of a plane triangle 600 and 250, and the 
angle opposite the latter 42° 12'. Find the other parts. 

SuG. — Attempting to get the angle opposite 600, we find log sin = 10.207400, 
^hich is impossible. It is in some such way that a trigonometrical Mluti«n 
shows a geometrical absurdity. 

10. Given two sides of a plane. triangle 1337.6 and 493, and the 
angle opposite the former 69° 46'. Find the other parts. 



11. In a plane triangle, given two sides 1686 and 960, and the in- 
cluded angle 128° 04', to find the other parts. 

C 

Solution.— Let a = 1686, h = 960, and 

C = 128° 04'. (See 89, 3rd.) The sum of 
the angles A and B is 180° - 128" 04' = 
Sr 56', and i(A + B) = 25° 68'. From (86) A c 

we have, Fxo. 17. 

« + ft : a — 6 : : tani(A + B) : tanKA — B), or 
2646 : 726 : : tan 25° 58' : tanKA- B). 
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Making the computations by logarithms, we find log tan i(A — B) = 9425887. 
Hence, i(A — B) = 7° 36' 40", the angle found hi the table, or its supplement 
But^^ the difference of two angles of a triangle is less than 90° ; consequently 
i(A - B) = 7** 86' 40". 

Now having i(A + B) = 25" 58', and K^ - B) = 7** 36' 40", we find A = 
83" 34' 40", and B = 18" 21' 20". 

The side e can be found by {8S) as two opposite parts are now known. 
= 2400. 

12. Id a plane triangle ABC, the side AB is 304, BC 280.3, and the 
included angle B is 100°. Find the angles A and C, and the side AC. 

A= 38° 3' 3" ; C = 41° 66' 57" ; AC = 447.856. 

13. In a plane triangle ABC> the side AB is 103, AC 126, and the 
included angle A is 56° 30'. Find the angles B and C^ and the side BC. 

B = 72° 20' 15" ; C = 51° 9' 45" ; BC = 110.267. 



14. In a plane triangle ABC, given the three sides, a = 3459, b = 
4209, and o = 6030.4, to find the angles. 

Solution. — Applying (^7), we have. 



k = / 



iP * 



logA; = i{log(ip-a) -^logdp-b) + log (ip-c)-logip}. 

k k k 

Also, tan iA = • , tan iB = r, and tan iC =, , or log tan M 

ip —a i^ — * iP — c' ** 

= log A; — log {ip — a), log tan ^B = log * — log {ip — ft), and log tan ^C = 

log k — log (ip — c). 

COMPUTATION- 
a= 8459 
b= 4209 
• e = 6030.4 
p = 13698.4 
^ = 6849.2 (ar. comp.) log = 6.164360 

\p — a= 3390.2 log = 3.530226 

ip - ft = 2640.2 log = 3.421637 

ip - = 818.8 log = 2.913178 

2)6. 029401 
logA;= 3.014700 
log tan iA = log Ar - log (^ - a) = 9.484474 .'. A = 33° 66' 10".5 
log'taniB = log*-log(i^- ft)= 9.593063 .'. B = 42** 47' 25".8 
log tan iC = log A;^ - log (ip - c) = 10.101522 /. C = 103° 16^ 24''.2 

Proof, A + B + C = 180* 00' 00"." 
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15. In a plane triangle ABC, the side AB is 95.6, BC is 275, and AC 
300. Find the angles A, B, and C. 

A= C5° 47' 55"; B = 95* 42' 52"; C = 18° 29' 13". 

16. In a plane triangle BDF, the side BD is 500, DF is 403.7, and 
BF 395.75. Find the angles B, D, and F. 

B = 52° 0' 3"; D = 60° 34' 45"; F = 77° 25' 12". 



OBLIQUE ANGLED TRIANGLES SOLYED BT MEANS OF RIGHT 

ANGLED TRIANGLES. 



[Note. — Articles 01-94 inclusive, may be omitted in an elementary course, 
if thought desirable. Or 01 and its applications may be taken instead of 80" 
88m 85 should be included in any course. It is too elementary and important 
to be omitted.] 

91. Prop. — All cases of oblique angled plane triangles may ie 
solved by the solution of right angled triangles. 

Dem. — Of the three given parts we may affirm that they are, Ist, AD 
adjacent; 2nd, Two adjacent and one separated; or crJ, All separated. 

1st When the given parts are all adjacent ; i. «., when they are ttoo sides and 
the included angle, or two angles and the in- 
dtid^d side. To solve the firet let fall a perpen- 
dicular from the extremity of one of the given 
sides upon the other given side, or upon that 
side produced. There will thus be formed two 
right angled triangles which can be computed, 
and from the parts of which the parts of tlie 
required triangle can be found. Thus, let A be 
the given angle, and b and e the given sides. 
In the right angled triangle ADC there are given 
A and 6, whence AD, P, and angle ACD, can be 
'computed. Then passing to triangle CDB, we 
know P, and DB (since we have e given and 
have computed AD). Hence, we can compute B, ^^^- ^8. 

a, and DCB. Thus, the parts of ACB become known .... When the given 
parts are two angles and the included side, find the third angle by taking the 
supplement of the two given. Let fall a perpendicular from one extremity of 
the given side upon the opposite side. Tlie two right angled triangles thus 
formed can then be computed. Thus, if A, 6, and C are given, having found B, 
let fall CD. The triangle ACD has the angle A and side b known, whence' its 
parts can be computed. Having computed P we can pass to the triangle CDB, 
and knowing P and B, can compute it Thus the parts of ACB become known. 




56 PLANE TBIOONOHXTBT. 

2nd. When ttoo of the given parts are ac0aeent and one eeparaUd; i. 0., when 
two angles and a side opposite one are given ; or two sides and an angle oppo- 
site one are given. The first of these cases is virtually the same as the last given. 
To solve tlie other, let fall a perpendicular from the angle between the given sides, 
and two right angled triangles will be formed which can readily be computed. 
Thus a, by and A being given, and CD let fall from C, the triangle ACD can 
first be computed, and then CDB. This is the ambiguous case, but it is easily 
determined. Having computed P, if the given side a is less than P there is no 
solution ; if = to P, one solution (a right angled triangle) ; if a > P and < &, there 
are two solutions, ». e., it will go in between CD and AC, and also beyond CD ; if 
a > P and also > b there is only OThe solution, as it will not gQ in between CD 
and AC. 

8rd. Wlien the three given parte are aU separated from each other. This is the 
case in which the three sides are given to find the angles. It is readily solved 
by letting fall a perpendicular from the angle opposite the greatest side, upon 
that side, as CD upon AB. Then compute the segments AD (which call m\ and 
DB (n), from the following relation (B. II. ; ) : 

»» + n (or c) : b + a : : 6 — a : m — n. 

Knowing m and n, the angles of the two right angled triangles ACD and 
CDB can be computed, and these make known the angles of ACB. q. e. d. 

[Note. — A few additional examples are here given which the pupil can use 
to illustrate the theory presented in (91). If more are needed tlie preceding 
can be used : these may also be used to apply the methods before given.* Again, 
a very great variety and number of examples may be made from these by as- 
signing different parts as known.] 



EXERCISES, 

1. In a plane triangle BDF, the side BF is 123.75, DF 600, and the 
included angle F 120°. Find the angles B and D, and the side BD. 

B = 49° 12' 4"; D = 10° 47' 66" ; BD = 672.006. 

2. In a plane triangle ABC, the angle A is 70° 21'^, the angle B 
64° 22', and the side BC 125. Find the angle C, and the sides AB 

and AC. 

C = 55° 17' ; AB = 109.1 ; AC = 107.8a 

3. In a plane triangle ABC, the side AB is 98, the side BC 95.12, 
and the angle C 33° 21'. Find the angles A and B, and the side AC 

A = 32° 14' 65" ; B = 114° 24' 6" ; AC = 162.33. 

4. In a plane triangle DAC, given AD = 450, AC = 309, and D =2 
27° 50', to find the other parts. 

C = 137° 9' 36", or 42° 50' 24" ; = 15° 0' 24", or 109° 19' 36"; 
DC = 171.36, or 624.5. 
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COMPUTATION. 



It will give definiteness to the stn- 
deiit'ft thought, if be first sketch the 
figure geometrically. Thus, lay off 
D = 27" 60', and taking AD = 450, 
let fall the perpendicular AP. 

Ist To compute p. 
I? = c sin D = 450 sin27-60', 

log 450 = 2.653213 

log shi 27° 60' = 9.669225 

logp 




= 2.322438. /. p = 210.106. 



Fio. 19« 



Knowing p, we tee by inspecUon that AC can lie in both the positions AC 
fmd AC, and hence that there are two solutions. 

2nd. To c<mpttte C, from the triangle ACP, hi which d and p are now 
known. . 

Sin C = j = 309 

log 210.106 = 2.322438. 
Iog309 = 2.489958 

log sin C = 9.832480. .'. C'= 42" 60: 24", and C = 187' 9' 36". 

8rd. To find ihs angls A. DAC = 180** - (D + ACD) = 180' - 164" 69' 86" = 
15" 0' 24". DAC = 180" - (D + ACD) = 180" - 70" 40' 24" = 109" 19' 36". 

4th. To find DC. Compute DP and CP firom the triangles APD and APC 
DP - CP = DC, and DP + CP = DC. 

5. In a plane trian ABC, the side AB is 460, BC is 340, and AC 280. 
Find the angles A, 0, and C 

A x= 47* 23' 16"; B = 37^ 18' 31"; C = 95^ 18' 13". 

6. The sides of a plane triangle are 40, 34, and 25 feet respect- 
ively ; required the angles. 

38° 25' 20", 57° 41' 24", 83' 53' 16". 

7. The sides of a plane triangle are 390, 350, and 270 feet respect- 
ively; required the angles. 

42° 21' 57", 60° 52' 42", and 76° 45' 21". 

8. Given two sides of a plane triangle 450 and 540, and the in- 
cluded angle 80°, to find the remaining parts. 

Angles, 56° 11', 43° 49'; and the side, 640.08. 

9. Given two sides of a plane triangle 76 and 109, and the in- 
cluded angle 101° 30', to find the remaining parts. 

Angles, 30° 57' 30", 47° 32' 30"; and the side, 144.8. 
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A THIRD METHOD OF FUNDING THE ANGLES WHEN THE SIDES 

AKE GlYEN. 

92 • JProp. — Any side of a plane triangle eqiiaU the sum of the 
products of each of the other sides into the cosine of angle which iJt 

makes with the first side, 

DuM.— In the first figure AB = AD + DB. 
But AD = ( cos A, and DB = a cos B. .*. c = 
h cos A + a cos B. In the second figure AB = 
AD » DB. But AD = & cos A, and DB=: 
a cos CBD = a (— cos CBA) = — a cos B. .*. C 
= b cos A — (—a cos B) = ft cos A + a cos B. 
In like manner, we have a = 6 cos C + c cos- 
B, and b=.a cos C + c cos A. Collecting and 
arranging. 

(1) a =6 cos C + c cos B ; 

(2) ft = a cos •{• c cos A ; 
(8) = a cos B + ft cos A. q. b. d. 




93. Cor. — The square of any side of a plane triangle equals the 
sum of the squares of the other two, minus twice their rectangle into 
the cosine of their included angle. 

Dem. — ^From (3) (92)^ we have by transposing and squaring, 

a' cos' B = c' + ft' cos* A — 2ftc cos A ; and 
from {85) a* sin" B = . ft* sin" A. 

Adding, a* = c' + ft' — 2ft<5 cosA. 

In like manner, ft' = a' + c' — 2ae cos B ; 

and c" = a' + ft' — 2aft cos C. Q. b. d. 

94', ScH. — These farmnlcB aflford another means for finding the angles of a 
plane triangle when the sides are given. Thus, 



(li) cosA = 
(2i) cos B = 
(Bi) cos C = 



2fte 
a« -l.c« - ft« 

g« ^, y _ c« 
2aft 



These formula give directly the natural cosines of the angles in terms of 
the sides. To' adapt them to logaritlimic computation, we transform them as 

follows : 

I 

M I gl /,« 

Subtracting each member of (li) fi-om unity, 1 — cos A = 1 -- 

2bc 

a«- y-c«4. 2ftc _ a»^{b-c)* _ {a -f (ft - e)} {a~(ft ~ c)} _ (a -}. ft-c)(a+c-ft) . 

2bc ■" 2ft<j — 2ftc 2ftc 
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But 1 — cos A = 2sin*iA (57, O); and lolting p^a + b-^Oy^a-^b — c) 
= ip — c, and i(a + c — b) = ip-'b. Whence, Bubstituting, 28in*i A = 
4{^-e)i^-b) 



2do 



or 



(1,) sin iA = a/^Ms-JI^PJZ^.. In like manner, 
f be 

(8.) sin IB = J^^^^^i and 
V ao 

(8.)8in4C=|/^EP^^^ 



ab 

In a manner altogether similar, by adding each member of (1«) to miity, and 
reducing, we get 

(1.) COS 4A = i/i^^Zl£L; and ftom (2,) and (8,), 

(2.) 0O8 4B=i/MPZl; 

(8.) 00840=^^^1^. 

DWding (1.) by (1.), (8.) by (2,), and (3,) by (3,), we have, 

(10 taniA = /^;Si^; 
^ ' ' r \P(iP-a) ■ 



(20 taniB = -^— ^^^^. 
(80 tan4C = 4/^J^^ 

r ip(ip — c) 



EXERCISES. 

[Note.— In order to render these /ormwto familiar, and to give the student 
exercise in applying /<>rmt^, a few examples are appended. If necessary, any 
which precede can be used.] 

1. The sides of a plane triangle being 40, 34, and 25, find the 
angles. 

Solution. — By nafural funetioM, 

Let the sides be represented by a, b, and e in order, and the angles opposite 
by A, Bf and C ; then 

C08 A = ?^--^ ^1156 H-eaS- 1600 ^ ^^^ . ^ ^ 33. 53, ^^,_ 
26c 1700 
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There is no ambiguity in this case, since ttie cosme is + , and hence tlie angle 
Is < 90". 

Tlie same angle is found by logarithmic computation, thus : 



a 
b 
e 



40 
34 
25 



P 
IP 

ip-^b 
ip-c 



99 . 
49.5. 
9.5. 
15.5. 
245. 



.log 

-log 
.log 
.log 
.log 
.log 
.log 
.log: 



= 1.602060 
= 1.531479 
= 1.397940 
= 1.995635 
= 1.694605 
= 0.977724 
= 1.190332 
= 1.389166 



log (i^ - c) = 1.389166 
log (ip - 6) = 1.190332 
a. c. log b = 8.468521 
a. c. log c = 6.602060 

2)1.650079 

1.825039 



log sin iA = 9.825039. 
41* 56' 38" and A = SS** 68' 16". 



la like manner the other angles may be found. 

2. The sides of a plane triangle being 6, 5, and 4, find the 

angles. 

The angles are 82° 49' 09", 65** 46' 16", and 41° 24' 35". 

3. The sides of a plane triangle being 8601.5, 4082, and 7068, find 

the angles. 

The angles are 58° 41' 49", 35° 11' 3", and 86° 7' 8", 

4. The sides of a plane triangle being .5123864, .3538971, and 
.3090507, find the angles. 

The angle opposite the last side is 36° 18' 10".2. 



ABEA OF FLAKE TRIANGLES. 

9S» JProp. — The area of a plane triangle is equal to half the 
prouuct of any two sides into the sine of the included angle. 

Dkm.— Let ABC be any plane triangle, and b and 

e any two sides with A as the included angle. Prom 

the extremity of one of these two sides remote from 

A, let fall a perpendicular p, upon the other side 

Now, 

Area ACB = j^pe. 

But, from ACD, p = ft sin A. .'. Area ACB = 
idcsinA. Q. E. D. 




Pro. 81. 



96* CoR. — The area of a plane triangle is equal to the square root 
of the conti9iued product of half its perimeter itito half its periimter 
ninus each side separately. 
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Dbil — From the proposition, and since sin A = Ssin |A cos ^A* we have, 

• * 

Area = ibesm^ = be siniA cosiA = Jci/^-^^^iP^) x ^/k^^r^a 

r be f be 

\^ip (ip — a) (ip — *) (ip — c). Q, E. D. 

EXEfiCISES. 

1. Oiyen two sides of a plane triangle 125.81 and 57.65, and the 

included angle 57° 25'. Find the area. 

Area = 3055.7. 

2. Giyen the sides of a plane triangle 103.5 and 90, and the 

inelnded angle 100°, to find the area. 

Area = 4586.74. 

3. How many square yards are there in a triangle whose sides are 

30, 40, and 50 feet? 

Area r .- 66f. 

4. Find the area of a triangle whose sides are 20, 30, and 40. 

Area = 290.4737. 

5. What is the area of a triangle whose sides are 30 and 40, and 

iheir included angle 28° 57' ? 

Area = 290.427. 

6. What is the number of square yards in a triangle, of which the 
sides are 25 feet and 21.25 feet, and their included angle 45'' ? 

Areazzi 20.8694. 

7. Find the area of a trii^gle in which two of the angles are 80° 

and 60° respectively, and the included side 32 feet. 

Area = 679.33 square feet. 

8. Find the area of a triangular field having one of its sides 45 

poles in length, and the two adjacent angles, respectively, 70° and 

69° 40'. 

Area = 1378.411 square polea. 

9. Find the area of a triangular piece of ground having two 

angles respectively 73° 10' and 90° 50', and the side opposite the 

latter 75.3 poles. 

Area = 748.03 square poles. 



PRACTICAL APPLICATIONS. 

[Note. — ^Tlie following problems are inserted, not as any part of a treadse 
npon the subject of trigonometry as pure science, but as affording the student 
good mental exercise, and valuable and interesting information.] 
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1. To find the length (in miles) of |i degree of longitude at Ann 

Arbor^ Mich. 

SoLTjnoN.— Let NESQ be a meridian section of 
the earth, EQ the equatorial diameter, and EL the lati- 
tude of Ann Arbor, 42" 16' 48".3. A degree of longi- 
tude at L is yin of the circumference of the circle 
whose radius is LD. CL the radius of the earth at 
this point = 3957 * Now in the right angled triangle 
LCD, we have CLD - ECL = 42* 16' 48".3, and CL = 
3957 ; whence, LD = CL x cos 42° 16' 48".3, and LD 
= 2927.6. .-. A degree = 51.1 miles. As a degree in 
longitude makes 4 minutes difference in time, 51.1 

miles east or west on this parallel is equivalent to 4 minutes difference in time. 

QuTCRY. — How does it appear from the above solution that the length of a 
degree of longitude varies as the cosine of the latitude ? 

2. To find the distance of a planet from the earth at any par- 
ticular time. 




Solution* — ^To render the problem as simple as possible, we will suppose two 

observatories on the same meridian, at N, and 
N'; and that when the planet P is on the same 
meridian, the angles ZNP, and Z'N'P (the 
zenith distances) are measured. With these 
data and the radius of the earth, CN, CN', 
known, tlie problem comes quite within the 
scope of the present study. The process is 
as follows: The arc NN' being known, the 
angle NCN' is known. Then in Ihe triangle 
NCN', two sides and the included angle are 
known, whence the other parts can be found. 
Now, knowing the angles PNC, PN'C, and 
CNN', CN'N, we can fiijd the angles PNN', 
PN'N, This affords sufficient parts of the triangle PNN' to determine the triangle, 
and we find PN, or PN'. Finally, in the triangle PNC, we know PN, NC,and 
the included angle ; whence the other parts can be computed. But PC is the 
distance sought 




Fio. 28. 



3. Suppose in case of the moonjlhe angles PNZ, and PN'Z', being 

measured, are found to be respectively 44° 54' 21", and 48° 42' 57", 

the distance between the points of observation N and N' is 92° 14', 

and the radius of the earth is 3956.2 miles; find the distance to the 

moon. 

Distance = 237,957.9 miles. 



* The eqnatorla] radloR of the earth is 3962.8 milee ; bnt in conf>eqaence of the flattening in 
*he direction of tl^ polar diameter it ie leee here. 
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4. Eeqiiired the height of a 
hill D above a horizontal plane 
AB, the distance between A and 
B being equal to 976 yards, and 
the angles of elevation at A and 
B being respectively 15° 36' and 
27° 29'. 




DC = 687.61 yards. 



5. Find the area of a regular hexagon, and also of a regular 
octagon, whose sides are each 10 feet. 

Areas, 269.8, and 482.84 square feet. 

6. Find the area; of a regular pentagon, and also of a regular dec- 
agon, whose sides are each 12 feet 

Areas, 247.74, and 1107.96 square feet. 

7. Wishing to know the length of a* certain pond of water, I 
measured a line 100 yards in length, and at each of its extremities 
observed the angles subtended by the other extremity and a couple 
of trees at the extremities of the pond. These angles were, at one 
end of the line, 32° and 98°, and at the other, 37° and 118°; what 
was the length of the pond ? 



Draw the horizontal line AB equal to 100 ; 
make tlie angle BAD 32% BAG 98% ABC 87% 
and ABD US'*. The intersections of the lines 
AC and BC, AD and BD, determine the extremi- 
ties of tlie pond; the straight line CD is the 
length of the pond. 

CD = 161.868 yards. 




» 
8. The distances AB, AC, and BC, between 

the points A, B, and C, are known ; viz., AB = 

800 yds., AC = 600 yds., and BC = 400 yds. 

From a fourth point P, the angles APC and BPC 

are measured; viz., APC = 33° 45', 

and BPC = 22° 30'. 

Bequired the distances AP, BP, and CP. 

AP = 710.193 yds. 
Distances, \ bp = 934.291 yds. 

CP = 1042.522 yds. 
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Bug's. — Conceive the circumference passed through A, B, and P, and AD and 
DB drawn. In the triangle ADB, angle DAB = the given angle DPB, and DBA 
=: APD. Hence, all the parts of triangle ADB can be found. Again, since the 
sides of the triangle ACB are given, its angles can be found. Then, since angle 
CAB — DAB = CAD, there are two sides and the included angle known in 
triangle ACD ; whence angle ACD can be found. Thus we reach the triangle 
ACP , in which there are now known AC and the angles. 

9. From the top of a mountain, three miles high, the angle of 

depression of a line tangent to the earth's surface is taken, and 

found to be 2° 13' ^T'.. What is the diameter of the earth, conaidered 

as a sphere ? 

Ans.y 7958.3 miles. 

l6. Taking the sun's mean apparent diameter as 32' 3".4, and his 
distance from the earth 91,430,000 of miles, show that, if his centre 
were coincident with the earth's, his body would extend in all direc- 
tions nearly 200,000 miles beyond the moon. (See Ex. 3.) 

Sun's diameter = 852,584 miles. 

11. Assuming the height of the Great Pyramid to be 486 feet, how 

far off may it be seen across the desert P 

Ans., 27 miles. 

12. What was the perpendicular height of a balloon, when it3 

angles of elevation were 35° and 64°, as taken by two observers on 

the same level, at the same time, both on the same side of it, and 

in the same vertical plane ; the distance between the two obsen-^ers 

being 880 yards ? 

Ans.y 935.757 yards. 

13. Given two sides of a parallelogram 60 and 80, and a diagonal 
100. Is this the longer or shorter diagonal ? What is the other ? 
What are the angles of the parallelogram ? 

14. A balloon being directly over one of two towns standing on 
the same horizontal plane, at a distance of eight miles from each 
other, the angle of depression to the more remote town was observed 
by the aeronaut to be 10°. What was the height of the balloon ? 

A9i8.y 1.41 miles. 

15. The most recent observations make the sun's horizontal par- 
alhix 8''.94, and the earth's equatorial radius 3962.8 miles. Show 
that the distance of the sun from the earth is nearly as given in Ex. 
10, instead of 95 millions of miles, as it has been heretofore con- 
sidered. 
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INTRODUCTION. 

PROJECTION OF SPHERICAL TRIANGLES. 

97. To Project a Spherical Triangle on a plane surface 
is to draw the triangle on that surface so that it will present the 
same apfl^arance to the eye, situated at a particular point, as when 
drawn on the surface of a sphere. 

98* The Simplest Method of projecting a spherical triangle 
is to project it oh the plane of one of its sides, the eye being supposed 
situated in the axis of the sphere perpendicular to this plane, and at 
an infinite distance from it The plane is called the Plane of Pro- 
jection ; and its intersection with the sphere is called the Primitive 
Circle, and is the base of the hemisphere on which the triangle is 
conceived as situated. 



99. Fundamental Fropoaitions. — ^Ist When the part^ of 
a spherical triangle are each conceived as less than 180°, any such 
triangle can he represented on a he^nisphere. 

2d. The primitive Circle has its axis, and consequently its pole, 
projected at its centre. 

3d. The semi-circumference of any circle of the sphere, perpendic- 
ular to the Primitive Circle, is projected in the chord representing 
the intersection of the circles ; and, if the perpendicular circle be a 
great circle, its semi-drcumference is projected in a diameter o^ ther 
Primitive Circle* 

5 
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Ill'&— These propositions are direct consequences of the fundamental con- 
ception. Thus, let ABA'B' represent the hase of the hemisphere on whicli the 

triangle is conceived as situated. This is the 
Primitive Circle, and the eye is supposed situated 
at an infinite distance, and in a line pei*pendicular 
to the plane of the paper at P. The pole of the 
Primitive Circle being in this line is projected 
(seen as) at P. As all great circles perpendicular 
to the Primitive Circle pass through its pole and 
include its axis, the eye is in all such planes, and 
any lines of these planes, as the semi-circumfer- 
ences of the great circles in which they intersect 
the sphere, arc projected (appear to the eye) as 
diameters of the Primitive Circle. Moreover, 
since the eye is at infinity^ it is to be conceived as in 
any small circle which is perpendicular to the primitive, and is therefore pro- 
jected in a chord, as CC 
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100* Froh. 1. — To project a right angled spherical triangle on 
the plane of one of its sides, when the two sides about the right angle 
are given.* 

Solution. — Let the aijgles of the triangle be represented by A, B, and C, A 
being the right angle. Let the sides opposite these angles respectively be rep- 
resented by a, hf and c ; whence h and e are the 
given sides. Draw the primitive circle and tlie 
diameters BB', NN' at right angles to each other. 
Prom B lay off BA = c.\ Let the right angle be 
at A ; whence the side h is perpendicular to the 
primitive circle, and projected in the diameter AA'. 
To project the vertex C, conceive the semi-circum- 
ference, of which AA' is the projection, to revolve 
on AA' until it falls upon the semi-circumference 
A'BA, then will the point C fall at d. Hence make 
kd = b. In like manner revolving the semi-cir- 
cumference, of which A A' is the projection, until 
it falls upon A'B'A, the point will 'fall at <f . 
Hence make Acf = (. The point C will de- 
scribe the semi-circumference of a small circle 
perpendicular to the primitive circle, and whose projection is dd'. Now, as the 




Fig. 2S. 



* In thiB treatise the discnsslons embrace only such ti-iangles as have each part less than 
180*. • 

t For the purposes for which we shall nse these projections, an arc can be laid off with 
sufficient accuracy by observing its relation to 90°, 60°, 80°, or some aliquot part of the circom- 
fercuce, which is readily obtained on geom*etrical principles. 
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projection of the vertex of the triangle C is at the same time in AA' and cfef , it 
must be at their intersection. Finally, the hypotenuse a is projected in a curve 
passing through B, C, and B', since two great circles intersect at the extremities 
of a diameter. This curve is really an ellipse, but for our present purpose it 
may be considered as the arc of a circle passing through B, C, and B'. There- 
fore, BAC is the projection required. 

Qt7BRiE& — Win a sohition of this problem be i)0S8ibIe for all values of h and 
e ? How does it appear from the projection ? 



EXAMPLES. 

1. Having given i = 110'*, and c = 60**, to 
project the triangle. See Mg. 26. 

2. Having given i = 50®, and c = 130°, to 
project the triangle. 

3. Having given S' = 90®, and c = 30®, to 
project the triangle. 

4. Having given b = 90°, and c = 90°, to 
project the triangle. 




101. Prob* 2* — To project a right angled spherical triangle 
idhen the hypotenuse and one side are given. 



Solution. — ^Using the common notation, let c represent the knovon side. 
Drawing the pfimitive circle and the conjugate * diameters BB', NN', lay off 
BA = c, and draw the diameter AA'. The projec- 
tion of h will lie in AA', and the projection of the 
vertex C will fall somewhere in this line. Now 
the arc a lies in a semi-circumference passing 
through B and B'. Conceive this semi-circumfer- 
ence to revolve on BB', as an axis, till it coincides, 
first, with BNB', and then with BN'B. The point 
6 will trace the semi-circumference of a small 
circle perpendicular to the primitive circle, and 
whose projection is dd , Hence, making Bd = Ba 
= c, and drawing dd\ the projection of the vertex 
C lies at the same time in AA' and dd\ and is there- 
fore at theur intersection. Passing an arc of a 
circle (strictly an ellipse) through BCB', we have 
ABC, the projection desired. 




Fio. 37. 



* Two diameters of a circle which are at right an^^les to each other are called OonjugcU6 
JHameUrs, 
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QuBRiBS.— Will a solution of this problem be possible for all values of a and 
ef If a bad been greater than e in the above case, would the solution have 
been possible ? Will det and AA' always intersect, whatever may be the relative 
values of a and 0? 

EXAMPLES. 

1. Having given e = 75®, and a = 64% to project the triangle. 

2. Having given c = 45**, and a = 136?, to 
project the triangle. 

3. Having given b = 110*", and a = 85% to 
project the triangle. See Fig, 28. 

4. Having given b = 110**, and a = 120®, 
to project the triangle. 

5. Having given c = 90°, and a ^ 75^, or 
a = 120*, to project the triangle. 




Fw. 98. 



Why? 



Query. — If one side of a right angled spherical 
triangle is 90'', what must the hypotenuse be! 



m 

102. Prob. 3. — To project a right angled spherical triangle 
when an oblique angle and the hypotenuse, or the oblique angle and 
the adjacent side are given. 

Solution. — Draw the primitive circle and the conjugate diameters BB', NN' 
as usuaL To construct the given angle B, we observe that this angle is 

measured by an arc of the great circle which is 
projected in NN'. Hence, lay off Nd = N^ = B , 
and draw dct ; then is NO the projection of the 
arc which measures B, and the projection of 
a lies in the arc passing through BOB'.* Having 
the angle B projected, if the hypotenuse a is the 
other given part, find the projection of C by 
taking Be = Be^ = a^ and drawing ee'. Com- 
plete the projection by drawing AC through P. 
When the adjacent side c is given, take BA = C, 
and draw AC as before. [The student will be 
able to give the reasons.] 




Fie. S9. 



103. ScH.— As OP is the cosine of the angle 
ABC, the point may be found by measuring 



* As has been remarked, this arc Is really a semi-ellipse. This fact, toother with the 
method of constnicting the semi-eUipse, and thus getting the correct projection of the hypot- 
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from P (towards N if B < 90% and towards N' if B > 90**) a distance equal to 
the natural cosine of B. 



QiTEKT. — Is the solution of this problem possible for all values of the hypot- 
enuse or adjacent side, ^nd the angle ? 



EXAMPLES. 



I 



1. Saving given B = 65°, and the hypotenuse a = 120°, to proiect 
the triangle. See Fig, 30. 

2. Having given C = 45°, and the adjacent 
side b = 50°, to project the triangle. 

Sno's. — ^ProJect the angle C as the angle B of 
the preceding, and lay off d =: 50** from its vertex 
on the circumference of the primitive circle. 

3. Having given C = 170°, and hypote- 
nuse a = 160°, to project the triangle. 

Fio. ao. 

4. Having given B = 150°, and c = 40°, to project the triangle. 




9 

104. JProb* 4. — To project a right angled spherical triangle 
when an oblique angle and aide opposite are given. 

Solution. — ^Project the given angle at B, Fig». 81, 82, as in the last problem. 
Then, from any point in the' circumference of the 
primitive circle, as N, take NO', in the diameter 
passing through that point, equal to the projection 
of the given side. (This is done by taking Hd = 
Ud' = 6, as in Prob, 1, and drawing dd'). Now, 
with P as a centre, and radius PO', describe a cir- 
cumference cutting BOB'. One extremity of the 
given side b will be projected in this circumference, 
since this circumference contains the projections of 
all the points in the surface of the hemisphere 
which ai*e at a distance b from tlie circumference 
BNB'N'. But the vertex C is also projected in the 

cnnse, belong: to a treatise on Conic Sections. In this case, BB' ftnd 20 P ^^ the axes of the 
ellipse, and tiie bnrve can be constracted by taking BP as a radios, and striking^ arcs fh>ni 
aa a centre, cutting BB'* These intersections are the foci of the required ellipse. Then take 
a string eqnal in length to BB'i ad^i fastening its ends to the foci, place a pencU against the 
string, and keeping the string tight, carry the pencil aroond the canre. 




Fie. 81. 
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Fig. 81 



arc 606' ; hence, it must be at the intersections 
C, C\ Drawing the projections of the perpendic- 
ulars CA, and C'A', the projection ia complete. 

Queries. — When will there be two triangles 
fulfilling the given conditions? When but one? 
When none? When there is but one triangle what 
kind of a triangle is it? if 6 > 90% must b be 
greater or leas than 6 in order to have two solu- 
tions ? If 8 < 90% how is it ? If B > 90°, can b be 
less? If B <90%cand> 90'? 



EXAMPLES. 



1. Given C = 120°, e = 150, to project the triangle. See Fig. 33. 

2. Given c = 80**, c = 60°, to project the triangle. See Fig. 34. 





Fie. 88. 



Fio. 84. 



3- Given 6 = 70°, b = 70°, to project the* triangle. See Fig. 35. 
4. Given B = 64°, b = 75°, to project the triangle. See Fig. 36. 





F». 86. fm». w. 

5. Given b = 160°, b = 110°, to project the triangle. 
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lOS. ScH. — When the given parts are the two oblique angles, the projection 
is most readily effected by first computing one of the sides. The projection in 
this case will be considered in connection with the numerical solution of tiie 
case, in the next section. 



PROJECTION OF OBLIQUE ANGLED SPHERICAL TRIAIITQLES. 

106. JProb.. 1. — To project a spherical triangle when two sides 
and the included angle are given. 

Solution. — Let a, c, and B denote the given parts. Project the given angle' 
B at some point in the circumference of the primi- 
tive circle, as B. Lay off one of the giyen sides, as 
c, fiom B on BNB'. Let BA = c. Determine the 
extremity e of the projection of the other given side 
a, as in Prob. 2, etc., and drawing the diameter 
AA', pass the arc through AC A' ; BOA is the pro- 
jection sought. 

Query. — Is this projection always possible, what- 
ever the relative magnitude of tlie given parts ? 

FiCi. 87. 
EXAMPLES. 

1. Given A = 130°, c = 85^ and b = 100°, to project the triangle. 

2. Given c = 40°, a = 37°, and b = 80°, to proiect the triangle. 




107* JProhm 2. — To project a spherical triangle when two sides 
and an angle opposite 07ie of them are given. 

Solution. — Let the given parts be a, 6, and B. Make the projection upon 
the plane of the unknown side e. Thus, drawing the piimitiye circle and the 
conjugate diameters BB', NN', conceive e as projected from B on the arc BNB', 
and project the given angle B ^ in preceding 
problems. On the arc BB', take BC = the pro- 
jection of the given ac^acent side a. To deter- 
mine the projection of the opposite side 5, describe 
a circle al)out P, as a centre, with a radius PC. 
Through C draw PD, and taking Dd = Od = b 
draw dd'. Through the intersections ^, o' of dcP 
with the circumference of the small circle, draw 
the radii PA, PA'. Finally, passing arcs through 
the points A, C, A", and A', C, A'", BAC, and 
BA'C are the projections of triangles which fulfill 
the given conditions. The projections of B and 
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a were made upon principles previously established ; and it only remains to 
show that AC, and k'O are projections of h. Since by construction DL is the 
projection of an arc equal to 6, the projections of arcs of great circles connect- 
ing D with o and o' are projection^ of arcs equal to 6. But the figure DoP 
— ACP, and Do'P = A'CP ; therefore AC = A'C = D<? = the projection of h, 

108. ScH. — ^It is evident that this problem has am solution, two solutions, or 
no solution, accordmg to the value of 5 as compared with a and B. Thus, if the 
projection of 6 = DC, o and o' coincide, there is but one solution, and the tri- 
angle is right angled at A (which in this case falls at D). Also, if the projection 
of 6 is intermediate in value between DC and hut one of the arcs BC, B'C, there 
is but one solution. If, however, as in the figure given, the projection of 6 is 
intermediate in value between DC and both BC and BC, there are two solutions. 
Finally, if & is given of such value that the chord d^ does not touch the small 
circle, there is no solution. The latter case occurs when B < 90**, if the projec- 
tion of 6 < DC ; and when B > 90°, if the projection of 5 > DC, as will appear 
from Figs. 38, 89. 

We may observe, also, that there are two solutions when o ando' both fall on 
the same side of BB' ; one solution when o and o' coincide, and when they fall 
on opposite sides of BB' ; and 7U> solution when o and o' are imaginary, t. e.^ 
when dd' does not touch the small circle. 



EXAMPLES. 
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1. Given B == 110^, a = 120^ and J = 83^, 
to project the triangle. See Fig. 39. 

2. Given B = 110*", a = 120% and J = 130^ 
to project the triangle. 

3. Given C = 64°, a = 120°, and c = 75% 
to project the triangle. 

4. Given C = 80°, h = 60°, and c = 40% 
to project the triangle. 

5. Given C = 112°, i = 76°, and c = 150% 
to project the triangle. 



109. Prob. 3. — To project c spherical triangle when the three 
Bides are given. 
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Solution. — ^Drawing the primitive circle and the conjugate diameters, as 
usual, take BA = c, the side on the plane of which it is proposed to project the 
triangle. Take Be = Be' =: a and draw eef ; then 
as before shown, the projection of the vertex C 
lies in ee^. In like manner taking Ad = A(f = '5, 
^^d drawing dSd' the projection of C lies in dd'. 
The intersection of the chords ee' and deP is there- 
fore the projection ' of the vertex C. Finally, 
passing arcs tlirough AC A' and BCB', the projec- 
tion is complete. 

Queries. — ^How does the projection show the 
impossibility when the sum of the three sides is 
greater than 360*"? How when the sum of two 
sides is less than the third side ¥ Fra. 40. 




EXAMPLES. 

1. Given a = 100°, J = 80^ and c = 68% 
to project the triangle. 

2. Given a = 108°, b = 120°, and c = 25°, 
to project the triangle. See Fig. 41. 

3. Given a = 120°, b = 65°, and c = 40°, 
to project the triangle. 

4. Given a = 150°, b = 140°, and c = 
170°, to project the triangle. 




Fxo. 4L 



SECTION I. 

SOLUTION OF BIG9T ANGLED SPHEBICAL TRIANGLES. 

110. Splierical Trigonometry treats of the relations be- 
tween the trigonometrical functions of the sides and angles of 
spherical triangles, and of the solution of such triangles by means of 

these relations. 

« 
111* BcH. — In the present treatise we shall confine our attention to triangles 

none of whose' sides or angles exceed ISO"*. 

112 • The Six Parts of a spherical triangle are the three 
sides and the three angles : any three of these being given, the others 
may be found. 
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113. SCH.— The last statement involves the assertion that the three angles 
of a spherical triangle determine the sides, whereas we are accustomed to say 
in Plane Trigonometry, that, at I6ast one given part of a plane triangle must be 
a side^ in order that the triangle may be determined. There is really no such 
difference as these two statements imply. . For example, if we have the angles 
of a plane triangle given, we know the ratios of the sides to each other, sinco 
the sides are to each other as the sines of the angles opposite ; but we csannot 
determine the aJbtcluie mines of the sides. This is in accordance with the state- 
ment that mutually equiangular plane triangles are gimUar figures (not neces- 
sarily eqtuil). Now these are exactly the facts in the case of spherical triangles, 
if toe do not Umit them to the same or equal spheres. Thus, the angles of a spheri- 
cal triangle bemg given as 48" 80', 125** 20', and 62'* 54', we solve the triangle by 
the rules of spherical trigonometry and find that the sides are 5Q'* 89' 30'% 
114** 29' 58", ahd 83° 12' 6". But, so long as the radius of the sphere is unknown, 
these results are merely the relative values of the sides, not their absolute lengths. 
Moreover, consider two concentric spheres whose radii are m and n. Now, any 
triangle being constructed on the one, if planes are passed through its sides 
intereecting at the common centre, their intersection with the surface of the 
other sphere will form a triangle mutually equiangular with the first, and any 
one side of the one triangle is to the corresponding side of the other, as the radii 
of the spheres ; hence the homologous sides are proportional. We see, therefore, 
that to determine absolutely a spherical triangle it is necessary to know one of 
the sides in linear extent as well as angular measure, or, what is equivalent, 
the radius of the sphere must be known. 

114. Tlie Species of a part of a spherical triangle is deter- 
mined by its relation to 90°. Two parts, both greater or both less 
than 90°, are of the same S2)ecies ; two parts, one of which is greater 
and the other less than 90°, are of different species. Thus, two parts 
which are 58°, and 63°, respectively, are of the same species ; two 
which are 160°, and 115°, are of the same species; two which are 
120°, and 48°, are of different species. 

1 15. Napier^ 8 Five Circular Parts are the two sides of a 
right angled spherical triangle about the right angle, and the comple- 
ments of the hypotenuse and of the oblique angles. These terms are 
merely conventional, and are applied exclusively to right angled 
triangles. 

III. — In a spherical triangle ABC, right angled at A, the 
sides h and c, the complement of hypotenuse a, and the com- 
plements of the angles B and C, are the circular parts. We 
may designate them &, c, comp a, comp B, and comp C. 

[It is essential that this nomenclature and the statements 
of the two following paragraphs be clearly understood, and 
firmly fixed in the mind, in order that the phraseology of 
the fundamental rules may be intelligible ] 
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116. When five things occur in succession, as it were in a circle, 
like the circular parts b, c, comp B, comp a, and comp c, in the 
preceding figure (no account being . made of A), it will be observed, 
that, taking any three at pleasure, one of the three may always be 
selected which lies adjacent to each of the others, or separated from 
each of them. Of the three parts thus considered, the Middle Part 
is the one which has the other two adjacent to or separated from it ; 
while the latter are called the Extremes, adjacent or ojJj^osite, as 
the case may be. 

Ill's. — ^Let the three parts tinder consideration be comp a, 5, and e; comp a 
is the middle part, and b and c are the opposite extremes. If b^ e^ and comp C 
are under consideration, b is .the middle part, and e and comp C are the adjacent 
extremes. 

117 • Sen. — In solving a right angled spherical triangle, there are always 
three parts under consideration at once, viz.« the two given parts and the part 
sought, no mention being made of the right angle. Now, the fir^t question to be 
settled in order to a solution is, Wlikh of the three parte under consideration is Vis 
middle part, and are the extremes opposite or adjacent? Beginners are very liable 
to make mistakes by failing to use the complements of the proper parts ; or by 
not correctly distinguishing the middle part, and the character of the extremes, 
as opposite or adjacent The student should practise upon such simple exer- 
.cises as the following until the questions can be answered instantly, and wUhr 
out mistake. 



EXERCISES. 

1. In I\g. 42, given a and c, to find c. What are the circular parts 
under consideration ? Which is the middle part ? Are the extremes 
adjacent or opposite ? 

Answers. — The circular parts are comp a, c, and comp C. c is the 
middle part, and the extremes are opposite. 

2. Having C, and a given, to find b. What are the circular parts ? 
Which is the middle part ? Are the extremes adjacent or opposite ? 

3. Having c, and b given, to find B. What are the circular parts ? 
Which is the middle part ? Are the extremes adjacent or opposite ? 

4. Having a, and b given, to find C. What are the circular parts ? 
Which is the middle part? Are the extremes adjacent or opposite? 

5. Having B and C given, to find S. What are the circular parts.? 
Which is the middle pai't ? Are the extremes adjacent or opposite ? 



76 



SPHERICAL TRIOONOICETBY. 



6. What are the opposite extremes when 5 is the middle part? 
What the adjacent extremes ? Which are the opposite and which the 
adjacent extremes when c is the middle part ? When comp B is the 
middle part? When comp c is the middle part? When comp a is 
the middle part ? 

7. What part is middle part to comp C and c as adjacent ex- 
tremes? As opposite extremes? 

Ans., by and none. 

8. In Fig, 43, M being the right angle, 
what are the circular parts ? Given o and wi, 
to find 0. What are the circular parts under 
consideration ? Are the extremes adjacent or 
opposite ? 




Fnk43. 



9. What are the opposite extremes to comp 
O ? What the adjacent ? To comp mt To of 
Tout 



NAPIEB'S RULES. 

118» MtUe I. Prop. — In any right afigUd spherical triangle^ 

the sine of tlie midd^^part equals the pro- 
duct of the cosines of the opposite exr 
3 treines. 



Dem. — In the spherical triangle BAC, right 
angled at A, taking 6, Cy comp B, comp C, and 
comp a in succession as middle parts, we are to 
proye that 




sin & = cos (comp a) x cos (comp B), or sin b 

sin e = cos (comp a) x cos (comp C), or siu e 

sin (comp B) = cos b x cos (comp C), or cos B 

sin (comp C) = cos e x cos (comp B), or cos C 

sin (comp a) = cos b x cos c, or cos a 



To demonstrate these relations, let O he the centre of the sphere, and draw 
the radii OA, OB, and OC. The angles BOC, AOC, and AOB, are measured 
respectively hy a, &, and c, the sides of the triangle ; licnce these angles at the 
centre and then* measuring arcs may be used interchangeably. From one of 



sin a dn B ; 


(1) 


gin a sin C; 


(2) 


cos 6 sin C ; 


(3) 


oasesin B 


(4) 


COS & cose 


(6) 
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the oblique angles, as C, let fall a perpendicular upon the radius OA. From 
the foot of this perpendicular draw DE perpendicular to 06, and join C and E. 
Now CDE is a right angle (B. III., p. ooo)* CE is perpendicular to OB (B. IIL, 
p. 000)1 and DEC is the measure of angle B of the triangle (B. III., p. ooO)- 

CD = sin b, OD = cos b, CE = sin a, and OE = cos a. 

From the triangle CDE, right angled at D, we have 

CD = CE X sin CED, or sin 5 = sin a sin B. (1) 

Generalized, (1) becomes. The sine of either nde about the right angle = tJis 
9ine of the hypotenuse into the sine of the angle oppohte the nde. Hence, from 
analogy to (1), we may write 

sin <; = sin a sin C. (3) 

' Or (2) may be proved in the same manner as (1), 
by letting fall from B a perpendicular upon OA, 
from its foot drawing DE perpendicular to OC, 
and joining E and B. Then BD = sin <;, OD = 
CCS <;, BE = sin a, OE s= cos a, and angle BED = 
angle C. From the triangle BDE, we Imve 

BD = BE X sin BED, or sm <; = sin a sin C. (2) 

To prove (8), we have from the triangle CDE, 
Fig. 00, 

r^iTTs ED „ ED 

cos CED = — , or cos B == — ; — . 

CE sm a 

But from triangle OED, right angled at E, ED == OD x .sin DOE = cos 5 sin c = 
[from (2)], cos & sin a sin C. Substituting this value of ED, we have 

-J cos 6 sin a sin C , , -* 

cos B = , = cosft sin C (8) 

sma 

We may write (4) from (8) by analogy, as (2) was from (1); or, better, let the 
student produce it from Fig. 45, as (3) was produced from Fig. 44 

Fmally, to produce (5), consider the triangle ODE, in either figure,' right 
angled at E. This gives 

OE = OD X cos DOE, or cos a = cos b cos e (5) 




119. Rule 2. Frop. — In any right angled spher- 
ical triangle^ the sine of the middle part equals the pro- 
duct of the tangents of the adjacent extremes. 

Dem. — ^In the spherical triangle BAC, right angled at A* taking 
b, 6, comp B, comp C, and comp a, in succession as middle parts, 
we are to prove that, 
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siu b = tan e x tan (comp C), or sin & = tan <; cot C ; 

sin e = tan b x tan (comp B), or sin 6 = tan b cot B ; 

sin (comp B) = tan e x tan (comp a), or cos B = cot a tan e ; 

sin (comp C) = tan & x tan (comp a), or cos C = cot a tan b ; 



(1) 
(2) 
(3) 
(4) 



sin (comp a) = tan (comp B) x tan (comp C), or cos a = cot B cot C- (5) 

Taking the farmuUB of Rulb Ist, and in the second member of each substitu- 
ting the value of each factor as found in some other of the set, we readily 
write the following 



Bin b- 
BinC = 

C08B = 

cosC = 

C08a=: 



sin a sin B 
sin a sin C 
cos 5 sin C 
cos e sin B 

COSb COS6 



sin e cos C _ sin e cos C 
sin C cos c 

sin b cos B 



sin B cos b 

cos a sii\ e 
cos c sin a 

CCS a sin b 
cos bsma 

cos B cos C 



cose 

Bin b 
cosb 

cos a 
sin a 

cos a 

siu a 

* 

cosB 



sinC 
cosB 
sinB 
sin e 

COSC 

sin b 
cos 6 

cosC 



= tan e cot C ; (1) 



= tan 5 cot B ; (2) 



= cot a tan e ; (3) 



= cot a tan b ; (4) 



sin C sin B siu B sin C 



=r cot B cot C ; (5) 



q. E. D. 



120, ScH. 1. — It will be a good exercise for the student to demonstrate 

Rule 2d from the an- 
C E nexed figures, as Rui-Ji 1st 

C^ was from F\g8. 44 and 45. 

The 5th is not as readily 
obtained from the figure 
as the others. The stu- 
dent may trace the fol- 
lowing relations, some in 
one figure, and some in 
Fig. 47. • Fig. 48. the other. 





OD cos ft . ^ „ , ,^ AD sin 6 . *o ^^ 

cos a = — = ■ = cos b cos c. But, cot C = — = r , ana cot B = — 

OE secc - ' AE tanc* aE 



smc 



= "-^ ; whence, cot B cot C = z = cos b cos c. ,\ cos a = cot B cot C. 

tano' ' land 



tanc 



121* ScH. 2.— The pupil sometimes finds it difficult to remember whether 
it is the product of the cosines or of the tangents which he is to take. The truth 
is easily fixed in mind by noticing that the leading vowel in cosine and ^ppcTsite 
are the same, and also in tangent and adjacent 
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DETERMINATION OF SPECIES. 

122. In the solution cf spherical triangles the determination of 
the species of a part sought becomes of essential importance, since 
any part of such a triangle may have any value between 0° and ISO"*. 
Hence, when we have learned the numerical value of any function of 
a part, we have yet to determine whether the part itself is less or 
greater than 90®, i. e., the species of the part This may always be 
effected by some one of the following propositions. 



123m Prop. — If the part sought is found in terms of cos, tan, 
or cot, its S2)ecies can be determined by the algebraic signs of the for- 
mula used. 

Dem. — ^In cftch of ^ejbrmula nrising fW)m the application of Napier's rules, 
there a^ three functions, the arcs correspondiDg to two of which are always 
kuown, hence their algebraic signs are Icnown, and the signs of these two deter- 
mine the sign of the third or unknown function. Now, when a cos, tan, or 
cot is + , the cori-esponding angle is less tlian 90'' (if less than^lSO**) ; and when 
one of these functions is ^, the corresponding angle is greater than 90", i. e., in 
a triangle it is between 90" and 180". 



124m When the part sought is found in terms of its sine, the 
species cannot be determined by the signs of the formula, since the 
paii; being less than 180** its sign is always +. The three following 
propositions dispose of such cases. 



12S, JProp, — An oblique angle of a right angled spherical tri- 
angle and its opposite side are always of the same species, 

Dem.— From Napier's first rule we have, cos B = cos h sin C. But sin C is 
necessarily + ; therefore, cos B and cos h always have the same sign, and B and 
h are of the same species. In like manner, we see from cos C = cos o sin B, that 
C and c are of the same species. <^ b. d. 



126* Prop* — When the hypotenuse of a right angled spherical 
triangle is less than 90°, tlie other two sides {and consequently the 
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oblique angles) are of the same species with each other. But when the 
hypotenuse is greater than 90°, the other two sides {and consequently 
the oblique angles) are of different species from each other. 

Dem. — From Napier's first rule we have, cos a = cos h cos c. Now, if 
a < 90**, cos a is + ; hence cos h and cos c must have Uke signs, and b and e be 
both less or both greater than 90** But \ta> 90*" (and less than 180% as it is), 
cos a is — ; hence, cos h and cos c must have different signs, and h and e be one 
greater and the other less than 90°. Finally, since the oblique angles are of the 
same species as their opposite sides, they are of the same species with each other 
when a < 90°, and of different species from each other when a > 90°. 



127* JPvop. — When a side and its opposite angle are given in a 
right angled spherical triangle, there is no solution if the sine of the 
side is greater than the sine of its opposite angle; there is onb 
solution and the triangle is bi-rectangular if the sine of the side 
equals the sifie of its opposite angle ; and there are two solutions if 
the »ine of the side is less than the sine of its opposite angle. 

• « 

Dem. — We have sin 6 = sin a sm B, or sin a = —. — = . Now, sin 6 > sin B 

Bin B 

makes sin a > 1, which is manifestly impossible. Bind = sin B makes & = B, 

since they are of the same species. But when the arc included by the sides of 

an oblique angle of a right angled spherical triangle is equal to tlie angle, the 

vertex of the angle is the pole of the arc. Hence, in this case the otlier sides of 

the triangle are each 90°. Finally, if sin b < sin B, sin a has two values, one 

greater and the other less than 90**. Hence thei'e are two triangles. 

. 128. ScH. — These relations between an angle and its opposite side may be 
observed directly from a figure. When B < 90°, the. measure of it, that is 

b=: B, is the greatest included peipendicular which 
can be drawn to one side of the lune BABX. Hence, 
in this case, b cannot exceed B, which implies that 
sin b cannot be > sin B, as when the arcs are less 
than 90°, the greater arc has the greater sine. If 
sin 6 = sin B, 6 = B, and BA = BC = 90°, and the 
side B can occupy but one position in the lune, thus 
givmg rise to but one ti-iangle BAC, which satisfies 
the conditions (or two equal triangles BAC and 
Fio. 49. B'AC). If 6 < B, which when B is less than 90° 

implies that sin b < sin B, the side can occupy two positions hi the lune, b' and 
b" giving rise to two triangles, BA'C and BA"C", both of which ftilfill the 
conditions. 
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Again, when B > OO**, the measure of it, t. «., 6 = B, is the leetst included 
perpendicular that can be drawn to one side of the 
lune. Hence, in this case we cannot have & < B, 
which implies that sin b cannot be > sin B, since the 
greater arc has the less sine. If sin 6 = sin B, 
6 = B, and BA = BC = 90"*, and the side b can oc- 
cupy but one position in the lune, thus giving rise 
to but one triangle BAC, which satisfies the conditions 
(or two equal triangles BAG and B'AC). If b> B, 
which implies that sin b < sin B, the side b can 
occupy two positions in the lune, Ba,b' and bf\ 
thus giving rise to two triangles BAX', and BA''C", both of which satisfy the 
conditions. 




EXERCISES. 

1. In a right angled spherical triangle BAG* A being tke right angle, 
B = 80*^ 40', and a = 105** 34', to project the triangle and compute 
the other parts. 

Pbojsctton *~Projecting the triangle upon the plane of the side e (102)^ 
wc have, BGA, Fig. 51. [The student should give 
the process.] 

Solution.— It is immaterial which of the re« 
quired parts we seek first We will seek c. Now 
the three circular parts under consideration are G, 
compa, and comp B. Comp B is middle part, 
and the extremes areaciyacent ; hence, by Napier's 
second rule we have, 

cosBsstanccota. 

cos B cos 80* 4(K 



or 



tan6 = 




cot a "" cot 105" 84'' 



Fio. 61. 



Now cos 80"* 40' is + , and cot lOS"* 84' is — . Therefore tan e is — ,and6>90*. 



Computing by logarithms. 








log COB 80** 


40' 


= 


9.209003 


- log cot 105' 


84' 


= 


0.444947 


= log tan e 




II!Z 


1.765045 


Add 10 for tab. t 


tan 




10. 




9.765045. 



•. c = 149' 47' 87'. 



* It ia recommended that the projection be given always before the trigonometrical solatioiu 
It i0 an excellent exercise, and givott clearne$>9 of perception. 

6 
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T9 find b. Bin 5 = sina sin B = sin 105** 34' x sin 80** 40'. Tliis makes b 
known by means of its sine, whence the signs of the formuTa do not determine 
the species of d. But 5 i» of the same species as B (124^)^ and therefore less 
than 00^ 

Computing by logarithms, 

log sin 105° 8^ = O.OBdTTO 
' + log sin 80*" 40' = 9.004218 

Deducting 10 = 9.9779e» = log sin «. .-. ^ = 71° 54' 83^. 



m^j^ ABAM ^^ cna^ cos 105° 34' — .. 

To find C, cos a = cot B cot C, or cote = — rs = — rzKoinu^- Whence 
. ' ^ cot B cot tiO 40' 

cot C is — , and C > 90°. , 

Computing by logarithms, 

log cos ia5° 84' = 9.42871T 
log cot 80° 40' 3= 9.21578Q ' 

Addhig 10 = 10.212987 = log pot C. .-. C = 148° 80' 54;'. 

8cH.— It is expedient to find each part directly from the parts gfyen in^ die 
example, in order that an error in finding one may not extend itself through 
liie whole solution. 



2. Giyen a = 86° 61', and B = 18** 03' 32", to project the triangle 
and computa the other parts. 

c ^ 86° 41' 14", *.= 18^ 01' 50", C = 88' 58' 25". 

3. Given 5 = 155° 27' 64", and c = 29° 46' 08", to project the 

triangle and compute the otiier parts* See 
Fig. 52. 

a = 142° 09' 13", C = 54° 01' 16",. 
B = 137° 24' 21". 

4. Given c = 73° 41^ 35", and b = 
99° 17' 33", to project the triangle and 
compute the other pfurts.. 

C = 73° 64' 46", J =-99° 40' 30", 




5. Given B ^ 47° 13' 43", and c = 126° 40' 24", to project the 
triangle and compute the other parts. 

J = 32« 08' 56", a = 133° 32' 26", c =; 144° 27' 03". 
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PnojECTiON. — In order to project fti» ease, t*. a, 
-when the two oblique angles are given (105\ it is 
most convenient to compute the base before pro- 
jecting. It is also expedient, when tw> angles are 
given, to project the targmr at a point in the chv 
cumference of the primitive circle, as at C, espe- 
cially if the smaller be quite small In this case, 
projecting the angle c at C, Fig. 58, conceive BA as 
drawn through P (or, if desired, sketch it hypo- 
theticallyXand then compute ^, fh)m the relation 

cos B = sin C cos ft, olr cos h = -; — j;. Havlnir 

' sm C ** 

found d = Sd*" 08' 56", take CA = h, and draw AB through P. 




Pw. B9l 



6. Given B = 100% and b = 112% to project the triangle and oom- 
pute the other parts. 

Projbotton. — Sec Pig. 54 

NuMBBiGAL BoLUTiON. — To find ^, wc havo 

sincstandootBsBtan 112" cot lOO"*. 

Computing by logarithms, 

log tan lia*' = 10.893590 
4 16g cot 100** ss 9.246319 

Rejecting 10 = 9.639909 = sin C. 

/. <j =: 26* 52' 38".4, or 154" 07' 26".6, ». «., BA, or BA'. 




Fio. 64. 



To find a, we have 



sin b sin 112' 



sm B sm 100°' 



sin & = shi a sin B ; whence sin a = 

Ck)mptiting by logarithms, 

log sin 112" = 9.967166 
- log sin 100" = 9.993351 

Adding 10 = 9.973815 = shi a. .\ a = 70" 18' 10".7, or 109" 41' 49".3, 
i, e^ BC, or BC. 



cos B _ cos 100" 
cos 6 "~ cos 112"' 



To find C, we have 

cos B s=co8 & sin C ; whenoB sin C 

Computing by logarithms^ 

log cos 100" = 9.239670 
log cos 112 = 9.573575 

Adding 10 = 9.666095 = sin C. /. C = 2^ 36' 68'^?, or 152" 23* 01".2, 
i A, BCA, or BC'A^ 
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Thus we see that each of the two triangles BCA and BC'A' fulfills the con- 
ditions of the problem. 

7. Given one side of a right angled spherical triangle 160°, and the 
opposite angle 150% to project the triangle and compute the other 
parts. 

Results. — There are two triangles. The other sides of the first 
are 136° 60' 23", and 39° 04' 51"; and the angle opposite the latter 
side is 67° 09' 43". The corresponding parts of the other triangle 
are 43° 09' 37", 140° 55' 09", and 112° 50' 17". 

8. In the spherical triangle DEF, right angled at E, given an oblique 
angle 58°, and the side opposite 64°, to project the triangle and com- 
pute the other parts. 

9. In a right angled spherical triangle given an oblique angle 
165°, and the opposite side 112°, to project the triangle and com- 
pute the other parts. 

• 

10. In a right angled spherical triangle given one side 65° 23' 12", 
and the opposite angle 65° 23' 12", to project the triangle and com- 
pute the other parts. * 

11. Given c = 60° 47' 24".3, B = 67° 16' 20".2, and A = 90°, to 
project and compute. 

o = 68° 56' 28".9, c = 64° 32' 32".l, and J = 61° 43' 36".l. 

12. Given c = 116°, b = 16°, and the included angle 90°, to pro- 
ject and compute. 



QUABBAirrAL TBUNGLES. 

129* A Quadr.antal Triangle is a spherical triangle one 
of whose sides is a quadrant, or 90°. Such a triangle is readily 
solved by passing to its polar, solving it, and then passing back. 
The polar triangle to a quadrantal triangle, being right angled, is 
solved by Napier's rules. 

Ex. 1. Given a = 90°, B = 75° 42', and c = 18° 37', to compute 
the other parts. 

8uo*8. — Representing the supplemental parts of the polar triangle by k\B\ 
C, a', b\ and c\ we have A' = 180' - a = 90% 6' = 180' - B = 104° 18', and 
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C = 180' - c = 161' 23", from which to find B', a\ ana e . This being right 
angled, we find, b^ applying Napier's rales, B' = 94* 31' 21", a' = 76* 25' 11", 
and c' = 101* 55' 20". Hence in the primitive triangle we have h = 180* - B' 
= 85** 28' 39", A = 180* - a' = 103* 84' 49", and C = 180* - c' = 18* 04' 40". 

Ex. 2. Given a = 90% C = 42° 10', and A = 115** 20', to find the 
other p^rts. 

B = 54° 44' 24", I = 64° 36' 40", e = 47° 57' 47". 



SECTION II. 



OF OBLIQUE ANGLED SPHERICAL TRIANGLES. 

130. All cases of oblique angled spherical triangles can be solved 
by Napier's rules and the following proposition. 

131. Prop. — In any spherical triangle, if a perpendicular be 
let fall from either vertex upon the opposite side or side produced, 
the tangent of half the sum of the segments^ of that side is to the 
tangent of half the sum of the other two sides, as the tangent of half 
the difference of those sides is to the tangent of half the difference 
of the segments, 

Dbm.— In the triangle BAG let fkll the perpen- 
^cular J7, from C upon the opposite side. Let 
BD = «, and DA = $', By Napier's first rale, 
COB a = cos p cos «, and cos b = cos p cos «'. 

Dividing the former by the latter, r = 

whence, by composition and division, 

cos b — cos a __ cos tf — cos' $ 
cos a + cos b ~ cos $ + cos t^' 



cos «' ' 




Fio. 65. 



Bat by (61), 



•it<l 



cos b — cos a . ,- -^. . . -. 

-— — ; r = tan i(a + ft) tan i(a — 6), 

cosa + cos6 *>^/ "v n 

cost'— COS« ^ ,/.^^,/ ^ 

3^^^^^^ = tan i(. + O tani (.-O. 



* When the perpeodicalar flUIs without the base, as in Fig. 66, this term is to be nnderstood 
as meaning the distances flrom the foot of the perpendicular to each extremity of th^ base, as 
BD Mid AD* This, in Oust, is the general statement— applying as well to the case when tho 
perpendicolar lUls on the base. 
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.*. tan i(a4-&)tani(a — £)= taii|(« + <Otani(«— «^; 

or, tan i(« + «') : tan H<> + ^) : : tan i(a — &) : tan i (« — «^ <IJL D. 

132, ScH. 1." Slnoe from a point in the fsoAcB 
of a hemisphere two perpendiculars can always 
be drawn to the circumference of the goeat curcle 
whicli forms its base, and since the fee^t of thcaa 
perpendiculars are ISO"* apart, jand no Mde of a 
apherical triangle can equal 180°, the foot of one 
perpendicular will always fall within the base or 
upon one extremity of it, and the other without 
the base ; or both will fall without the base. If 
we take the foot of the perpendicular which falls 
within tiie base, or the nearer one when both fall 
without, the turn of the distances from the foot of 
the perpendicular to the extremities of the base is always less than 180**, 
i. e.y « + «' < 160". When the perpendicular falls within, e ■¥ i^ make up one 
side of the triangle, and hence are less than 180°. If both perpendiculars fall 
witlioul, let D, Fig, 56, be the loot of the nearer one. Now DB + BO' = 180"* ; 
but by hypothesis DA < BQ', .\ 06 + DA < 180°. 

133m ScH. 2.— As in spherical triangles the greater segment is noJ; always 
adjacent to the greater side, it becomes necessary to deterniine the position of 
the segments. This can be done by tlie lugns of the proportion. 

^tan i (« + «') : tan i (a + ^) : : tan i (a ^ ^) : tan ^ (« — «'). 

1st Tan ^<« + «') is always +, since, if falls in the base, e •¥ if < 189^; 
and if O falls without, by taking the nearer perpendicular, « ^ «' is sUM < 180^ 
{132). .-. i (« + «') < 90°, and tan i (« + «')» +• 

2d. When a ■¥ h < 180°, tan i (a + ^) is + i and when a + ^ > ISO"*, 
tan i (a + ft) is — . 

3d. When a>ft, a-*ftisa positive arc less than 160°, henoe tan i<a ^ £> 
is + ; and when a < ft, i (a — ft) is a negative arc and less than 160°, hence 
tan J (a — ft) is —. 

4th. The sign« of these terms being detem^ned, ti^at of tan i (« — «') become^ 
known. Now, as kifi — '') cannot be numerically greater than 90°, tan i(« — s') 
is + when # > «', aind — when » < «'. ^ 

134» ScH. 3. — If either segment is greater than the whole base, the perpenr 
dicular falls without the triangle. In this case the shorter segment lies in an 
opposite direction from its angle to that considered in the demonstration, and 
hence is to be considered — ; and « + tf' is in every case equal to the side upon 
which the perpendicular i« l»t ML 
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13S. Prop, — In a spherical triangUy the sines of the sides are 
tQ eact^ other as the sines of their opposite angles. 

Dem.— By Napiefs first rtile we liave from ciflier Fig, 65 or IlKg. 56, 

sin l» s: flU « ua Bg and sin j? = sin h sin A. 

.*. filn a sm B =: sin 5 sin A, or 4n a : sin ft : : sin A : sin B. Q. e. n. 

BcH. — This propoiftition is not introduced here because it is neeessaiy for the 
toiution of spherical triangles, but because of its essential importance. It is 
often convenient to use it in the solution of a triangle, but nerer necessary, as 
will appear hereafter. It affofds a ready method of determining a part oppositb 
a given part, provided the species of the part be determined by other consideroHone, 



SOLUTION OF OBLIQUE AVOLED SPHBRICIL TRIANGLES BT 
NAPIER'S RULES FOR BIGHT ANGLED SPHERICAL TRIANGLES. 

136. The examples which arise in the solution of oblique angled 
spherical triangles are all comprised under the three following 
problems^ each of which consists of two cases : — 

1. When the given parts are all adjacent to each other. 

2. When two of the given parts are adjacent and one separatdi 

3. When the given parts are all separate from each other. 



137. Frob. 1. — Given three adjacent parts of an oblique angled 
spherical trianglSj to solve the triangle. 

Case 1%L— Given two sides and the included angle. 

Solution. — Project the triangle on the plane of one of the given sides {lO&i, 
and let fall a perpendicular fl'oni the angle opposite upon tliis side or upon 





D - O 

Fig. 67. Fio. 68. 

this side produced, as the case may be. There are thus formed two ri<^ht 
angled triangles, as BDC and DCA, each of which can be solved by Kapler's 
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rales, by first solving the one containing the given angle. Tht», in the triangle 
BDC right angled at D, a and B are supposed known ; whence CD, BD, and the 
angle BCD, can be computed. As BA = C is known, the segment DA can 
be found, it being the difference between C and the arc BD. When the solu- 
tion of this triangle gives BD > C, it is evident that the perpendicular falls 
without the triangle, which will agree with the projection. Passing to the 
triangle ADC, right angled at D, we now know CD and DA; whence the 
o lier parts can be found. Finally, the angle BCA of the required triangle = 
BCD + DCA when the perpendicular falls within the triangle, and BCD — DCA 
when the perpendicular fklls without 

Case 2d. — Oiven two angles and the included side. 

SoLimoN. — The solution of this case is effected by passing to the polar 
triangle, projecting and solving it by Case 1st, and then passing back. 

138» ScH.— A slight saving of labor is effected by using {13S) in the solu- 
tion. Thus, in the triangle BCD, compute CD and BD as before, and (not com- 
putmg angle BCD) then passing to the triangle DCA, compute b and A. Finallj, 
compute C (the entire angle) fi-om the proportion 

sin 5 : sin 6 : : sin B : sin C. 



139* Prob. — In an oblique angled spherical triangle, given two 
parts adjacent to each other and one separated from both of thsm, to 

solve the triangle. 

« 

Case 1st. — Oiven two sides and an angle opposite one of them. 

Solution. — Project the triangle on the plane of the unkrunon side^ with the 
given angle at B ; and let fall the perpendicular from the angl^ C opposite tbe 
unknown side. Compute the triangle BDC. Having computed this triangle. 





Fxe. 60. 

compare the side opposite the given angle, as &, with the perpendicular and 
the arcs BC and CB', i. e,, with jp, a, and 180'' — a. Jf b =z p there is but 
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one solution and the trianp^le is right angled, A falling at D. If^is inter- 
mediate in value between p and both a and ISO** — a, it cA ocoupy two positions 
as in Fig. 59, and there are two solations. If & is intermediate in value between 
p and only one of the arcs a or 180** — a, there is but one solution. When B < 90° 
the perpendicular is leM than any oblique arc; hence in this case, if b <p, there 
is no solution. But if B > 90"*, the perpendicular is greater than'liie oblique 
arcs ; hence hi this case, if & > j>, there is no solution. [These results should be 
obtained independently of the results given by the projection, and one be made 
a check upon the other.] The solution is now completed by computing the 
parts of DCA, and adding or subtracting the segments BD and AD, and the angles 
BCD and ACD, as the case may require. 

Case 2d. — Oiven two angles and a side opposite one of them. 
SoLiTTiON. — ^Pass to the polar triangle ; solve it, and then pass back.* 

140. ScH. — ^The relation established in (13S) may also be used in the 
solution of this problem. Thus, having projected the triangle, computed 
p^ and determined whether there are one or two solutions, to find A, when 
a, by and B are given, we have, sin 6 : sin a : : sin B : sin A. Then computing 
the third side e (or sides), by means of the right angled triangles BCD and DCA 
as before, we may use the proportion (135) to find the angle BCA and BCA'. 
But the use of this proportion gives no advantage except in cases in which 
there is only one solution. 



141o JProb. So — In an oblique angled spherical triangle^ given 
three parts all separated from each other, to solve the triangle. 

Case 1st. — Oiven the sides to find the angles. 

SoLvnoK. — Project the triangle on the plane of one of its sides, as e. From 
the proportion, 

tanK' + »') ' tan ^a -^ b) : : tan i(a — b) : tan K*— «')» 

* This case can be projected and solved in a manner 
altog^ether similar to theflrst, without passing to the 
polar triangle. Thns, let B« f^ Aiid A be the given parts. 
Project the triangle on the plane of e^ as in the ilgare. 
Project B in the tisnal way, and make BC = the projec- 
tion of a. Through C draw DDS And make PDO = the 
projection of A' Drawing the small circle with radius 
PCi draw diameters through the intersections Q and O^ 
Then will A ^nd A' be the vertices of the triangle re- 
quired. The student may prove that the figures PQD 
and RCA *re equal, and also PO'D >nd PCA'i >nd 

hence that angle CDO = A = A'* 

Fio. 8L 
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Fia. (B. 



find 4(« — sT^. Tken half ^e «tml of the se^neirti 
4- half the differeace gives the grealer segmeiil; and 
half the sum — half the difference gives the lesBb 
Determine from the ^igna of the lerms whether a la 
greater or leas than s' : and alao <leteniiiae vhethair 
the perp^klioular lies wUhin or without the trir 
angle (133). Obaerve thart these results corres|X)iul 
to those given by the projeotioB. Finally^ ia each 
of the two right angled trianglea BCD and OCA« 
there are two sides given ; whence the angles cam 
be foand by Napier's nilea. If Ihe perpendicular 
&lls within, C = BCD + DCA, and A, of the i-e- 
quired triaugle = DAC. If the peipendicular fiills 
without, C = BCD — DCA, and A of the triangle 
= 180" - DAC. 

Case 2d. — Given the angles to find the 
sides* 

Solution.— Pass to the polar triangle ; solve i^ 
and then pass back. 

142m ScH.— Here,.again, (135) affords a slightly 
more expeditious solution. Having projected the 
triangle, found and located the segments, and com- 
puted one angle, as B, by the methods given above, the other angles may be 
found from the proportions. 




Fi«. 6a. 



and 



sin h : sin a : : sin B : sin A, 
sin 5 : sin 6 : : sin B : sin C. 



EXERCISES. 

1. Given I = 1^0^ W 30'', c = 70** 20' 20", and A = 60° 10' 10", 
to project and solve the triangle. 

Pbojection.— See Fig. 64 

TuiGOiYoiicsTRicAL Soi47TTON.->--l8t To ms4te ^ 
triangle ABD, in which the two known parts are 
situated. 

(a) To find p, sin p = sin « sin A. 

log sin 70' 20' 20" = 9.973912 
+ log sin 50* lO' 10" = 9.885329 

Rejecting 10 = 9.859241 = log sin p 
•. p = 46' 19' 01", the species being determined 
by the opposite angle (125). [Observe thait the re- 
sult corresponds with the prqjeption]. 
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oos A 
<6) TofindAD,oo8A = cot«taaAO, or tanAO = — — . 
^ ' cot 

log COS 60' Ky l(r == 9.S06532 

- log cot 70' 20' 2Q" = g.553016 

Adding 10 = 10.353516 = log tan AD. .-. AP « «r 60' 49", 
Hie apples being detenained hy Ibe sfgns of the formulu^ 

I (e) TofindangleA0P^«o8 0=: ootAooitAiD, or ^^^^^^ =^^^7T* 

log cos 70' 20' 20" = 9.526929 

- log cot 50" 10' 10" = 9.921204 

Adding 10 = 9.605725 = log cot ABO. .-. ABD = 68' 01' 53" 
the species being determined by the aigna of the formula. 

£d. To solve the triangle DBC, 

{a) To find DC. Since AD < b, the foot of the perpendicular fiills in the base, 
and DC = AC - AD =? * - AD = 120° SO' 80" - 60' 60' 49" = 69" 89' 41". 

{b) To find a, cos a = cosp cos DC 

log cos 46° 19' 01" = 9.839270 
4- log ees 59° 89' 41" =; 9 .703386 

Rejecting 10 = 9.542656 = log cos a. .-. a = 69* 84' 56", the 
species being determined by the signs of the formula. 

(e) To find C, sin o = sin a sin C, or ala C = -r— . 

log sin p = 9.859241 

- log shi 69° 84' 56" = 9.971820 / 

Adding 16 = 9.887421 r= log m C .V C =50° 80' 08", the 
species being determined bji (he side opposite. 

{d) To find angle DBC, sin p = tan DC cot DBC, or cot DBC = -^-^• 

log sin p = 9.859241 

- log tan 59° 89' 41" = 1 0.232653 

Adding 10 = "9.626588 = log cot OBC. .-. DBC = «7" 08' 86 ', 
the species being determined by the signs of the formula. 

.Finally, B = ABD + DBC = 68° 01' 53" + 67° 03' 86" = 135° OS* 29". 

ScH.— We might have omitted the computatioit of angle ABD in the first 
part, and DBC in the second, and have found instead the entire angle B from 
sin a : sinb : : sin A : sin B. To compute this requires Uie looking out of but 
two logarithms, since sin a is given in the second part (c\ and sin A in the first 
part (a). 

2. Given a = 97** 35', h = 2r 08' 22", and A = 40^ 51' 18", to 
project and compute the triangle. Between wh^ limits must the 
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value of a be assigned in order that there may be two solutions ? Be* 
tween what limiting values of a is a solution impossible P 

Projection. See 2^. 05. 

Trioonombtiucal Solution. — To ftad p, sinp 
= Bin 5 Bin A. 

log sin 27' 08' 22" = 9.659115 
+ log sin 40'* 61' 18" = 9.815675 

Rejecting 10 = 9.474700 =■ log sinp. 
.•. p = 17" 21' 40". [Reason for the species.] 

We now observe that there is one and only om 
solution, since the arc a (97" 85') cannot lie between 
CD (17' 21' 40") and b (27' 08' 22"), but can Ue be- 
tween CD and CA' (180* - ft = 152° 51' 28"). 

To find AD, cos A = cot 6 tan AD or tan AD = — --r. 
' cot 6 

log cos 40' 51' 18" = 9.878733 

- log cot 27** 08' 22" = 10.290226 

Addmg 10 = 9.6i«607 = log tan AD. /. AD = 21' 11' 30 ".6. 

cos b 
To find angle ACD, cos ft = cotA cot ACD, or cot ACD = — -r-. 

° ' cot A 

log cos 27' 08' 22" = 9.949340 
— log cot 40* 51' 18" = l().06a0575 

Adding 10 = 9.8862825 = log cot ACD. .'. ACD = 52° 25' 01". 
[Reason for the species.] 

To find B, sin p = sin a sin B, or sin B = -r— • 

log sin p (as above) = 9.474790 
- log sin 97° 35' = 9.996185 

Adding 10 = 9.478605 = log sin B. .-. B = 17° 31' 09". 
[Reason tor the species. ] 

To find DB, cos a = cos p cos DB, or cos DB = 

' "^ * cosp 

log cos 97° 35' = 9.120469 

- log cos 17° 21' 40" = 9 979750 

Adding 10 = 9.140719 = log cos DB. .-. DB = 97° 56' 51".3. ' 
[Reason for the species.] 

AB = AD + DB = 21° 11' 30".6 + 97° 56' 51".3 = 119° 08' 21".9. 

To find DOB, sin p = tan DB cot DCB, or cot DCB = t^kd- 
* -^ ' tan DB 

log sin p (as above) = 9.474790 

- log tan 97° 56' 51".3 = 10.855090 

Adding 10 = 8.619700 = log cot DCB. .-. DCB = 92° 23' 7".7. 

[Reason for the species.] 

ACB = C = ACD + DCB = 62° 25' 01" + 92° 23' 7".7 = 144° 48' 8".7. 
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Finally, we observe that, if any value wore assigned to a between h (27" 06' 22") 
and CD (17° 21' 40") there would be two solutions; since for such values the side 
a could lie on both sides of CD. But, for any value of a less than CD (17° 21' 40"), 
there would be no solution ; since.CD is the shortest distance from C to the arc 
ABA'. Also, for any value of a greater than the arc CA' (152° 51' 88"), there 
would be no solution, as such an arc would fall between CA' and CD' (if not 
> CD'), and consequently would make e > 180°. 

8cH. — Such examples as this and the preceding can bo more expeditiously 
solved by using p in each equation in solving the triangles ACD and DCA. By 
this means and using (13S) to determine the angle ACS, the solution can be 
effected with only 12 logarithms. Thus in Ex. 2. 

l8t To And p, Blnp =0lii5 0inA« rcqnlre* 8 logarithm! 

Sd. ToflndACD« cos ACD = cot 6 tan j», require* 8 ^ 

Sd. To And DC B« COB BCB = cota tanp, requires S ** (lof: tan p being known). 

4th. To find Bi tlinp =s ein a coa B* requires S Oog sinp being known). 

5th. To find Ct sin A : "in C : : *i>> A : sin c, requires S " O^S^^ of "in A And sin a 

Total \% Ipgarithms beinj? known.) 

3. Given a = 76** 35' 36", h = 50° 10' 30", and c = 40^ 00' 10", to 
project and solve the triangle. 
Pbojbctiok. — Seei?^. 66. 

Trigonometrical Solution. — 1st To find the 
segments CD and DB, we have, 

tan i(« + «'), 
or 

tan ia : tan \{p + c) ; : tan \{p — c) : tan i(« — O* 

Computing by logarithms. 

II. c. log tan io = log tan 88' ir 48" = 0.102561 

+ log t«n \(h + c) = log tan 45** a"/ 20" = 10.001347 
+ log tan \{p - c) = log tan 5" 05' 10" = 8. 049406 

Rejecting 10 = 0.053314 = log tan K« - «'). 

.-. i(« - «') = 6* 27' 02". 

In order to determine whether s or «' is the greater * we observe the signs 
of the proportion, and finding tan i(« — «') positive, know that « > «'. 

Hence, « = K« + «') + i(« - «') = 38" 17' 48" + 6** 27' 03" = 44* 44' 50", 
and «' = i(« + O - K« - »') = 38' 17' 48" - 6" 27' 02" = 31' 50' 46". 

The angles sought are now readily found by computing the two right 
angled triangles ADC and ADB. 



* Tboagh the projection generally determines such foots as this, the species of parts, and 
the nnmher of solutions in ambignoas cases, the student should not rely upon it^ bat dotermtna 
each such fact upon purely trigonometrical considerations, merely using the projection to give 
clearness to the conception, and as a rough check against errors. 
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Or, havini^ compafed C fVom the triangle ACD, fre may find A and B more 
expcditioosly by using Uie proportions^ 

'6in e : sin ^ : : sin C : sin B, 
and sin : sin n : : sin C : sin A. 

The angles are C = 34* 16' 03", A = 121'' 36' 13", and B = 42* 15' ir. 

4. Given A = 128** 45', = 30** 35', and a = 68^ 50', to solve the 
triangle. What values of a give two solutions ? What none ? 

c = 37' 28' 20", J = 40° 09' 04", and B = 32** dT 58^'. 

5. Given A = 129** 05' 28", B = 142° 12' 42", and C = 105° 08' 10", 
to solve tjie triangle^ 

a:^ 135° 49' 20", * = 144° 37' 15", and <? = 60° 04' 54". 

6. Given a = 68° 46' 02", i = 37° 10'^ and C = 43° 37' 38", to 
project and solve' the triangle. 

A = 120° 59' 47", B = 33° 45' 03", and C = 43° 37' 38". 

7. Given a = 40° 16', b = 47° 44', and A = 52° 34", to projert 
and solve the triangle. What values of 4 give but one solution ? 
W^hat none ? 

TJiere are two triangles.— In the 1st, c = 53° 19' 20",* B^= 65° 16* 
35", and C = 79° 52' 21". In the 2d, c = 14° 18' 22", B = 114° 43' 
25", and C = 17° 39' 22". 

8. Given a = 62° 38', h = 10° 13' 19", and C = 150° 24' 12", to 
project and solve the triangle. 

A =r 27° 31' 44", B = 5° It' 58", and C = 71° 37' 06". 

9. Given a = 56° 40', b = 83° 13', and c = 114° 30', to project 
and solve the triangle. 

A = 48° 31' 18", B = 62° 55' 44", and C = 125° 18'^ 56": ' 

10. Given A = 50° 12', B = 58° 08', and a = 62° 42', to solve the 
triangle. What values of A give but one solution ? What none ? 

There are two solutions.— Ut, b = 79° 12' 10", c = 119' 03' 26", 
and C = 130° 54' 28". 2d, b = 100° 47' 50", c = 152° 14' 18", and 
C = 156° 15' 06". 

11. Given A = 36° 25', B = 42° 17' 10", and C = 95° 10' 05", to 

the triangle. 
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12. Given a = 124° 53', b = 31'' 19', and c = 171° 48' 22", to 
Bolve the triangle. 

13. Given a = 150° 17' 23", i = 43° 12', and c = 82 50' 12," to 
solve the triangle. 

14. Given a = 115° 20' 10", * = 67° 30' Oa", and A = 126° 37' 30", 
to solve the triangle. 

15. Given. A = 109° 65' 42", B = 116° 38' 33"; and C = 120° 43' 
37", to solve the triangle. 

16. Given A = 50°, * = 60°, and a = 40°, to solve the triangle. 

17. Given a = 50° 45' 20", b = 69° 12' 40", and A = 44° 22' 10", 
to project and solve the triangle. 

There are tioo soMions.—Ut, B = 57° 34' 61", c = 115° 67' 61", 
and c == 95° 18' 16". 2d, B = 122° 25' 09", c = 25° 44' 32", and e 

= 28° 45' 05", 

18. Given b = 99° 40' 48", c = 100° 49' 30", and A = 65° 33' 10", 
to project and solve the triangle. 

tf = 64° 23' 15", B = 96° 38' 04", and c = 97° 26' 29". 

19. Given A = 48° 30', B = 125°, 20', and c = 62° 64', to solve the 

triangle. 

a = 56° 39' 30", b = 114° 29' 58", and c = 83° 12' 06". 

20. Given C*= 54° 15' 05", B = 40° 18' 13", and a = 70° 30' 30", 
to solve the triangle. 

21. Given. A = 47° 54' 21", c = 61° 04' 56", and a = 40° 31' 20", 
to project and solve the triangle. 

22. Given A = 50° 10' 10", b = 69° 34' 35", and a = 120° 30' 30" 
to project and solve the triangle. 
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SECTION III. 

eENERAL FORMUUE. 

[Note.— This section is designed for such as 
make mathematics a specialty. The preceding 
sections are thought sufficient for the general 
student] 

143. Prop. — In a Spherical Tri- 
angle the cosine of any side is egtud to 
f lie product of the cosines of the other two 
sides, plus the product of the sines of those 
sides into the cosine of their included 
angle; that is, 



(1) cos a = cos & cos ^ + emb einc cos A; 

(2) cos b = COS a coBc + sin a sin c cos B ; ^ A. 

(3) cos c = coaa cos d + sin a sin d cos C. 




Dem.— From Fig. 67, we hare, 

cos a = cos (c — x) cosp 
_^ cos ((? — x) cos b 



COBb 

smce cos p = 

cos a? L cosaj 

cos b cose cos X + cosb sin e sin x 



[- 



] 



cos a; 



[expanding cos(c ~ «)] 



, r . ^ r . sin a? ^ 1 

= cos b cose + cos b sm e tan x | smce = tan x I 

L cos a; J 



= cos b cos e + sinb sin e cos A since cos A = cot b tan a; = *- 



I sii 



cos b tan xi 



sin 6 



]• 



In a similar manner (2) and (3) may be produced. 



144. Cor. 1. — From set A, Jy passi7ig to the polar triangle, we 
have. 

(1) cos A = — cos B COS c + sin B sin c cosa ; 

(2) cos B = — cos A cos C + sin A sin C cos J ; ^ B. 

(3) cos C = — cos A cos B + sin A sin B cos c. 



Dkm.— Letting a', b\ c', A', B', and C represent the parts of the polar triangle, 
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we have a = 180" - A', 6 = 180' — B', c = 180' - C, A t= 180* - a', B = 
180" — h\ and C = 180° - d. Whence, substituting in (1) A, we have, • 

cos (180" - AO = cos (180" - B^ cos (180" - C) 

. + sin (180" - B:) sin (180" — C) cos (180* - a% 

or, cos A' = — cos B' cos C + sin B' sin C cos a\ 

since cos (180" — A*) = — cos A', etc. ; and sin (180" — a*) = sin a\ 

« 

Finally, dropping the accents, since the results are general, and treating (21) 
and (8) of set A in the same way, we have set B. 

14S. Cob. 2. — From A and B w§ readily find the angles in terms 
of the sides, and the sides in terms of the angles. Thus, from A, 



(1) COBA = 

(2) oosB = 

(3) cosC = 



cos a — cos J cos (? "^ 
sin i sine ' 

cos J — co sg cose 
sin a Bine 

cos g — cos g c os t 
Bin. a Bin c 



A\ 



PromB, 



(1) co8a = 

(2) C08J = 

(3) C08C = 



cos A + COS B COS C ^ 

sin B sin C ' 

cosB + COS A cose . 

-'—. — ^— :: * r B\ 

sin A sin c 

cos c 4- cos A cos B 
sinAsinB * 



J.46. Prop. — FormulcB A', and B', adapted to logarithmic com- 
putation, become. 



(1) sin I A 



(2) 8in}B 



(3) sinlc 






sin (^s — b) sin (^s — c) . 
sin b sin c 



sin (^^s — a) sin {^s — c) ^ 
sin a sin c; ' 

sin {js ~ a) sin (^s •— b) 
sin a sin 6 



\ M\ 
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And (X) Binf* 



(2) fmib = 



-V- 

-\r- 



r % 



cos |S COS (^S — A ) . 

sin B sin c ^ 

cos ^S cos (jS — B ) , 
sin A sin C ' 



> W. 



(3) sinlc 



=/^ 



cos \S cos {^S — C ) 

' = — ^T — ' — ^I "^' 

Bin A Sin B 



Dem.— Subtracting both meaben of (1) A' Arom 1, we hare, 



1 — COS A = 1 — 



000 4 --^ eo» & OQs 4 008 & oeft» -¥ ajn^ atng — coatt ^ 



8ia6 8in<^ 



SlA^sldi 



.-. 28in« iA = ^^^:z.^^^^ since 1 - cos A= 28in« \k (62,S), 

and cos b cos e + sin ft ^in 6 = cos (6 — «) (55, D). 

Now letting y = 6 ^ «, an4 «| == Oi we see from (59, D') that C08(6 - c) 
— cosa = 2 sin i{a + ♦ -. c) sin iCa + c — b), 



Hence, 



. , , ^ __ 2sinKtt -f 5 — g)sin4<a -¥ e — b) 



2 sin' JA = 



sin b sin c 



, , . . /sm i(« -f- ^ -^ ^) ^^^ it* + c '-'>6) 

sin* |k = 4/ ■ ; — T— p — »t-r— r. — ' ' » 

• * T sin^sinc 

Puially, putting # = a + ^ + «, whence K* + ^ -^c) ai i« - c. 



and 
we have, 



i(flK+ i^-T.i)^ir-ft, 



* r sin 6 sm 6 



In like manner, (2) and (?) of aei A' reduce to (2) and ^ of set A'*. 
Again, subtracting both members of (1) set B', from 1, we have, 

COS A + cos B cos C _ sin ggifa C — cos B cosC - cos A 
l-cosa = l 8iQ B sin C sin B sin C 

, ,, — cos(B + C) — cosA coa(P -K C>4->os A 

/. 2sin»ta = - .^ B „. n = <iin R ain c 



sin B sin C 



acos «A + B + C) roai(B + Q^A) . 
sm B sm C 
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Now patting S = A + B 4- C, whence HB + C — A> =; ^S — A, we have, 



sin ia = |/- 



cos iS cos (iS — A) 



sinB sin C 
, Iri the same manner, (2) and (3) of B" are deduced fimn (2) and (8) of B'^ 



146* Cob. 1. — Passing to the polar triangle. A" and B" become 

(1) codia = A/' 

(2) cos ib = l/i 

(3) cos 



_ . / cos {^S — B) cos (|S — C) . 
"" sin B sin C 

'cos {^s — a ) cos (is — C). 



sm A sm 6 



^^i/^ 



{jS - A) COS {^S — b) ^ 
. sin A sin B 



^B 



fr9 



And 



«=^»«=i^^gfif^''' 



(2) cos |B = 



/ sin js sin (jx - 
• 1/ sin fl sin c 



x-d) 



) 



/r9 



/«x * . /sinl«sm(4 

(3) cos IC = J/ — ^^ ^ 

^ ' ' X/ sm a SI] 



lzi£). 

sin 6 



147* ScH. 1.— Formulae A'" and B'" can be obtained directly frorti A and 
B, in a manner altogettier similar to tliat in which A" and B" were deduced, by 
adding each member of the equations in sets A and B to 1, instead of subtract- 
ing, and observing that 1 + cose = 2 obs' ix, 

148* Cob. 2. — Dividing the formula of set A" by the: correspond- 
ing ones of set A'" ; andy in a similar manner^ those of B'" by 

those of B", and putting J <^^M¥ - a) ^^M^ - p) Arv {^ - c) ^ ^^ 

Sin "wS 

and j/^° (^^ - ^) "^ (^^ 7 °> °"^ <>^-^l^ = K, m have, 

^ — COS ^S 



(1) tan^A = 



(2) tan^B 



(3) tan^ 






sin {{s — b) sin {\s ~ c) 
sin is sin {^s — a) 



_ / sin (i^ — a) sin (f 'it — c) 
"" sin \s sin (^5 — b) 



-v- 



sin (^ — a) sin (^g -^ |^)_, 



sin (i«— a) * 
it 

■ a 

,sin (i«— J)' 
it 



^A"^ 



sin ^s sin (i* — (?) sin {^s — c)* 
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(1) cot^ = 



_ / cos (is ^ 
y — cos j 



(2) coti* = 



• 1/ — COS is c 



(3) cot ^ = 



i«=|/^ 



~ B) COS (jS — C) _ K 

JS COS (is — A) "" COS (is — A) ' 

— A) COS (is — C) __. K 

COS (is - B) ' 

(is - A) cos (is - B) _ K 

COS is COS (is — C) COS (is — C). 



COS (is — B) 



t 



grt 



8cH. — In these farmuUB k is the tangent of the arc with which the inscribed 
circle is described, and K is the cotangent of the arc with whidh the circum- 





Fio. es. 



Fio. flO. 



scribed circle is described. Thus, using the common notation, we have tn 
F^, 68, AD = AD' = i« - a, and angle PAD = iA (Part UL, 225) ; whence 

sin AD = cot PAD x tan PD = ■ -,.- ^, 

tan PAD* 

or tan iA = .^^^^ = -r-j^ ^,, [(1) A'^. .-. * = tan PO. 

* sin (i» - a) sin {is — a)' "-^ ' ^ 

From Fig. 09, we have, AD = ie, and angle PAD = iS - C (Part IH., 227.) 
Hence, cos (iS - C) = cot AP x tanjc, or tan ic = ^^^*^^p ' ' 



or cotic=: 



cot AP 



cos (is - C) "■ cos (JS — C) 



, [<d) B'^]. .-. K = cot AP. 



GAUSS'S EqUATIOKS. 

149. I^rob. — To deduce Gausses Equations^ which ar$ 



(1) 

(2) 



sin i(A + b ) _ cos i(fl — b) ^ 

"' cos i{; ' 

sini(g — &) ^ 
sinic * 



cosic' 

sin i(A — B) 

cosic 



, gauss's equations. ].01 

(3) co8i(A 4- B) ^ C08i(g 4- b) . 
. C08^(A - B) _ sinKa-^b) 

Solution.— From A, page 25, we have, 

Bin (lA + iB), or sin |(A + B) = sin (A cos iB -f ooe iA sin iB. 

Substituting in the second member the values of ^ ^A, cos ^B, cos J A, and 
sin ^B , from A" and A'"; there results. 



air. i/A ^ Bx sin {\s — h) ^ /sini«8m tt» — c) sin {\» — a) /mi\s»\n (\H — C) ' 

8mi(A + B) = ; A/ ; J — r ^^ + -T — ' V ; : — r 

' sm e r sm a sin 6 sin e r sm a sm 6 

_ sin (^ ~ ft) + sin (jf — g) ^ sin \% sin U< - c ) g^ ^„ 
sin 6 r sin a sin d '^ ^* 

_ sin (if - 6) + Bin (^ - a) ^^ ^ 
sine ' ' 

But Bin(i« — &) + 8in()« — a)=r8hi(|4 +*id + }« — ft) + 8in(ia-f 4ft + itf — «) 

= sin Wn + i(a - ft)] + sin \\ci - \{a - ft)l 
= 2sinicoosi(a-ft). (^9, A^. 

Also, sin e = 2sin \r cos I0. 

SubBtitating these values, the preceding becomes, 

' 2 sm ic cos ^ ■ 

. sin |(A + B) _ cos \(a - ft) 
" cos iC cos itf * ^ ' 

In like manner starting with 

sin (iA - iB ), or sin i(A - B) & sin fA cos iB - 00s iA sin iB, 

♦v 1* 8<n iC^ - B) Bin i(/i - ft) ^^ 

there results, ^— tt* — ' = — ?^ — • (2) 

' cos iC sm ^ ^ ' 

Starting with COB (iA+ IB), orcosKA+ B)=r oos^AcosiB ^ shi^A sin^B 

there results, ooM(A +B) ^ c«^ +J (8) 

sin iC cos 4<j ^ ' 

Starthig with cos (iA - \B\ or cosKA - B) = oosiAcosiB + smiAshiiB, 

., 1* COS 1(A — B) sin ^(a — ft) , „ 

there results, r-xT^ — • = — r^\ (4) 

^ sin iC mL)fi ^ ' 
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HAPIEB'S ANALOGIES. 
ISO. Prob. — To diduee Napier* s AndlogieSy iohich are 



(1) 



tan ^(a + b) _ 008 |(a — h) . 
cot^3 ~co»J(a + J)' 

^' cotic ^sini(7TA)* 

. . tan i(a + b) _ coai( A -> b ). 
^' tanjtf ooef(A + B)' 

/4\ tan i(g - h) _ sin ^(A - B) 
> ' tan^ Binj(A + B)* 

SoLiTTiON.— To deduce (1), divide the Ist of Gftii88*8 Equations by the 3d. 
To deduce (2), divide the 2d of Qauss's by the 4th. To deduce (3\ divide the 4di 
of Gausa*8 by thie 8d. To deduce (4X divide the 2d of GauM^s by the Ist 

131. SCH. — In using these formula the species must be carefully attended 
to. Thus in (1)< cot )C and cos !(» — 6) are necessarily + ; hence tan i(A + B) 
and cos i(a + b) are of the same sign with eacli other. In (2), cot iC and 
sin i(a + &) are both + ; hence, tan KA — B) and sin i{a — b) are of the same 
sign with each other. And similar i^spectiana may be made upon (3) aad (4V 



EXERCISES. 

1S29 The proposition that ^^ The sineg of the angles are to each 
other as the sines of their opposite sides" {13S)t Napier's Analogies 
{150), and formnlae A'% B*'' {148) are sufficient, in themselves, to 
effect the solution of all cases of oblique spherical triangles; and 
for practical purposes they generally reqttire less labor than Napier's 
Rules. We give a few solutions and refer the student to the pre- 
ceding Exercises for further practice. 

1. Given a = 100^; c = 5° and * = 10**, to solve the triangle. 
{Prob. 1, Case 1, 137.) 

1st To find A and B we have, 

cos K^ + &) : cos l(a r-^) : : cot |C : taa i(A + B) ; 
and shi K^ + b) : sin i{a - 6) : : cot ^C : tan i(A - B) [150 (1) (2)] 
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Computing by logarithms, we 1iav6, 

ar. CO. log cos [K« ^ ^ <>= 55^1 = 0.341409 
4- l9g cos (Ka - ^ 3= 45^1 :^ 9.849485 
+ log cot ii C = 2** 30') = 11.350^07 

iReJecting 10 = 11.450801 = log tan KA + B\ 

•'. ^A ♦ ©) as 87' 58' 18". 

ttf. ed. fog ihi {KA if^ t) fe 6ft'] ttb ^xmm 

+ log Bin [Ha - b) = 45**] = 9.849485 
4^ kg cut 1(C s 0^ QD"] « 11^859907 

Rejecting 10 = 11.290027 = log tan KA 0). 

.-. i(A - B) = 87** 06' 16" 

The signs of lU the tBrms being +, KA,+ B) ^nd ^A — B) are both less 
^an.90°. 

KA + B) + J(A - B) = A = 87* 68' 18" + 87** 06' 16" = 175* 04' 34*' 

J(A + B) - i<A - B) = B = 87' 58' 18" - 87** 06' 16" = 0' 52' 02". 

2d. To find e. This may be fooua from the proportion, 

sm A : sin C : : aln a : sin e, 

or from the dd or 4th of Napier's Analogies. We use the last, though the first 
keqnally expeditions. 

sm i(A - B) e sin i(A + B) : : tani(a - &) : tan ie. 

ar. CO. log sin [KA - B) = 87** 06' 16"] = 0.000555 
+ log sin [KA + B) = 87'' 58' 18"] = 9.099728 
•f log tan [Ka -- ^) =x 45**] =± 10.00000 

R^}ecting 10 = 10.000283 = log tan ie, 

.-. e = 90'' 02' 14". 

2. Given a = 135° 05' 28".6, C a 50** 30' 08".6, and i = 69^^ 34' 
06".2y to flOlve the triangle* 

1st To find a and e. The 3d and 4th (^ Kapler's Analogies give, 
€0bKA + C) I oobKA — C) : : tani& : Un i(a + e); 
and ihiKAH- C) : ainKA-^C) :t tan 16 : tanKa-c)^ 

Qompnting by logarithmsi we have 

ar. CO. log COS [KA + C) =s 92" 47 48".6] ±= 1.3116286 • 
[j(A - C) = 42* 17' 40'] ±= 9.8690535 

;4d =84*4r28".i} = 9.8418527 

Ecjecting 10 == 11.0225848 = log tan i{a + c\ 

.-. Ha + e)= 95° 25' 20". 

Ka + c) > 90% since cos KA + C) is -, cos KA — 0) is +, and tan i6 is +, 
making tan K« + <?)—. 



+ log cos 
+ log tan 



• These logarithms are taken ih>m 7-place tables, in order to obtain Um tenths of secondR 
accarately. 
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ar. CO. log sin [KA + C) = 92' 47' 48".6] = 0.0005176 
+ log sin [4(A - C) = 42' 17' 40" ] = 0.8279708 
+ log tan [i6 = 84* 4r 28"] = 9.8418527 

Rejecting 10 rr 9.6703471 = log tan f (a - <). 

/. Ka - «) = 26* 05' 05". 

4(a *- «) < 90% Bince the signs of the tenns are all + . 
J{« + «) + i(a-c)=a = 120'80'80",andK« + c)— K«-«) = « = 70'20'20". 

2d. To find B. Either of the 1st two of Napiei's Analogies will give B. 
Thus (1) becomes, 

COS Ka + e) : cos Ka — e) : : tan KA + C) : cot ^B ; 
and (2) sin Vfl + e) t sin i{a -- e) i: tan 4(A — C) : cot iB* 

But as i(a + «) is so near OO"*, it will be better to use the second of these' 
than the first Or we may with equal accuracy use, 

sin 6 : sin 5 : : sin C : sin B, 

ar. CO. log sin (c = 70- 20' 20" ) = 0.0260878 
+ log sin (6 = 6r 84' 56".2) = 9.9718202 
+ log 6in(C = 60° 80' 08".6) = 9.887421 

Rejecting 10 = 9.8853290= log shi B. /. B = 60* 10' 10". 

3. Given a = 50** 45' 20", * = 69* 12' 40", and A = 44** 22' 10", 
to solve the triangle. 



1st To find B. 



sin a * sin ft * * sin A : sin B« 



ar. CO. log sin (a = 50' 45' 20'') = 0.1110044 
+ log sin (b = 69° 13' 40") = 0.9707626 
+ logsln(A= 44' 22' 10") = 9.8446525 

Rejecting 10 = 9.9264195 = log sin B. .•. B = 57** 34' 61".4i 

and 122"* 25' 08".6. There are two solutions, since a is intermediate in value 
between p and both b and 180° — b.* 




* The determination of the species of B« or wh|^t is 
the same thing, the number of eolations, can asaally be 
effected by a simple inspection withont any computa- 
tion whatever. Thus, sin p =r sin d sin A« the loga- 
rithms of which are given above, as ie log sin a. Now, 
as both a and p are < 90«, and log sin p < log sin a, 
p <:a. But a <6, and also less than 180^—6. All 
this can be seen at a glance. 
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To find C and e of the larger triangle in which B ±= 67* 84' 51''.4 

Napier's 1st gives 

ar. CO. log cos [\{b t- a) = 9** 13' 40"] = 0.QD56570 
+ log cos [vf) + a) = 59° 59] = 9.6991887 

+ log tan[KB + A) = 60* 58' 80".7] = 10.0912464 

Rejecting 10 = 9.7960921 = log cot \C, 

.', e = 115° 67' 50".7. 

JTapier's 8d ^ves 

ar. CO. log cos [i(B - A) = 6° 86' 20".7] - 0.0028928 
+ log cos [KB + A) = 50° 58' 80".7] = 9.7991039 
+ log tan IVP + «):?: 59' 59'J = 10.23826 89 

Bejectmg 10 = 10.0402656 = log tan ic 

.-. c = 95° 18' 16".4, 

8d. To find C and e of the smaller triangle in which B s 122* 25' 08".6. 
Using the BamefarmulcB as before. 

ar. CO. log cos [i{b - a) = r 18' 40"] = 0.0056570 
+ log cos fK6 + a) =z 59° 59'] = 9.6991887 

+ log tan [HB + A) = 83° 23' 39".8] = 10.93627 03 

Rejectmg 10 = 10.6411160 = log cot iC 

. .-. C = 25° 44' 31".6. 

ar. CO. log cos [KB - A) = 89° 01' 29".3] = 0.1096506 
+ log cos [KB +. A) = 83° 23' 39".3] = 9.0608369 
+ log tan [K* + a) = 59° 59'] = 10.23826 89 

. Rejecting 10 = 9.4087564 = log tan ic 

.-. c = 28° 45' 05".2. 

154, SCH.— Wlien Napier's Analogies are used for solving Case lid {139\ the 
most expeditious and elegant method of resolving the ambiguity, is by means 
of the analogies themselves. Thus, in the aliove example, after having found 
thatB = 57° 84' 51".4, or 122° 25' 08".6, or both, a simple mspection of the anal- 
ogy next used will determine the number of solutions. 

Napier's 1st may be written . 



cotiC = 55^^-t4)tanKB + A). 

COS K^ — a) "^ '^ 



Now IC < 90°, hence cot iC is +. If, therefore, neither of the values of 
B render cot^C -~, there are two solutions. If one value renders cotiC +, 
and the other — , there is one solution and it corresponds to the value of B 
which malces cot ^C +. If both values of B render cot iC — , there is no solu- 
tion. In the last example, we see that cos [K& + a) =r 59° 59'], and cos [K& — a) 
= 9° 13' 40 "] are both +. Also tan [KB + A) = 60° 58' 30 ".7, or 83° 23' 39".8, 
or both] is + fbr both yalues of B» Therefore there are two solutions. 



2d 
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4. Given A = 95** 16', B - 80° 43' 10", Mi a sz f^r 88', to' flolVe 

the triangle. 

Ist To find C, sin A : sin B : : Bin a : dn d. 

ar. CO. log sitt (A :=: 95* 16') ^ 0.001887 
+ log gin (B :=: 80* 43' 10 ") = 9.9014257 
+ logainO* = 57* 38) = 9.220671 

Rejecting 10 = 9.922765 = log sin 5. 

•. 6 = 66* 49' 57", or 123* 10' OS", or boQi. 

. Tofinde, tan fj = — t>^-^^ tan K« + *). Kow for 6 = 56* 49' 57' '. 

C08 4(A — b) '^ V 

tan ie is + ; but for b = 128* 10' 00" tan f$ is — ; hence there is but one solu- 
tion, and that corresponds to the smaller value of b, 

ar. CO. log cos [KA ^ B) = 7* 16' 55 "1 = 0.003517 
+ log cos [ilA + B) = 87* 59' 05"] = 8.546124 
+ log tan [Ha + b) = 57* 13' 58"] = 10.191352 

Bcjecting 10 = 8.740993 = log tan ^.- 

. •. d = 6* 18' 19". 

8d. To find C, we may use (1) or (3) of Napier's Analogies, or 

sin a : sin e : : sin A : sin C, 
the last of whicn is the most expeditious. 

ar. CO. log sin (a = 57* 38') = 0.073320 
+ log sin (c = 6* 18' 18") = 9.040685 
+ log sin (A = 95* 10) = 9.998163^ 

Rejecting 10 = 9.112177= log sin C .-. C = 7* 26' 21' 
This value is taken for C instead of its supplement, since C is opposite the 
smallest side e, 

6. Given a = 70° 14' 20", b = 49° 24' 10", and c = 38° 46' 10"; to 
solve the triangle^ 



COMPUTATIOK. 



a = 70* 14' 20" 






b = 49* 24' 10 ' 




■* 


c = 38* 46' 10" 






» = 158* 24' 40" 


- 


. . 


is = 79* 13' 20 " 


ar. CO. log sin c= 


0.007758 


^ ^ a s 8* 58' 00" 


it U 4( ^_. 


9.192734 


^ --. 6 = 29* 48' 10" 


u <( a _2 


9.690370 


i« - d :== 40* 86' 10" 


u < ** c= 


9.811977 

2)18.706884 



.'. \ogkt»s 9.854417 
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log tan lA = log A; - log sin (^ - a) + 10 = 10.161083. .-. A = 110" 51 16". 
log tan iB = log A; - log sin (i« - 6) + 10 = 9.658047. .-. B = 48' 56' 04". 
log tan iC = log k - log sin (i« - c) + 10 = 9.542440. /. C = 38° 26' 48". 

6. Given A , = 109° 55' 42", B = 116° 38' 33", and C = 120°43' 37", 
to solve the triangle. 

OOHPUTATIOK. 

A = 109' 55' 42" 
i = 116* 88' «3" 
C = 120** 43' 37" 



S C3 847° 17' 52 



*i 



iS = 173° Z& 56 " ar. oo. log cos => 0.002688 
iS ^ A =r 63° 43' 14" ** " " 2= 9.646158 
iS - B = 57° 00' 23" " ** " = 9.738035 
iS ~ C = «2* 55' 19" «» u 4« ^ 9. 780247 

2)1 9.165123 
.-. lag K s= 9.582561 

cot ia = log K - log cos (iS - A) + 10 = 9.936403. .•. a = 98° 21' 38". 
cot id = log K - log cos (iS - B) + 10 = 9.846526. .-. b = 109° 50' 20". 
cot ic = log K - log cos (iS - C) + 10 = 9.802314. .-. e = 115° 13' 28". 

8cH. 1.— The student can use t&e exerclaes iii the preceding section to famil- 
iarize the methods here given. In doing so, it will be well for him to seek the 
most expeditious solutions. He will find that 

Examples under Pros. 1 require 11 logarithias by Napief's Analogies aact 
(lSS)y and 12 logarithms by Napier's Rules and (13S), 

Examples under Prob. 2, when there is but one solution, require 10 loga- 
rithms by Napier's Analogies and (135\ and 12 logarithms by Napier's Rules 
ftlid {ISS). When there are two solutions, 15 logarithms are required by 
Napier's Analogies and {133), and only 14 by Napier's Rules alone, or by these 
rules and (13S). 

Examples under Prob. 3 require but 7 logarithms by the method given in this 
section and 13 by the {Mrevious method. 

8cH. 2. — In cases in which the angles or sides are near the limits 0°, 90°, or 
180°, so that the functions used in the particular solution vary very rapidly 
in proportion to the arc, it is often possible to select one among the several 
methods which will give more accurate results than the others. There are 
also other methods which are better adapted to such cases than those here 
given. For these, as well as for muck other interesting matter, and especially 
for the discussion of the General Spherical Triangle, American students^avean 
excellent resource ift the treatise of ProlesBor Chauv€Siet of Washington Unirer* 
sity, St Louis. 
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SECTION IV. 

JLBEA OF SPHERICAL TEIAN6US. 

185 • Prob^ — Having tlie angles of a spherical triangle given, to 
find the area. 

Solution.— [The solution is given in Part 111 (23^^ and we simply re- 
produce the result in order to give completeness to this section.] The area is 
equal to the ratio of the spherical excess to 00'', or ^tt, into tlie trirectangular tri- 
angle. That is, letting the sum of tlie angles be S°, the area K, and the radius of 
the sphere 1, whence the area of the trirectangular triangle is i«, we have 

=s -^ — X ir = S — «; 

In the latter expression S is the sum of the angles in terms of the radius, i, e., 
^ = SrisTS' ""' ^PP'^^i^^^tely. S = A_ (9). 



EXERCISES. 

1. What is the area of a spherical triangle whose angles are 100**, 
58% and 62°^ on a sphere whose diameter is 6 feet? 

220° 
Solution. K = S — ir = f=7r-o - 3.14169 = .698, the area of a similar tri- 

angle on a sphere whose radius is 1. Hence, the area of the required triangle 
is .698 X 8' = 6.283. [The method given in Pabt III. (247) is more expedi- 
tious, but it is our purpose to illustrate the form here given.] 

2. What is the area of a spherical triangle whose angles are 120**, 
85% and 115°, on a sphere whose radius is 10 feet? 

Ans, 418.875 square feet 

3. What is the area of a spherical triangle whose angles are 150°, 
110°, and 60°, on a sphere whose radius is 3 feet ? 



156. Prob. — Having the sides of a spherical triangle given, to 
find the area. 

Solution.— The angles may be 'ound by (1^^), and then the area by (155), 
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But a more direct method is to find the spherical excess by means of Lhuil- 
Uer^$ formula, which we will now produce. 

iK . = 1(A + B + C - jr) 
Whence tan JK = tan i[A + B + C - ir] = tan [KA + B) - i{ie - C)] 

_ sin i{A + B) - sin 4(* - C) 

(7. page 31) 



cosJ(A + 


B) + cos i(ic • 


-C) 


sin 4<A + 


B)- 


GOsiC 




cos^A + 


B) + 


siniC 




[cos Ha - 


-6)- 


' cos -^c] 


cosiC 



[cos ^a + b) + cos ic] sin iC 



(149, 1st and dd) 



_ cos Ha — ft) — cos 4^ / sin js sin (i< — e) (fdJi ldB\ 

" COS Hfl '\' b) + cos ic Y BID. iia ^ a) sin (i« — *) ' 

t ^(g + c — 6) sin ^(6 + g ■- a) . / sin i» sin (i< — c) .^g ^, j^,. 

i(a + 6 + c) cos i(a + ft — c) r sm (i« — a) sm (^ — 6) ^ ' * 



— sin 
cos 



'/I 



sin* Ki^ - ft) sin* jijg - a) sin i< sin (^s - c) (as # = a + ft + c) 

cos'' i» cos* i(i« — c) sin (i» — a) sin (^ — ft) 



sin* ii^ — ft) sin* i(i« ~ a) sin ^« cos ^«sin jj^a — c) cos i^i** — «) /^jiy. 



cos* i« cos* i(i«— c) sin Ki«— ") cos Ki*— «) s"^ Ki'— *) cos Ki*— *) 
/. Tan iK =* -y/tan \s tan Ki« — «) tan Ki* — ^) ^a ^(^ — c). (A) 

Having found K, the spherical excess, or what is the same thing, the area of 
a similar triangle on a sphere whose radius is 1, we have but to multiply K by 
the square of the radius in any given case. 



EXERCISES. 

1. Given a = 98**, I = 110, and c = 115% to find the area of a 
spherical triangle, on a sphere whose radius is 4000 miles. 

COMPUTATION". 

log tan i\8 = 80' 45') = 10.788185 

+ log tan KiB-ia) = SV 45] = 9.791563 
+ log tan Ms-ib) = 25" 45] = 9.683356 
+ log tan [iis-ic) = 23" 15] = 9.633098 

2) 39.896202 
Rejecting 10 = 9.948101 = log tan iK . /. K =166" 20' 20" 

* The •¥ is always taken ; otberwise, iK being > 90*, K would be > 860* which is impos- 
f4ble. (Pabt ni., SS6). 
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Whence area = ^^\!? — . i^(4000)« = ^^ . i^r (4000)« = 46,450,440, 



90* 



9U 



liearly. 



2. Given a = 70° 14' 20", b = 49° 24' 10", and c = 38° 46' 10", to 
find the area of a spherical triangle on a sphere whose diameter is 8 
feet. Ans, 5.1, nearly. 



157 • JProb^ — Having two sides and their included angle given 
in a spherical triangle^ to find the arecu 

Solution.— Compute the other two angles by Napier's Analogies, and find 

^ ., t rm,- 1. 1 ^ , ix cot 4« cot 45 + cos C . 
the area from the angles. [The formula cot iK = = ^= gives 

the spherical excess in terms of two sides and their included angle ; but it is of 
no practical value for finding the area, as it is not adapted to logarithmic compu- 
tation. For tiie manner of produchig tt and several other forms for K^ see 
Todhunter^s Spherical Trlgoaometry, (103)]. 



PRACTICAL APPLICATIONS. 

[KoTE. — The three following problems are given merely to Indicate to the 
student some departments of investigation in wliich Spherical Trigonometry is 
of essential seryice. The two sciences to whtch this branch of Pure Math^ 
matics is indispensable, are Geodesy, or the mathematical measurement of the 
earth, and Astronomy.] 

Proh. 1> — To find the shortest distance &n the eartVs snrfaes be^ 
P tween two points whose latitudes and longi" 

tudes are known. 

Sug's. — The shortest distance on the surface be- 
tween two points is the arc of a great circle joining 
the points. Hence, the Problem is : Given two sides 
(the co-latitudes) and the included angle (the difier- 
ence in longitude), to find the thii-d side. 

Fie. 71. Ex. 1. Berlin is sitnated in Lat. 52° 31' 

13" N., Lon. 13° 23' 52" E., and Alexandria, Egypt, in Lat. 31° 13' 
]Sr., Lon. 29° 55' E. What is the shortest distance in miles on the 
earth's surface between them, the earth being considered a sphere 
whose radius is 3962 miles ? 

Ans. 2077^5 mile^. 




naAcncAL appucatioxs. 



Ill 



* Ex. 3- A ship starts from Valparaiso, Chili, Lai33° 02' S., Lon. 71° 
#3' W., and sails on the arc of a great circle in a northwesterly direc- 
tion 3840 miles, when her longitude is found to be 120° W. What 
is her latitude ? Ans. 52' 48" S. 

Ex. 3. A ship starts from Bio Janeiro,, Brazil, Lai 22° 54' S., iKm, 
^° 45' W.> and sails in a northeasterly direction on the arc of a great 
circle 5750 miles, when her latitude is found to be 50° N. What is 
her longitude ? Ans. 2° 01' 14" W. 




Froh* — To find the time of day from the altitude of the sun. 

Sug's.— Let NESQ represent the projection of the concave of the heavens 
upon the plane of the meridian of observation. 
The equator of this concave sphere is simply tlie 
Intersection of the plane of the earth's equator with 
this imaginary concave sphere, and its axis is the 
prolon^tion of the earth's axis, the poles being 
the points N and S where the axis pierces the 
imaginary concave. EQ is the projection of this 
celestial equator, NS the axis or the projection of 
a great circle perpendicular to the meridian of the 
observer (NESQ) and to the equator, HO the projec- 
tion of the horizon, and ZZ' the pn)Jection of the 
prime vei-ticat (that is, a great circle of the heavens 
passing through the a^nith of the observer and the east and west points in his 
horizon). . 

Now let S' be the place of Hie sun at the time of observation. RS^, tlie sun's 
declination, is known from the almanac ; LS', the sun's altitude, is measured 
-with the sextant (or other instrument) ; and EZ is the latitude of the observer. 
Hence, in the spherical triangle ZNS' we know the three sides, viz., NS' = the 
co-decllnation of the sun, ZS' =: the co-altitude of the sun, and ZN = the co- 
latitude of the observer. We may therefore compute the angle ZNS', wldch 
reduced to time gives tiie time before or after noon as the case may be. 

Ex. 1. On April 21st tlie master of a ship at sea in latitude 39° 
06' 20" N., observed the altitude of the sun's centre at a certain time 
in the forenoon and found it to be 30° 10' 40", and looking in the 
almanac found the sua's declination at that time to be 12° 03' 10" 
N. What was the time of day ? 



90* 
90'' 
90'* 



COMPUTATIOK. 

SO' 10' 40" = 59* 49' 20" a. c. log sin 94» 19' 50" = 0.001242 

a. c. log sin 34** 30' 35" ±= 0.24G765 

log sin 16* 23' 05" = 9.450381 

log sm 43° 26' 15 " = 9 837312 



12'' 03' 10" = 77" 56' 50" 
39' 06' 20"= 50" 53' 40" 



2 )188" 39' 50" 
94** 19' 50" 



2) 19.535700 
logtan80*22'03".8= 9.767850 
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Therefore i the hour angle NNS' = dO** 22' 08"^, and the hoar angle is 60* 
44' 07'. This reduced to time at 4 minutes to a degree, gives 4 h. 2 m. 56 s. be- 
fore noon, or 7 h. 57nL 4 s. ▲. ic. 

Ex. 2. In latitude 40° 21' "N., when the declination of the sun is 
S"" 20' S., and its altitude 36"^ 12', what is the time of day ? 

Ans. 9 h. 43 m. 44 s. A. 



Ex. 3. In latitude 21° 02' S., when the sun^s declination was 18* 
32' "N., and the altitude in the afternoon 40° 08', what was the time 
of day ? Ans. 2 h. 2 m. p. m. 



I^rob* — To find the timeof sunriaing and sunsetting at any given 
place on a given day» 

Sua*8. — ^The projection being the same as before, let M'RS'M represent the ap- 
parent diurnal path of the sun. Since S'M is described in 6 hours, the time taken 

to describe RS' is the time before 6 o^clock, at 

which the sun rises, i. e., passes t^e horizon HO. 

But the time requisite to describe RS', is the same 

part of 24 hours (SGC angular measure) that the 

angle CNL (=z arc CL) is of 360^ Hence, the arc 

CL, in time, is the time before 6 o'clock at which 

the sun rises. In a similar manner, CL, in time, 

is seen to be the time after 6 o'clock when the sun 

is south of the equator. The solution of the prob- 

-^ ^ lem, therefore, consists in finding CL. Now, in 

Fie. 73. the triangle RLC, right angled at L, LR = the 

sun's declination at the time, and angle RCL = ECH = the co-latitude of the 

place.* From these data CL is readily found. 

Ex.l. Required the time of sunrise at latitude 42° 13' K, when 
the sun's declinatio ^ 13° 28' N. 

60MPUTATIOIT. 

cot 47** 27' = 9.962813 

tan 13° 28' = 9.379239 

sin 12" 41' 52" = 9.342052 
(12* 41' 52") X 4 gives tiie time before 6 o'clock as 50' 47". .-. The sun rises at 
5 h. 09 m. 13 s. 




* This niay be Been thus : Snppope a pen>oii to Btart fh>m the eqnator at *£ and travel 
north. When he i» at E» the Bouth point of his horizon (H) is at S ; and for ©very degree he 
goes north, the Bouth pole (S) sinka a degree below hla horizon. Hence, HCS - his latitnde, 
'and ECH « co-latitude. 
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Ex. 2. Beqnired jhe time of snnrise at latitude 57^ 02' 54" K., 
when the son's declination is 23^ 28' N. 

Sun rises at Sh. 11 m. 49 s. 

Ex. 3. How long is the sun above the horizon in latitude 58** 12' 
N.9 when the sun's dechnation is 18^ 41' S., that is about January, 
25th ? Ans. 7 h. 35 m. 52 s. 

Ex. 4. What is the length of the longest day at Ann Arbor, Mich., 
Lat 42° 16' 48".3, the sun's greatest declination being 23° 27' ? 

Ans, 15 h. 05 nu 50 s. 



[Note. — ^In such problems as the foregoing, several small corrections have to 
be made in order to entire accuracy, such, for example, as that for refraction in 
taking the altitude, and for the time required for the son's disk to pass the hori- 
zon. • But they would be out of place here.] 
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[NoTB.-^If the student undenstands the nature and use of logarithms so as to 
be able to use the common tables, it will not be necessary that he should read 
this introduction. Otherwise a careful study of it will be needfUl before reading 
Section 3 of the Plane Trigonometry.] 

1. A Ziogarithm is the exponent by which a fixed number is' 
to be affected in order to produce any required number. The fixed 
number is called the Ba96 of the System. 

III. Let the Bate be 3 : then the logarithm of 9 is 2 ; of 27, 8 ; of 81, 4 ; of 
19G23, 9 ; for 3" = 9 ; 8« = 27 ; 3* = 81 ; and 8» = 19683. Again, if 64 is the 

base, the logarithm of 8 is i, or .5, since 64 , or 64** = 8 ; i* e., i, or .6 is the 
exponent by which 64, the base, is to be affected in order to produce the num- 

ber 8. So also, 64 being the base, \, or .833 + , is the logarithm of 4, since 64 , or 
64*"' + =: 4; ». «., i, or .833 +, is the exponent by which 64, the base, is to be 

affected in order to produce the number 4. Once more, since 64 , or 64 ® *® + = 

-4. 
16, }, or .666 +,is the logarithm of 16, if the base is 64 Finally, 64 or 

64— • = I, or .125 ; hence — i, or — .5, is the logarithm of |, or .125, when the 

base is 64. In like manner, with the same base, — }, or ^ .888 + , is the loga* 

rithmofi, or.25. 

EXAMPLES. 

1. If 2 18 the base what is the logarithm of 4 ? of 8 ? of 32 ? of 
128? of 1024? 

Solution. 7 is the logarithm of 128, if 2 is the base, since 7 is the exponent 
by. which 2 is to be affected in order to produce the number 128. 

2. If 5 is the base, what is the logarithm of 625 ? of 15625 ? of 
125? of 25? 
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3. If 10 is the base, what is th.e logarithm of 100 ? of 1000 ? of 
10,000 ? of 10,000,000 ? 

4. If 2 is the base, what is the logarithm of ^, or .25 ? of \, or .125 ? 
of ^, or .03125 ? Ans, to the last, — 5. 

5. If 8 is the base, of what number is f , or .666 + the logarithm ? 
of what number is ^y or 1.333 +, the logarithm ? of what number is 
2 the logarithm ? of what number is 2-^, or 2.833 + ? of what num- . 
ber 3f, or 3.666 + ? Ans. to the last, 2048. 

ScH. Since any number with for its exponent is 1, the lo|^rithm of 1 is 
in all systems. Thus 10* s= 1, whence is the logarithm of 1, in a system in 
which Uie base is 10. ^ 



2. A System oflLogarithms is a scheme by which all num- 
bers can be represented, either exactly or approximately, by expo- 
nents by which a fixed number (the base) can be aflPected. 

3* There are Two Systems of Logarithms in common use, called, 
respectively, the Briggean or Common System, and the Napierian 
br Hyperbolic System. The base of the former is 10, and of the 
latter 2.71828 +• In speaking of logarithms of numbers, the com- 
mon logarithm is always signified, if no specification is made. 

4. The logarithms of all numbers, except the exact powers of the 
base, indicate a power of a root, and are consequently fractional and 
usually only approximations. It is customary to write them in the 
form of decimal fractions. The integral part is called the ChaT" 
acteristiCf and the fractional part the JIfantissa, The charac- 
teristic can always be told by a simple inspection of the number 
itself; hence only the mantissa is commonly giyen in the table. 



S, Prop. — The characteristic of the common logarithm of any 
manber greater than unity, is one less than the number of integral 
figures in the given number. 

III. The logarithm of 4685 is more th$n 8, because 10' = 1000, and less than 
4, because 10^ = 10,000 ; hence it is 3 + a fraction. The same method may be 
pursued to determine the characteristic of the logarithm of ^ny other number 
greater than unity, and the tnith of the proposition be observed. Thus the 
logarithm of 25645.827 is 4, since the number lies between the 4th and. 5th; 
powera of the base, 10. 



6» Prop. — Tlie mantissa of a decimal fraction, or of a mixed 
number, is the same as the mantissa of the number considered as 
integral. 
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Dem. Suppose it is known log 2845672 = 6.454185. This means that 
1Q«.«»4JW __ 2845672. Dividing by 10 successively, we have 

10..4MI8. _ 284567.2, or log 284567.2* = 5.454185, 

104.4.4m _, 28456.72, or log 28456.72 = 4.454185, 
10«*"*" = 2845.672, or log 2845.672 = 8.454185, 
10a.*Mm _. 284.5672, or log 284.5672 =r 2.4541»5, 
10»««»» = 28.45672, or log 28.45672 = 1.454185, 
10o.4»4ia6 _ 2.845672, or log 2.846672 = 0.454185. 

Now if we continue the operation of division, only writing 0.454185 -^ 1, 

1.454185, meaning by this that the characteristic is negative and the mantissa 
positive, and tlie subtraction not performed, we have 

1qT4m«. _ 0.2845672, or log 0.2845672 = T.454185, 

10^*»"~ = 0.02845672, or log 0.02845672 =£ 2^454185, 

l6^""~ = 0.002845672, or log 0.002845672 = 3.454185, 
etc., etc. Q. E. D. 

7, CoR. The characteristic of a number consisting entirely of a 
decimal fraction, is negative, and one more than the number ofO^s 
immediately following the decimal point, as appears from the last 
demonstration, or from the fact that 1~*= ^ = .1 ; 10"^ = yjnjr = 
.01 ; 10-* = yAv = -^^1 1 etc-> «*=^ 

8, One of the most important uses of logarithms is to facilitate 
the multiplication, division, involution, and extraction of roots of 
large numhers. These processes are performed upon the following 
principles: 

9, Prop. 1, — The sum of the logarithms of two numbers is the 
logarithm of their product, 

Deh. Let a be the base of the system. Let m and n be any two numbers 
whose logarithms are x and y respectively. Then by definition a' = m, and 
it^=zn. Multiplying these equations together we have a^+^ = mn. Whence 
fl? + y is the logarithm of mn. q. e. d. 

10m Pirop. 2, — The logarithm of the quotient of two numbers is 
the logarithm of the dividend minus the logarithm of the divisor. 

Dbm. Let a be the base of the system, and m and n any two numbers whose 
logarithms are, respectively, x and y. Then by definition we have a/'zzin, and 

€01 = n. Dividing, we have «*-»' = — . Whence « — y is the logarithm of -. 

n Ti' 

q. B. D. 

* This is the common abbreviation of indicatiDg the logarithm of a number, and should be 
read '' logarithm of 3S4567.8," not '* log S845G7.S/' which is grossly inelegant 

4 
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11. JPirap. 3. — The logarithm of a power of a number is the 
logarithm of the number multiplied by the index of the power. 

Dbx. Letabetbeba8e,anda;tlielogaridimoff?i. Theiia*=:f»; andraisin^f 
both to auy power, as the cth, we have a^ = m'. Whence xe is the logarithm 
of the tth power of m. q. b. d. 

12» JProp. 4. — The logarithm of any root of a number is the 
logarithm of the number divided by the number expressing the degree 
of the root. 

Dbm. Let a be the base, and x the logarithm of m. Then a* = m. Extract- 
lug the sth toot we have 0^= {^ Whence - is the logarithm oiy/m, q. K. d. 



TABLE OF LOOABTTHMS. 

13. In order to apply the abore principles practically^ we need 
what is called a Table of Logarithms That is, a table from -wfaioh 
we can readily obtain the logarithm of any number, or the number 
corresponding to any logarithm. Such a table is given on pages 11 
to 28. For methods of computing it, the student is referred to 
algebra. Its nature and manner of use will be learned from the 
two following problems : 



14. JProb.— To find the logarithm cfa number from the table. 

Solution. The logarithm of any number between 1 and 100 is seen directlj 
from the table on page 11. The column marked N contains the numbers, and the 
adjacent column to the right gives the logarithm of the corresponding number 
to 6 places of fractions. Thus, log 7 = 0.845098 ; log 33 s 1.618514 

The mantissa of the logarithm of any number expressed with three figures is 
found in the column headed 0, on some one of the pages from 12 to 26 inclusive. 
The given number being foupd in the column marked N, the mantissa of its 
logarithm stands opposite. The characteristic can be determined by (S)^ (6), (7)< 
Whon but four figures are found opposite the number in the column, the two 
left-hand figures of the mantissa are the same as in the next mantissa above, 
which has six. Thus, log 443 = 2.646404. 

To find His logarithm of a number consisting of four figures. Let it be required 
to find the logarithm of 2936. Looking for 293 (the first three figures) in the 
column of numbers, and then passing to the right until reaching the column 
headed 6, the fourth figure, we find 7756, to which prefixing the figures ^6, 
which belong to all the logarithms following them till some others are indicated, 
we have for the mantissa of the logarithm of 2936, .467756. But, as 3 is the 
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jogaritiim of 1000, and 4 of 10,000, log 2936 is 3 and this decimal, or \6g 2986 =' 
8.467756. 

To find the logarithm of a number eontisUng cf more than four figuree. Let it 
be required to find tiie logarithm of 2846672. Finding the decimal part of 
logarithm of the first fonr figures 2845, as before, we find it to be .454062. Now 
tlie logarithm of 2S46 is 153 (million ths, really) more than that of 2845, as found 
in the right-hand column, marked D. Hence, assuming that if an increase of the 
number by lOOQ makes an increase in its logarithm of 153, an increase of 672 in 
4he number will make an increase in the logarithm of -ff^y or .672 of 153, or 
103, omitting lower orders, and adding this to .454082, we have .454185 as the 
mantissa of log 2845672. The integral part is 6, since 2845672 lies between the 
6th and 7tli powers of 10. H^oe, log 2846672 = 6.464185. <^ B. b. 

ScH. 1. If in seeking the logarithm of any number, any of the heavy dots 
noticed in the table are passed, their places are to be filled with O's, and the first 
two figures of the decimal of the logarithm taken from the column in the line 
below. Thus, log 3166 is 3.500511. This arrangement of the table is merely 
a ccmvenient method of saving space. 

. ScH. 2. The column marked D is called the colunm of Tabular Differences ; 
and any number in it is the difference between the mantissas f6und in columns 
4 and 5, which is usually the ^ame as between any two consecutive logarithms 
in the same horizontal line. The assumption made in using this difference, viz., 
that liie logarithms increase in the same ratio as the numbers, is only approxi- 
mately true, but Qtill is accurate enough for ordinary uoe. 

EXERCISES. 

1. Find the logarithm of 2200. ....... LogffHthm^ 3.342423. 

2. Find the logarithm of 24.36 Logarithm, 1.386677. 

3. Find the logarithm of 2.698 Logarithm, 0,431042. 

4. Find the logarithm of 3585.9 . Logarithm, 3.554598. 

5. Find the logarithm of 42.6634 Logarithm, 1.630056. 

6. Find the logarithm of 331.957 Logarithm, 2.521082. 

7. Find the logarithm of 2519.38 ...... Logarithm, 3.401294. 

8. Find the logarithm of .538329 Logarithm, 1.731047. 

9. Find the logarithm of .087346 ...... Logarithm; 2.941243. 

10. Find the logarithm of .007389 Logarithm, 3.868586. 

1S» ScH. 3. It will be observed that the tabular difference varies rapidly at 
the beginning of the table; hence, for numbers between 10000 and 11000 it is 
better to use the last two pages of the table. 



IS. Prob ?. — To find a number wrrespojiding to a given 
logarithm. 
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SoLOTiON. Let it be required to find tlie number corresponding to the 
lofi^ritlim 6.616204. Looking in the table for the next ten mantissa, ire find 
.616211, the number corresponding to which is 8275 (no account now bein^^ 
taken as to whether it is integral, fractional, or mixed; as in any case the figures 
will be the same). Now from the iabtUar differ&nee^ in column D, we find that 
an increase of 188 (millionths, really) upon this logarithm (.615211), would make 
an increase of 1 in the number, making it 8276. But the given logarithm is 
only 68 greater than this, hence it is assumed (though only approximately 
correct) that the increase of the number is -fh of 1, or 58 -t- 188 = .3984 + . 
This added (the figures annexed) to 8275, gives 82758984 -H . The characteristic, 
being 6, indicates that the number lies between the 5th and 6th powers of 10, 
and hence has integral places. .*. 6.616264 = log. 827580.84 + . <^ s. D. 

EXERCISES. 

1. Find the number whose logarithm is 1.24()050. 

Number, 17.38. 

2. Find the number whose logarithm is 2.431203. 

Nuniber, 269.9. 

3. Find the number whose logarithm is 3.503780. 

. ' • Number^ 3189.91. 

4. Find the number whose logarithm is 0.138934. 

Number, 1.377. 

5. Find the number whose logarithm is 1.368730. 

Number, .233738. 

6. Find the number whose logarithm is 2.448375. 

Number, .028078. 

7. Find the number whose logarithm is 3.538630. , 

Number, .003456. 

8. Find the number whose logarithm is .843970. 

_ Number, 6.98184. 

9. Find the number whose logarithm is 1.867372. 

Number, .736837. 

10. Find the number whose logarithm is .003985. 

_ Number, 1.00931. 

11. Find the number whose logarithm is 3.723460. 

Number, .006290. 



IPPLICAIlOIf S 

1. Find, by means of logarithms, the product of 57.98 by 18. 

Solution. As the logarithm of the product equals the sum of the logarithms 
of the factors (9), we find the logarithms of 57.98, and 18 firom the table, and 
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adding t)iem together, find the number corresponding to the sum. The latter 
number is the product required. Thus, 

log 57.98 = 1.763278 
log 18 = 1.225878 

8.018551 = log 1043.64. 

2. Multiply 23.14 by 5.062, ProdL 117.1347. 

3. Multiply 0.00563 by 17. Prod. 0.09671. 

4. Multiply 397.65 by 43.78. Prod. 17409.117. 
6. Multiply 0.3854 by 0.0576. Prod. 0.022199. 

6. Find the continued product of 3.902, 597.16, 

and 0.0314728. Prod. 73.3354. 

7. Multiply 832403 by 30243. Prod. 25174363929. 

8. Multiply 9703407 by 90807. Prod. 881137279449. 

9. Multiply 3.47 by 9.83. Prod. 34.1101. 
10. Multiply 12.763 by 10.976. . Prod. 140.086688. 

[Note. The examples in division below will offer additional exercise, if 
necessary.] 



1. Divide 24163 by 4567. 

Solution. Since the logarithm of the quotient equals the logarithm of tJie 
dividend minus the logarithm of the divisor, v^e have the following operation : 

log 24163 = 4.883151 
log 4567 = 8.659631 

0.723520 = log 5.29078, 
which number is the quotient 

2. Divide 56.4 by 0.00015. 

Oferation. log 56.4=1.751279 
log 0.00015 = 4176091 

Difference of log's = 5.575188. .'. The quotient is 376000. 

Suo, Observe that only the eharacteristic of the logarithm is negative^and 
that in subtracting we are to regard the nature of the logarithmic numbers as 
positive or negative. 

* 

3. Divide 461.02876 by 21.4. Ans. 21.6434. 

4. Divide 25.49052 by 2.46. Ans. 10.362. 
6. Divide 17610.8248 by 37.6. Ans. 468.373. 

6. Divide .00144 by 1.2. Ans. .0012. 

7. Divide .0000025 by .005. Ans. .0005. 
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8. Divide 43.2 by .24 ' Ans, 180. 

9. Divide 69.74514 by 1.36. ^ Ans. 43.93025. 
10. Divide .0001728 by 2.4. ' Ans. .000072. 

[Note. The examples in multiplication given above will afford additional 
exercise, if necessary.] 

17* Scn.—ArithnieHeai Campietnent,—Th^ arithmetical complement 
of a number is simply the remainder after subtracting the number from .some 
particular fixed number. Thus, the a. c. of 5 with reference to 9 is 4 ; of 3, ; of 
7, 2 ; etc. The a. c. of 7 with reference to 10 is 3 ; of 4, 6 ; of 2, 8 ; etc. When 
required to subtract one number fVom another, we may, if we choose, add its a. c. 
and then subtract the number with reference to which the a. c. :is taken. This 
process will give the true difference. Thus, if we are to subtract 6 from^, we 
may add to 9 what 6 lacks of being 10 (10 ^ 6 = 4, the a. c of 6 with reference 
to 10) and then subtract 10. 9 — 6 = 9 + 4 — 10. A few such questions as the 
following will render this simple process familiar. What number must I add to 
576, in order that I may subtract 100 from the sum, and get the same remainder 
as if I had subtracted 58 in the first instance ? Again, if I wish to take 37 from 
160, what must I add to the latter, in order that I may subtract 40 from the 
result, and get the difference sought ? 

This principle is sometimes used in computing by means of logarithms. It is 
especially convenient when there are several multipliers and several divisors 
involved in the same computation. An example or two will make the process 
familiar. The complements of logarithms are usually taken with reference to 
10. If the logarithm exceeds 10, 20 may be used, etc. 

18. Eequired the result of the following eombinations : 346 X 27.8 
-^ 1156 X 3426 -7- 2.004 X 27 ~ 11.05. 

Opebatioit. log 846 = 2.539076 

log 27.8 = 1.444045 

a. c. log 1158 = 6.937042 

log 3426 = 3.534787 

a. c. log 2.004 = 9.698102 

log 27 = 1.431364 

a. c log 11.05 :;= 8.956638 

84.541054 
Bejecting ^ 80.00000 as three complements are 

used. 4 541054 is the logarithm of the re- 

quired result .*. As 4.541054 = log 34757.92, the latter is tlte result sought 

« 

[Note. The preceding examples can be used to familiarize this principle if 
thought desirable.] 

Suo. The a.'C. of 2.468216 is 11.531784, since 2 is negative. An a. c. can be 
written directly from the table with nearly the same ease as the logarithm 
itself,, by writing from left to right, and taking each figure from 9, except the 
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nght-hand one, which is to be taken from 10. Thns, if the chajracteristtc is 8» 
we write 6 ; the next figure being 3, write 7 ; for 4, write 5, etc. 



1. What is the cube of 32 ? 

Solution. Since the logarithm of the cube of i^ number is three times the 
logarithm of the number itself (11), we have 

log (32)« = 3 log 32 = 4.515450 = log 82767.97, . 

which number is the cube of 82, as accurately as the process gives it. (82)' hy 
multiplication = 32768. 

2. What is the cube root of 7896.34 ? 

Sua. Log (7896.34)* = i log 7896.84 = 1.290142 = log 19.918. .-. (7896.34)* 
= 19.918. (See 12.) 

3- What is the 20th power of 1.06 ? Ans. 3.2071. 

4. What is the 5th power of 2.846 ? 

5. What is the 6th root of 31152784.1 ? Ans. 31.52-f. 

6. What is the cube root of 30 ? Ans. 3.107 4- . 

7. What is the cube root of .03 ? 

SuG. Log .03 ="2.477121. Now to divide thi8_by 8, we have to bear in mind 
that the characteristic alone is negative; i. «., 2.477121 = —2 +_.477121, or — 
1.522879. This divided by 3 gives - .507626, or - .507626 = 1.492374, But 
a more convenient method of effecting this division is to write for the — 2, 
— 3 +_1, whence we have for ^.477121, — 3 + 1.477121, which divided by 3 
gives 1.492874, nearly. 

8. Divide 31261453 by 2, by 4, by 5. Last qmtient, 1.4522906. 

9. What is the 4th root of .00000081 ? Ans. .()3. 
10. What is the 7th root of 0.005846? Ans. .4797. 



1. If 28.035 : 3.2781 : : 3114.27 : x, what logarithmic operations * 
will find X ? 

Sno. The logarithm of the product of the means is the sum of their loga- 
rithms; and the logarithm of the quotient of this product divided by the first 
extreme, is the logarithm of said product minus the logarithm of the other 
extreme. .-. log x = log 8.2781 + log 811427 - log 28.035 = 0.515622 + 3.493356 
- 1.447700 = 2.561278. Hence, z = 364.1478 + . 

2. Given 72.34 : 2.519 : : 357.48 : a;, to find x, by logarithms. 

X = 12.44.8. 

3. Given 6853 : 489" : : 38750 : a?, to find a?, by logarithms. 

x = 2765. 
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8uo. The most elegant way to solve such propositions by loganthms is to 
take tbe sum of the logarithms of the means and the a. c. of the given extreme, 
and reject 10. The result is log ox. 

4. Given 497 : 1891 : : 376 : x, to find x^ using the a. c. log. 

OPERATioir. log 1891 = 8.276692 

log 376 = 2.575188 
t,c.log 497 = 7.803644 

Sum, less 10 = 3.155524 = log 1430.62. .*. x = 1430.62. 
[Note. Solve the preceding in a similar manner, by using a. c log.] 



Let the student give the reasons for the following : 

1. Given (|)» -r (A)** == ^> '^^ hdk^e 

2 log 2 = 0.602030 

) log 16 = 0.903090 
a. c. 2 log 3 = 9.045758 
a. c. i log 5 = 9.475773 

Sum, less 20 = 0.026681. .*. x = 1.0638+ . 

2. Given \/| : a; : : (3J)« : v/g«, to find x. 

Logics: 2 log 3 X ilog 2 + Uog 6 + a. c. 2 log 10 + a. c. ilog 5 - 20:= 
1.274039. /.» = 0.1879 + . 

3. Given VTl6 X V'jOTe : (0.0061)' : : x : tjj&x- 

Log a; = I log 115 + i log .016 + i log .82 + a. c } log 1146 + a. c. 2 lq|( 
.0051 - 20 = 2.729701. .'. » = 536.66 +. 



TABLE I. 



coxTAixraia 



LOGARITnilS OF NUMBERS 



Fbom 1 TO 11,000. 



N. 


Log. 


N. 


Log. 


N. 


Log. 


N. 


Log. 


1 
2 
8 

4 
5 

6 
7 
8 
9 
10 


o*oooooo 
o<3oio3o 
0.477121 
o*6o2o6o 
0*698970 


26 
27 
23 
29 
80 


1*414973 
1.431 364 
1*4471 58 
I '462398 
1*477121 


61 
52 
68 
64 
55 


1*707570 
1*716003 
1.724276 
1*732394 
I '740363 


76 
77 
78 
79 
80 


1*880814 
1-886491 
1-893095 
1-897637 
1*903090 


o»778i5i 
0-845098 
0*903090 
0*954243 
I. 000000 


81 
82 
83 
84 
80 
1 


I •491362 
I '505150 
I*5i85i4 
I* 53 1470 
1*544068 


66 

67 
68 
69 
60 


1-748188 
1.753875 
f* 763428 
1*770852 
1*778151 


81 
82 
83 
84 
85 


I -908485 

I*9i38i4 
1*919078 
1*934379 
1*939419 


11 
12 
13 
14 
15 


I*o4i3o3 
I •079181 
1*113943 
1*146138 
1*176091 


86 
87 
88 
89 
40 


1 -556303 
1*568202 
1.579784 
I. 591065 
I •602060 


61 
62 
63 
64 
65 


I* 785330 
1*792392 
1*799341 
1*806180 
1*812913 


86 
87 
88 
89 
90 


1*934498 
1*939510 
1*944483 
I * 949390 
I .954343 


IG 
17 
18 
19 
20 


I •3041 20 
1 * 230440 

1*255273 

1*278754 
I*3oio3o 


41 
43 
48 
44 
45 


1-612784 
1-633349 
1*633468 
1*643453 
1*65321.3 


66 
67 
68 
69 
70 


1*819544 
1*826075 
I '832509 
1*838849 
1-845098 


91 
92 
t3 
94 
95 


1*959041 
1*963788 
I -968483 
1 •9731 38 
1*977734 


21 
22 
2=3 
24 
25 


I*3232fO 

1*342423 
1*361728 
i*3Su2ii 
1*397940 


46 
47 
43 
49 
50 


1-662758 
1*672098 
1*681241 
1-690196 
1*698970 


71 
72 
73 
74 
75 


i*85i358 
1*857333 
1*863333 
1-869333 
1-870061 


96 
97 
98 
99 
100 


1*983371 
1-986772 
1*991326 
1 -995635 
3-000000 



Remark. — ^In the following Table, the fir^t two figvren^ in the first column of 
Logarithms, are to be prefixed to each of the numbers, in the same horizontal 
line, in the next nine columns; but when a point (*) occurs, a is to be put 
in its place, and the two initial figure are to be taken from the next line below. 



12 



i/xiAcirnMS OF ncsibess. 



17. 





1 

1 


2 


8 


4 


6 

2166 
6466 

•724 
4940 
9116 

3252 

7350 

1408 
5430 
9414 


8 


7 


8 


9 


D. 


100 
101 
108 
103 
104 
105 
106 
107 
108 
109 


oooooo 
4321 
86oo 

012837 
7o3i 

021189 
53o6 
0384 

033424 
7426 


0434 
47^1 
9026 
3259 
745i 
i6o3 
5715 

7825 


0868 
5i8i 
0451 
368o 
7868 
2016 
6125 
•195 
4227 
8233 


i3oi 
5609 
9876 
4100 
8284 
2428 
6J33 
•600 
4628 
8620 

3576 
6495 
•3«k> 
433o 
8046 
1829 
558o 
9298 
2985 
6640 


1734 
6o38 
•3oo 
4521 
8700 
2841 
6942 
1004 
6029 
9017 


2598 
6894 
1147 
536o 
9532 
3664 

7767 
1^12 

583o 

9811 


3029 
7321 
1570 

5779 
9947 
4075 

8164 
2216 
623o 
•207 


3461 
7748 
1993 
6197 
•36i 
4486 
8571 
2619 
6629 
•603 


3891 

8174 
341 5 
6616 

4896 
8978 

302l 

7028 

•998 


432 
428 

424 
419 
416 
413 

408 
404 

400 

396 

393 

389 

386 
383 

l]t 

372 
363 


110 
111 
112 
118 
114 
115 
116 
117 
118 
119 


041393 
5323 
9218 

053078 
6oo5 

060608 
4468 
8186 

071882 
5547 


1787 

9000 
3463 

7266 
1075 
4833 
8557 

225o 
5912 

o543 

^144 
6716 

•258 
3773 

7"7 

0715 
4146 
7540 
0926 

4277 
7603 

0903 

4178 

o655 

3858 
7037 

•194 
3327 

6438 
9527 
9594 
5640 
8664 
1667 
465o 
7613 
o555 
3478 


2183 
oio5 

3»46 
7666 
1453 
5206 
8928 

2017 
6276 


•766 
46i3 
8426 
2206 
5953 

3352 
7004 


3362 

4996 

&8o5 

2582 

6326 
••38 
3718 
7368 


3755 

7664 
1533 
5378 
9185 
2968 
6699 
•407 
4o85 
773i 


4148 
8o53 

1924 

S760 
9^63 
3333 
7071 
•776 
4431 
8094 


4540 
8443 
3309 
6143 
9943 
3700 
7443 
1145 
4816 

8457 


4932 

8bJo 
2694 
6524 

•320 

4o83 
7bi5 

i5i4 
5182 
8819 


120 
121 
122 
128 
124 
125 
126 
127 
128 
119 

180 
131 
182 
188 
184 
185 
186 
187 
188 
139 

140 
141 
142 
148 
144 
145 
146 
147 
US 
149 


079181 

082785 
636o 
0905 

093422 
6qio 

100^71 
38o4 
7210 

1 10690 


7071 
•611 
4133 
7604 
1069 
4487 
7888 

1263 

4611 
7934 

I33l 

45o4 
7753 

0977 

% 

•5o8 
3639 

6748 

9S35 
3(;oo 
6943 
896S 
1967 
494J 

0648 
3769 


•266 

386i 

7426 

•963 

4471 

79^i 
1403 

4828 

8227 

1599 

4944 
8265 
i56o 
483o 
8076 
1298 
4496 
7671 
•822 
3951 


•636 
4319 

l3i5 
4830 
8298 

1747 
5169 

8365 
1934 

5278 
8695 
i8b8 
5i56 
8399 
1619 

4814 

ii36 
4263 


'4 

81 36 
1667 
5169 

8644 
2091 
55io 
8903 
2270 

56ii 
8926 
3216 
6481 
8723 

J?3? 
83o3 
14^0 

4574 


i347 
4934 

8490 
3018 

55i8 

8900 

3434 
5851 

9241 
36o5 


1707- 

5391 

8845 

3370 

5866 

9335 

2777 
6191 

9579 
3940 


3067 
5647 

9'9S 
2721 

6215 

0681 

3m9 

6531 

r4 

6608 
3198 

6456 
9690 
3900 
6086 

9349 
3389 

5507 


3436 
6004 
o553 
3071 
6563 
••26 
3463 
6871 
•253 
3609 

6940 
•345 
3525 
6781 
••13 
3219 
64o3 

9664 
3703 

56ia 

89ir 

198a 
5o3a 
8o6t 
1068 
4o55 
7023 
9968 
2«95 
58oa 


36o 
357 
355 
35i 

349 
346 
343 
340 
338 
335 


113943 

7271 

120574 

3852 

nioS 

i3o334 
3539 
6721 

i4^oi5 


5943 
9266 

2344 

58o6 
9045 
2260 
6451 
8618 
1763 
4885 


6276 
9586 
9871 
6!3i 
9368 
258o 
5769 
8934 
3076 
5196 


333 
33o 
328 
325 
323 
3ii 
3i8 
3i5 

3i4 
3ii 


146128 

152288 
5336 
83^3 

i6i3od 
4353 

73i7 

170263 

3i86 


7o58 
•143 
32o5 
6346 
9266 
3266 

5244 
8203 
1141 
4o6p 


7367 
•449 
35io 
6549 
9667 
2564 
6541 
8407 
1434 
435i 


3Si5 
6853 
9868 
2863 
5838 

8792 
1726 

4641 


7985 
io63 
4120 
7i54 
•168 
3i6i 
6134 
9086 
2019 

4931 


8304 
1370 

4434 

7457 
•469 
3460 
6430 
9380 

33 It 

5333 


86o3 
1676 
4728 
7759 

6726 

9674 
26o3 
55i3 


309 
3o7 
3o5 
3o3 
3oi 

299 
39] 
395 
393 
391 

389 

385 
383^ 
381 

375 
378 
376 
974 
272 


150 
151 
152 
158 
154 
155 
156 
157 
158 
159 


176091 

0^277 

181844 

4691 

7521 

190333 

3i25 

201397 


6381 

9264 
2120 

^? 

0612 
3403 
6176 
8o33 
1670 


6670 
9553 
24i5 
5259 
8084 
0893 
368i 
6453 
9306 
1943 


2700 
5543 
8366 

1171 

3959 

6739 
9481 
2216 


7248 
•126 
3985 
5825 

8647 
i45i 
4237 
7oo5 

3488 


7536 
•4i3 
3270 
6108 
8928 
1730 
4614 
7281 
••29 
3761 


7835 

35?? 
6391 
9209 
2010 
4792 
75d6 
•3o3 
3o33 


81 13 

•985 

3839 

6674 
9400 
3389 
5069 

7833 
•577 
,V1o5 


8401 
1373 
4133 
6956 

5346 
8107 

•85o 
3577 


8689 
i5^ 
4407 

7239 
••51 

3846 
5623 

8382 

1134 

3848 


N. 





1 


S 


8 


4 


6 


6 


7 


8 


9 


D. 
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■' N. 





1 


2 


8 


4 


5 


6 


7 


8 


9 


D. 


160 


104120 


4391 


4663 


4934 
76J4' 
•319 
2986 


5204 


5475 


5746 


6016 


6286 


6556 


^271 


' 161 
' 162 


6826 

95i5 


97W 


7365 
••51 


7904 
•386 


8173 

•853 


844t 
1121 


8710 
i388 


^t 


9^47 
1921 

4579 


269 

267 


• 168 


ii2i88 


2454 


2720 
5373 


3252 


35i9 


3783 


4049 


43f4 


266 


164 


4B44 


5109 


5633 


5902 
8536 


6166 


643o 6694 


%l 


7221 


264 


165 


7484 


7147 


8010 


8273 


8798 


9060 9323 


9846 


262 


166 


i20lo8 


0370 


o63i 


0892 


Ii53 


I4i4 1675 1 1936 \ 


3196 


2456 


261 


167 


2716 
53oo 


2976 


3236 


3496 


3755 
6342 


4oi5 


4374 


4533 


4793 

7372 


5o5i 


25? 


168 


5368 


5826 


6084 


6600 


6858 


7ii5 


763o 


169 


7887 


8144 


8400 


8657 


8913 
1470 


9170 
1724 


9426 

>979 
4517 


9682 


9938 


•193 


256 


170 


230440 


0704 


0960 
35o4 


I2l5 


2234 


2468 


3742 


254 


171 


2006 


3250 


3757 


4oti 


4264 


4770 


5o23 


5376 


253 


173 


5528 


5781 


6o33 


6283 


6537 


6789 


7041 


7292 


7544 


7795 
•3oo 


252 


178 


8046 


8297 


8548 


8799 


ra 


9299 


q55o 


9800 


••50 


25o 


174 


340349 
3o38 


tiu 


1048 


1297 


1790 


2044 


2293 


2541 


2790 


112 


176 


3534 


37«a 


4o3o 


4277 


4525 


4773 
7237 


5019 


5266 


176 


55i3 


5759 


6006 


6252 


SI 


6745 


6991 


7482 


•7733 


246 


177 
17S 


7973 
25o430 


8219 
0664 


8464 
0908 
3338 


8709 
Ii5i 


V.t 


9443 

i88g 


9687 

2125 


3^3 


•176 
2610 


245 
243 


179 


2653 


3096 


358o 

8^ 
0787 


3822 


4064 


43o6 


4548 


4790 


5o3i 


242x 

241 
239 
23J 


180 
181 


255273 
7679 


5514 

OJIO 


5755 
8i58 


6937 

8637 


8877 
1 26 J 


6718 
9116 


6958 
9J55 


7198 
9594 


'^ 


183 


260071 
245 1 


0548 


1025 


l5oi 


1739 


4J46 


2214 


183 


2688 


3925 


3i62 


i?2? 


3636 


3873 
6232 


4109 


4582 


237 

?35 


1S4 


4818 


5o54 


5290 


5525 


8344 


6467 


6702 


6937 


185 


vn 


7406 


7641 


7875 


8110 


8578 


8812 


9046 


9279 


23 i 


1S6 


95i3 


9746 


9080 


•2l3 


•446 


•679 


•912 


1144 


'^ 


1609 


233 


187 


271842 


2074 


23o6 


2538 


2''70 


3ooi 


3233 


3464 


3927 


232 


1S8 


41 58 


4389 


4620 


4830 


5o8i 


53! 1 


5542 


5772 


6002 


6332 


23o 


1S9 
IVO 


6462 


6692 


6921 


7i5i 


7380 


7609 
9895 


7838 

•123 


8067 


8296 

•578 


8523 

•806 


229 
228 


281033 


8982 


9211 


943) 


9667 


•35i 


191 


1261 


1488 


1713 


1942 


2169 


2396 
4656 


2622 


2849 


3075 


227 
226 


192 


33ot 


3527 


3753 


3979 


42o5 


443i 


48S2 


5107 


5332 


1»3 


5557 


578a 


6007 


6232 


6456 


66S1 


690} 


7i3o 


7354 


7578 


225 


194 


^^i 


8026 


8249 


8473 


8696 


8920 


9143 


9366 


?^?? 


9812 


223 


195 


290035 


0237 

2478 

46^7 


0480 


0702 


0^5 


"47 

3363 


1369 


1691 


2o34 


232 


196 


2256 


2699 


2920 


3i4i 


3584 


38o4 


4025 


4246 


221 


197 


4466 


4907 


5127 
732i 


5347 


5567 


5787 


6007 
819I 


6226 


6446 


220 


198 


6665 


68S4 


7»o4 


7542 


7761 


79:9 


8416 


8635 


210 
218 

217 
216 


199 
200 


8853 


9071 
1247 


9289 
1464 


9507 


9725 


99-i3 


•161 


•378 
2547 

4706 

6854 
8991 


•595 


•81 3 


3ofo3o 


1681 


1898 


aii4 


933 1 


2764 


2980 


201 


3196 


3412 


3623 


3844 


4059 


4275 


4491 


4931 


5i36 


202 
203 


5331 


5566 
7710 


5781 
7934 


^ 


6211 
835i 


6425 
8564 


6639 

8778 


7068 
9204 


7282 
94t7 


2l5 
2l3 


204 


9«43 


••56 


•268 


•481 


•693 


•906 


1118 


i33o 


1 543 


212 


205 


311754 
3867 


1966 


4269 


2389 


2600 


2812 


3o23 


3234 


3445 


3656 


211 


206 


4018 
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3246 


3447 
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385o 
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4253 
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4454 
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4856 
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5458 


5658 


5859 
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8o58 


6260 
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6460 


6660 


6860 


7060 


7260 


7459 
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7838 
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43oi 
6217 
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4785 

6744 
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4493 
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4981 
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2761 
4683 
6390 
83o6 
•404 


3212 
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9083 
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4876 

6790 
8696 
•593 
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7330 

9278 
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3147 
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6981 
8886 
•783 

2671 
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6423 
8287 
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3664 
7488 
9306 
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7523 

9472 
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3339 
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5766 
7720 
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3332 
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3963 
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9436 
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4748 
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4627 
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1437 
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4176 
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9772 
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3464 
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8943 

0734 
2537 
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7306 
9134 


3S39 

4739 
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6029 

7832 
9668 


3236 
5ii3 
6983 
8843 
•698 

3344 
4382 
6212 
8o34 
9849 


3424 
53oi 

71^9 
9o3o 

•883 

3728 

4363 

6394 

8216 
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:i 
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184 
184 

i83 

183 
181 


240 
241 
242 
248 
244 
245 
246 
247 
24S 
249 


380211 
2017 
38i5 
56o6 
7390 
9166 

390935 
2607 

4452 

6199 


0573 
2377 
4174 
5964 
7746 
9320 
1288 
3048 
4802 
6348 

8287 
••20 
1743 

3464 
5176 

6881 

8579 
•271 
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3633 

3307 
6973 
8633 
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3574 
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3400 
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3301 
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5070 
6836 

8634 
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3926 
3676 

7419 
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7034 
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•382 
2343 
4101 
385o 
7392 

9328 
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2777 
4492 

6199 

1283 
2964 
4639 


1837 
3636 
5428 
7212 
8989 
•759 
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4?77 
6025 

7766 
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176 
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174 


250 
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258 
254 
255 
256 
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259 


397940 
9674 
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3l2I 

4834 
6540 
8240 
9933 
411620 
33oo 


8114 

3292 
5oo3 
6710 
8410 
•102 
1788 
3467 


8461 
•192 

3346 
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8749 
•440 

2124 
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8981 
•711 

2433 
4149 

3838 
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9237 
•946 
2629 
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•863 
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4320 
6029 
7731 
9426 

1114 

2796 

.4472 
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7804 
9460 
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6674 
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•236 
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8964 
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7638 
9295 
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7486 
9106 
•720 
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2918 
4553 
6186 
7811 
9429 
1042 


.6474 
8i33 

9791 
1439 
3082 
4718 
6340 

7973 
9591 
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4409 
6004 
7592 
9175 
•752 

2323 

3889 

3440 
7003 
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i63 
i63 
164 
164 
i63 
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162 
161 


270 
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£72 
278 
274 
275 
276 
277 
278 
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9333 
440909 
2480 
4045 
56o4 


i523 
3i3o 

6322 

7909 
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2637 
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i683 
3290 
4888 
6481 
8067 
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2793 
4337 
5913 
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3048 
6640 
8226 
9806 
i38i 
2950 
43i3 
6071 
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36io 
5207 

83^4 

3io6 
4660 
6226- 


2167 
3770 
5367 

8342 

•122 
1693 
3263 
4823 
6382 


2328 

3930 

3626 

7116 
8701 

•279 
1832 

3419 
49BI 

6537' 


2498 
4090 
5685 
7273 
6859 
•437 
2009 
3576 
5i37 
6692 


2649 
4249 
3844 
7433 
9017 
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3732 
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6848 
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280 

2Sl 

232. 

233 

284 

285 

£S« 

2S7 

£83 

289 


447158 
8706 

450249 
1786 
33i8 
4845 
63a6 
7882 
93q3 

46089S 


73i3 
8861 
o4o3 
1940 
3471 

8o33 
9543 

104B 


7468 
9015 
o557 
309J 

3634 
5i5o 
6670 
8184 
9694 
1198 


7623 
9170 
0711 
2247 

53o2 
6821 
8336 
9845 
1348 


7778 
9324 
o865 
2400 
3930 
5454 

9995 
1499 


7933 

9473 
1018 
3553 
4083 
56o6 
7133 
8638 
•146 
1049 

3146 
4639 
6136 
7608 
9085 
•55] 

2023 

348f 

4o44 
6397 


8088 
9O33 
1172 
2706 
4235 
5753 
7276 
6789 
•296 
1799 


8343 

'ilU 

38.59 
4387 
5910 
7438 
8940 
•447 
1948 


8397 

9941 

1479 
3oi2 

4540 

6062 

7579 

9091 

•397 

2098 


85j2 
••93 
i633 
3i63 
4693 
6214 
7731 
9243 
•743 
2243 


1 ^-^ 

1 54 

1 %.* J 

1 •■'J 

132 
. c^ 

i5i 
I .ii < 
i5o 




200 
291 
2'ji 
2'j3 

21)5 
29(J 
297 
293 
299 


463393 

3893 
53o3 
6868 

8347 
•9833 

47139a 
2706 
4ai6 
6671 


2548 
4043 
5333 
7016 
8495 

3903 

4J63 
58i6 


2697 

4191 
568o 

7164 

8643 

•116 

1 585 

3049 

45o8 

6962 


2847 
4340 
6829 
•73 12 
6790 
•263 
1732 
3193 
4633 
6107 


2997 

4490 

5977 
7460 

6933 

•410 

1878 

3341 

4799 
6333 


3296 

4788 

6274 
7736 
9233 
•704 
2171 
3633 
6090 
6342 

79S9 
9i3i 

0869 

2333 
3730 

5i53 

65t3 

9396 
•tk)i 


3445 
4936 
6433 
7004 

9d8o 
•85 1 
23i8 

nil 

6687 


3594 
5o83 
6571 
8o52 

2464 
3925 
633 1 
6832 


3744 
5aJ4 
6719 
8200 
9675 

Ji4> 

2610 
4071 
5526 
6976 

8422 
9863 

1209 
273 1 
4157 
5579 
6997 
8410 
9818 
1222 


i5o 

149 

143 

147. 

146 

146 

i4^- 

145 

145 
144 
144 
143 

143 1 
142 

142 i 
141 . 
141 i 

143 

140 

139. 

,39 

\^ • 

■ 33 
137 

.36 ' 




800 
8)1 

802 
803 
801 
805 
806 
807 
803 
809 


477121 
8566 

480007 
1443 
2874 
43 00 
6731 
7i38 
G55i 
9953 


7266 

8711 
0i5i 
1 586 
3oi6 
4442 
5363 
7380 
8692 

••99 


7411 

8653 

0294 
1729 
3iD9 
4583 
6oo5 
7421 
8333 
•239 

1642 
3o4o 
4433 

5822 

7206 
8586 
9962 
i333 
2700 
4o63 


7555 

1872 
33oa 

4727 
6147 

7563 


7700 
9»43 
o583 
3016 

3445 
4S69 
6389 
7704 
9114 

•530 


7844 

9287 

0723 
2159 

3537 
5oii 
6430 
7845 
9255 
•661 

206a 
3458 
485o 
6238 
-7621 

8999 
•374 
1744 
3109 

4471 


8i33 
9575 
1012 

24 i5 
38-2 
5293 

6714 
8127 
9537 
•941 


8278 

V,-I 

2588 
4oi5 
543] 
6853 
8269 

9677 
1081 




810 
811 
813 
813 
814 
815 
816 
817 
8H 
Aid 


491 36a 
2760 
4i55 

5544 
6939 
gJii 

5oio59 
2427 
3791 


|502 

3900 

4294 

5683 
7068 
6448 
9824 
1196 
3564 
3937 


1782 
3i79 
4572 
5960 
7344 
8724 
••99 

1470 

2837 

4199 


33 19 

'8863 
•336 
1607 

4?35 


2301 
3597 

tn 

7759 
9137 

•5ii 
i83o 
3346 
46©7 


3341 

65i5 

7897 
9373 

•643 

2017 

3332 

4743 

6009 
745i 
8790 
•143 
1482 
2818 
4149 
5476 
6800 
8119 


2481 
3.S76 
5267 
6653 
8o33 
9412 
*735 
2 1 54 
35i8 
4878 


2621 
4013 
5406 
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9550 
•923 
2291 
3655 
5oi4 
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822 
823 
824 
825 
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817 
823 
829 
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65o5 
7856 
9303 

5io545 
1883 
33i3 
4548 

5874 
7196 


5386 
6640 

9337 
0679 
2017 
335 1 
4681 
6006 
7338 


5431 
6776 
8126 

9471 
oSi3 

2l5l 

3434 
4813 
6139 
7460 

8777 
••90 

1400 

2705 
4006 
53o4 
6598 

7888 

9n4 

0456 


5557 
6911 
8260 
9606 

0947 
2284 
•3617 
4946 
6271 
7592 


5693 

7046 
8393 
9740 
1081 
2418 
373o 
5079 
64c3 
7724 


5828 
7181 
8530 
9874 

I2l5 
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3883 

52II 

6535 
7855 


5o64 
73i6 
8664 
•••9 

1 349 
3684 
4016 

5344 
6668 

7987 


6234 

7536 

8934 

•277 
1616 
2951 
42S2 
5609 
6932 
825i 


6370 

7721 
9063 
•411 
1750 
3o34 
4414 
5741 
7064 
8332 

9697 
1007 
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36i6 
49i5 
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7501 
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••72 
i35i 


i35 ' 

i33 
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i33 

i33 
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l32 
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830 
831 
832 
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834 
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836 
837 
888 
889 
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9828 

53II38 

2444 
3746 
5o43 
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763o 
69,7 
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8646 

99;9 
1369 

3575 

3876 

5x74 
6469 

7759 
9043 
o333 

1 


8909 
•221 
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2835 
4i36 

5434 
6727 
8016 
9302 
o584 


9040 
•353 
1661 
2966 
4266 
5563 
6856 
8145 
9430 
0713 


9171 
•484 

3096 
4396 

5693 
6985 

8274 
95.:9 
0340 


•9303 
•6i5 
1933 
3226 
4526 

5822 

7114 
8402 

9637 
0968 


9434 

•745 
2o53 
3356 
4656 
5951 
7243 
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9815 
1096 
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9566 
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2i83 
3486 
47S5 
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7372 
8660 
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U2 
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6167 


127 
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6674 
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6180 


63o6 
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6937 


7063 


7189 
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8674 


7441 
6699 
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7693 
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845 


7819 


7945 


8071 


8197 
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8448 


8823 


8931 
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9202 
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9793 


9829 


9934 
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0703 
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3323 
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6544 


6786 


7026 


7146 


7267 
8469 


7387 
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8829 


7748 


7668 


7938 


8108 


b2i8 


8349 


8689 
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862 


8709 


8948 
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9308 


9428 
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9667 
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•604 
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4648 
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86S 


5848 


6966 


6084 
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6437 


6336 
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7967 
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7026 


7144 
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7614 
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8084 
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870 


568202 
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8436 


8664 


8671 
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iio5 
1911 


4685 
55o3 
6320 

7>34 

^759 
9570 
•378 
1186 
1991 


4767 
5585 
6401 
7216 
8029 
8Ht4i 
965 1 
•45o 
1266 
2072 


4849 
5667 

6483 
7297 
8110 
8922 
9732 
•540 

1347 

2l52 

2956 
3759 

456o 
5359 
6157 
6954 

m 

9335 
•126 


4931 
5748 

6564 

7379 
8191 

9003 

9813 

•621 

1428 

2233 


5oi3 
583o 
6646 
7460 
8273 
9084 
9893 
•702 

I308 

23i3 

3117 
3919 
4720 
5519 
6317 
7ii3 
7908 
8701 
9493 
•284 


540 
641 
542 
643 
544 
545 
546 
547 
548 
549 


732394 

3999 
4boo 

5599 

6397 
7103 

it 

9572 


2474 

3278 
4079 
4880 
5670 
6476 
7272 
8067 
8860 
965 1 


2555 
3358 
4160 
4960 
57-9 
6556 
735a 
8146 
8939 
9731 


2635 
3438 
4240 
5o4o 
5838 
6635 
743 1 
8225 
9018 
9810 


2715 
35id 
4320 

5l20 

5918 
6715 
7511 
83o5 
9097 
9869 


2796 
3598 
4400 

5200 

5998 

6795 
7590 

8384 

9«77 
9968 


2876 

3679 
4480 
5270 
6078 
6874 

tl 

9256 

••47 

o836 
1624 
2411 
3196 
3980 
4762 
5343 
6323 
7101 
7878 


3o37 
3839 
4640 
5439 
6237 
7034 
1829 
8622 

9414 

•205 


r>50 

551 
552 
553 
554 
555 
556 
557 
558 
559 


; 740363 
11 52 
1939 
2725 
35io 
4293 
6075 

. 5855 
6634 
7412 


0442 

123o 

2018 
2804 
3588 
4371 
5i53 
5933 
6712 
7489 


05*21 

i3o9 

2096 

2b82 

3667 
4449 

523i 
6011 

6790 
7667 


0600 
i3S8 
2175 
2961 
3745 
4528 
5309 
6089 
6868 
,7645 


0678 
1467 
2254 
3o39 
3S23 
4606 
5387 
6167 
6945 
7722 


0757 
i546 

2332 

3ii8 

3902 

4684 

5465- 

6245 

7023 

7800 

8576 
935o 
•123 
0894 
1664 
2433 

320O 

3966 

473o 
5494 

6256 
7016 
7775 
8533 
9290 
••45 

23o3 
3o53 


0915 
1703 
24K9 
3275 

4o58 
4840 
5621 
6401 

7179 
7935 

8731 
9504 
•277 
1048 
1818 
2586 
3353 
4119 
4883 
5646 


0994 

1782 

2368 

3353 
4i36 

4919 
5699 
6479 
72.'^6 
8o33 

8808 
9582 
•354 

1125 

1895 

2663 
343o 

4195 
4960 
5722 


1073 
i860 
2647 
343 1 
42i5 

4997 
5777 
6556 

7334 
8110 


660 
561 
562 
563 
564 
565 
566 
567 
568 
669 


I 74S188 
8963 
9736 
75o5o8 
IJ79 
2048 
2816 
3583 
4348 

5ll2 


8266 
9040 

9814 
o586 
J 356 

2Ii5 

25^93 
366o' 
4425 
5189 


8343 
9118 

9891 
o663 
1433 
2202 
2970 
3736 
45oi 
5265 

6027 
67S8 
7548 
83o6 
9e63 

i326 

2078 
2829 


8421 

0740 
1610 

2279 
3047 
38i3 
4578 
5341 


8498 
927a 

••45 

0817 

i587 

2356- 

3i23 

3889 

4654 

5417 

6f8o 
6940 
7700 
8453 

9214 

9970 

0724 

1477 
2228 

2978 


8653 
9427 
•200 
0971 

2309 

3277 
4042 

4807 

5570 


8885 
9659 

•43 1 
1202 
1972 
2740 
3306 
4272 
5o36 
5799 

656o 
7320 
8079 
8836 
9592 

•347 
1101 

i853 
3604 
3353 


77 

77 

77 

77 

77 

77 
77 

i 

76 


- 570 
571 
572 
678 
574 
575 
576 
677 
678 
679 


'755875 
6636 
7396 
8i55 
8912 
9668 

760422 
1 176 
1928 
2679 


5951 
6712 

7472 
8230 
8988 
9743 
0498 

I23I 

2oo3 

2754 


6io3 
6S64 
7624 
8382 
9139 
9894 
0649 
1402 
2i53 
2904 


6332 
7092 
7831 
8609 
9366 
•121 
0875 
'1627 
2378 
3i:i8 


6408 
7168 

9441 
•196 
0950 
170a 
2453 
32o3 


6484 
7244 
8oo3 
8761 
9517 
•272 

1023 

1778 
2529 

3278 

8 


76 

76 

73 

75 
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2 


8 
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LOOABTniMS OF NUMBEKS. 



N. 





1 


2 


• 8 


4 


6 





7 


8 


9 


D. 


580 
SSI 
582 
583 
584 
585 
536 
587 
588 
589 


763418 
4176 
4923 
6669 
64iJ 
7i56 

m 

770115 


35o3 

4231 

4998 
5743 

6487 

(^7230 
7972 
8712 
945i 
0189 


3578 
4336 
6072 
58i8 
6562 
73o4 
8046 
8]86 

9325 

0263 


3653 
4400 

5i47 
6893 
66J6 

7379 

8l30 

8860 
9599 
o336 


3727 
4475 

5221 
5966 
6710 
7453 
8194 
8934 
9673 
0410 


38o2 
455o 
6296 
6041 
6785 
7327 
8268 
9008 
•9746 
0484 


3877 
4634 
5370 
6ii5 
6859 
7601 
8343 
9082 
9820 
0557 


3953 

5445 

6iao 

%5 
8416 
91 56 

2^f 


4027 
4774 

5320 
6264 

7007 

7749 
8400 

923o 
9968 
0705 


4101 
4848 
5594 
6338 
7082 
7833 
8564 
93o3 

••43 

0773 


75 
74 
74 
74 
74 
74 
74 
74 

74 
73 

73 
73 

73 

72 


590 
591 
592 
598 
594 
595 
596 
597 
593 
599 


770862 
1 587 

3332 

3o55 
3786 
4517 
5246 

5974 
6701 

7427 


0926 
1661 
2395 
312S 
386o 
4590 
53 19 
6047 
6774 
7499 

8224 
8947 

^ 
0389 

1109 

J827 

2544 
3260 
3975 
4689 

5401 
6112 
6833 
7531 
8239 
8946 
9631 
0356 
1069 
1761 

3463 
3i62 
386o 
4558 
5254 
5949 
6644 
7337 
8039 
8730 

9409 
0008 
0786 

1472 
3i58 
3843 
3535 
43o8 
4889 
5569 


U909 

1734 
3468 

3201 

3933 
4663 
5392 
6120 
6846 
7572 


1073 
1808 

2342 
3274 
4006 

4736 
5465 
6193 
6019 
7644 


1146 
1881 

361 5 
3348 
4079 
4800 
5538 
6265 
6992 

7717 


1220 
1955 
2688 
3421 

4132 
4882 

56io 
6338 
7064 
7789 


1293 

2038 
3763 

3494 
4333 
4955 
5683 
6411 
7137 
7863 

8585 
9308 
••39 
0749 
1468 
3186 
3902 
36i8 
4332 
5o45 

5757 
6467 

7»77 
7885 

8593 
9299 
•••4 

0707 
1410 
2111 

2812 
35ii 
4209 
4906 
56o3 

6397 
6990 

76«3 
8374 
9063 

9754 
044? 
1129 
i8i5 
25oo 
3i84 
3867 
4548 
5239 
5908 


1 367 

3102 

3835 
3567 
4298 
5o38 
5756 
6483 
7209 
7934 

8658 
9380 
•101 
0831 
i54o 

3358 

2974 
3680 

440J 
3116 


1440 
2175 
2908 
3640 
4371 
5ioo 
5829 
6556 
7282 
8006 


i5i4 
3348 
39S1 
3713 

4444 
5173 
5903 
6629 
7354 
8079 

8803 

9534 
•343 
0963 
1684 
3401 
3ii7 
3333 
4546 
5359 


600 
601 
602 
608 
604 
60.) 
606 
607 
608 
609 


778151 
8874 
9596 

780317 
io37 
1755 
2473 
3189 
3904 
4617 


8296 
9019 

9741 
0461 
1181 
1899 
2616 
3332 
4046 
4760 


8368 
9091 
9813 
0333 
1253 
1 97 1 
26»8 
34o3 
411S 
483 1 

5543 
6354 
6964 
7673 
8381 
9087 
9797 
0496 
1199 
1901 


8441 
9163 
9883 
o6o5 
i324 
2042 

3473 
4189 
4902 


85i3 
9336 

99^7 

.0677 

1396 

2114 
283 1 
3546 
4261 
4974 


8730 
9452 
•173 
0893 
1612 
2329 
3046 
3761 
4475 
5187 


72 
72 

72 
72 
72 

72 
V 
V 
V 

7« 

V 

71 

7* 

V 

7i 
70 

70 

70 

70 


610 
611 
6.2 
618 
614 
615 
616 
617 
618 
619 


785330 
6041 
6751 
7460 
8168 
8875 
9581 

790285 
0988 
1691 


5472 
6i83 
6893 
7602 
83io 
9016 
9722 
0426 
1139 
l83i 


56i5 
6325 
7035 

8451 
9137 
9S63 
0367 
1269 
1971 


5686 
6396 
7106 
7815 

8522 

9228 

9933 
O0J7 
1 340 

204 i 

3743 
3441 
4139 

4836 
5533 
6337 
6931 

7614 
83o5 
8996 

9685 
0373 
1061 

1747 
2432 
3ii6 

3798 
4480 
5i6i 
5841 


5828 
6538 
7248 

2261 
9369 

••74 
0778 
1480 
2181 

2882 
3581 
4279 

4976 
6672 
6366 
7060 
7752 
8443 
9«34 


6609 

8734 
9440 
•144 
0848 

i55o 

2252 

2952 
365i 

4349 
5o43 

5741 
6436 
7129 
7821 
85i3 
9203 


8804 
9610 

•2l5 

0918 
1630 

2333 


620 
621 
622 
623 
624 
625 
626 
627 
6'i8 
629 


793392 
3092 

'S 

5i85 
588o 

6574 

7261 


2532 

333i 
3930 
4637 
5334 
6019 
6713 
•7406 

8789 


2602 
33oi 
4000 
4697 
5393 
6o«8 
6782 

7475 
8167 
8858 


2672 
3371 
4070 

4767 

5463 
6158- 
6852 
7545 
8336 

8927 


3033 
3721 
4418 

5ii5 
58ii 
65o5 

7198 
1890 
8082 
9272 


70 

70 
70 

70 

70 

69 
69 
69 

69 
69 

68 
68 
68 
68 

D. 


630 
631 
602 
633 
634 
6>5 
636 
607 
63S 
639 


799341 
800039 

0717 

1404 
2089 

2774 

3437 
4139 
4821 

55oi 


9478 
o»67 
o854 
i54i 
3326 
3910 

3094 
4376 
4957 
56,37 


0236 
0933 
1609 
2293 
2979 
3662 
4344 

5023 
5705 


9616 
o3o5 
0992 
1678 
2363 

3o47 
3730 
4412 
3093 
5773 


9823 
o5ii 
1198 
1884 
2568 

3252 

3935 
4616 
5297 
5976 


9892 
o58o 
1266 
1952 
2637 
3321 
4oo3 
4685 
5365 
6044 


9961 
0648 
1 335 

3021 
2703 
3389 

4071 
4753 
5433 
6113 


N. 





1 


8 


8 


4 


5 


6 


7 


8 
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N. 





1 


2 


8 


4 


6 


6 


7 


8 


9 


D. 




C40 


806180 


6248 


63i6 


6384 


6451 


65i9 


6587 


6655 


6723 


6790 


68 




C41 
Ci2 


6858 
7535 
8311 


6926 
7603 

8q?? 
9627 


6994 


7061 
7738 


7806 
8481 


7'97 
2?73 
8540 
9233 


7264 
794 « 


7332 
8008 


7400 
8076 


7467 
8143 


68 
68 


1 


043 


8414 


8616 


8684 


8751 


88i8 


67 




C44 


8886 


9021 


9088 


91 56 


9290 


9358 


9425 


9492 


^ 




645 


9560 


9694 


9762 


9829 


9896 


9964 


••3i 


••98 


•i65 


^ 




646 


810233 


o3oo 


o367 


0434 


o5oi 


0369 


o636 


0703 


0770 


°?^2 


6-T 




647 


0004 
1575 


0971 


1039 


1106 


11-3 


1240 


i3o7 


1374 


1441 


i5o8 


57 


1 


C43 


1&43 


1709 


1776 


1843 


1910 
2579 


1977 


2044 


2111 


2178 


67 


049 


2345 


33l2 


2379 


2445 


25l2 


2646 


3713 


2780 


2847 


67 

?7 


650 


812913 


39«o 


3o47 


3ii4 


3i8i 


3247 


33 14 


338 1 


3448 


35i4 




651 


3j8i 


3648 


3714 


3781 


3848 


3914 
43b I 


39S1 
4647 


4048 


4114 


4181 


67 




652 


4248 


43i4 


438i 


4447 
5ii3 


45i4 


4714 


4780 


4847 


67 


. 


6u3 


49>3 

5578 


4980 


5046 


584? 


5246 


53i2 


5378 


5445 


53i! 


66 




654 


5644 


571 1 
6374 


5777 


5910 


5976 


6043 


6109 


6175 


66 




655 


6241 


63o8 


6440 


65o6 


6573 


6639 


6705 


6771 


6838 


66 




656 


6ooi 
7365 
8226 


6970 


7o36 


7102 


71^.9 


7235 


7301 


803d 


7433 

8094 
8764 


7499 


66 




6J7 


7631 
8292 


83^8 


7764 


7830 


7896 
8556 


7962 
8622 


8160 


66 




058 


8424 


8490 


8688 


6820 


66 




659 


8885 


8931 


9017 


9083 


9149 


9215 


9281 


9346 


9412 


9478 


66 




600 


819544. 


9610 


96^6 


9741 


9P07 


9R73 


9939 


•••4 


••70 


•i36 


66 




cai 


820201 


0267 


o333 


0J99 


0464 


0:^30 


03o3 
1231 


0661 


0727 


0792 


66 




CC3 


o858 


0924 


!& 


IOJ3 


1120 


1186 


i3i7 


l3o2 


I4-.3 


66 




603 


i5i4 


i579 

2233 


1710 

2364 


1775 


1841 


1906 
2^60 


1972 


2037 


2io3 


65 




6G4 


2168 


2299 
2932 


2^:30 


2495 


3^26 


2691 


27^6 


65 




6G> 


3823 


2887 


3oi8 


3o 3 


3i48 


32l3 


3219 


3341 


3409 


65 




6C6 


3474 


3539 


36o5 


3670 


3735 


3Soo 


3.65 


3930 

453i 


3f)96 


M06I 


65 




007 


4126 


4191 


4256 


4321 


43 6 


445i 


45i6 


4646 


4711 


65 




COS 


4776 


4841 


4oo6 


4971 


5c 36 


5ioi 


5i66 


523i 


5296 


536i 


65 




009 


5426 


5491 


5556 


5621 


56b6 


5751 


58i5 
6464 


58do 


5945 


6010 


65 




070 


826075 


6140 


6204 


6269 


6334 


6399 


6528 


6593 


6653 


65 




071 


6723 


6787 


6852 


6017 


69H1 


7046 


7111 


7175 


7240 


73t)5 


65 




072 
073 


8015 


7434 
8080 


7499 
8144 


7563 
8209 
8S53 


7623 
8273 


7^02 

1333 


•'757 
8402 


7S21 
8467 


7S..6 
bj3i 


705i 
8395 


65 
64 




074 


8660 


8724 


87^9 


8918 
9561 


89f]2 


9046 


9111 


9175 


64 




075 


9304 


9368 


9432 


94q7 


9625 


9690 


9754 


9818 


98S2 


64 




076 


83^89 


••11 


••75 


•i39 


•20$ 


•2C8 


•332 


•J96 


•460 


•525 


64 




077 


0653 


0717 
i358 


0781 


08 i 5 


0009 
iC.o 


0973 


1037 


1102 


1166 


64 




678 


I230 


1294 
1934 


1422 


14S6 


1614 


1678 


1742 


1G06 


64 




679 


1870 


199S 


2062 


2126 


21S9 

2828 


2253 


23i7 


23Jl 


2445 


64 




680 


832309 


2573 


2637 


2700 


2764 


;^92 


?9'^ 


3020 


3o63 


64 




6*^1 


3i47 


32II 


3273 


3333 


3402 


3466 


3.3o 


3J93 
42J0 


3657 


3721 


64 




683 


3784 


3848 


3912 


3975 


4039 

4675 


4io3 


4166 


4294 


4357 


64 




6SS 


4421 


4484 


4548 


461 i 


4739 
5373 


4802 


4S66 


Zl 


4993 


64 




684 


5o56 


5|20 


5i83 


5247 


53io 


5437 


5300 


5627 


63 




685 


5691 


5754 
6387 


5317 


5881 


5944 
6577 


6007 


6071 


6i34 


6197 


6261 


63 




€89 


6324 


645 1 


65i4 


6641 


6704 


6767 


683o 


6894 


63 




€87 


8219 


7020 


70S3 


7146 


7210 


7273 


7336 


8o?2 


7462 


7525 


63 




688 


7652 
8282 


7715 
8345 


7778 


7841 
8471 


7904 
8334 


7967 


8093 


8i56 


63 




6SU 


8408 


8097 


8660 


8723 


8786 


63 




600 


1 83S849 


80 r2 
9541 


8975 


9o38 


9101 


9164 


9227 


9280 
9918 


9332 


94i5 


63 




691 


9478 


9604 


9667 


9729 


9792 


9855 


9981 


••43 


63 




692 


840106 


0169 


0232 


0294 


0357 


0420 


0482 


0345 


0608 


0671 


63 




693 


0733 


0796 


o859 


0931 


0984 


1046 


1109 


1172 


1234 


1297 


63 




694 


1359 


1422 


1485 


1347 


1610 


1672 


1735 


1797 


1S60 


1922 


63 




695 


1983 


2047 


2110 


2172 


25^35 


2297 


236o 


2423 


2484 


2347 


62 




606 


3609 


2672 


2i34 


2796 


2839 


2921 


29^3 3046 


3io8 


3170 


62 




607 


3233 


3295 


3357 


3; 20 


34S2 


3J4i 


36o6 


3669 


3731 


379} 


62 




69S 


3S55 


3918 


3o8o 
4601 


4042 


4104 


4K.6 


4229 


429! 


4333 


440 


63 




699 


4477 


4^39 


4664 
8 


4726 


4-83 


4^30 


491a 


4974 


5oj6 


63 




N. 





1 


2 


4 


5 


6 


7 


8 


9 
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5904 
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7202 
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7264 
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3698 
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4913 
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2341 

3i5o 
4367 

6i85 
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1992 
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3820 
4428 
5o34 
5640 
6245 
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1443 

2033 

3663 
3272 
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4488 
5095 
5701 
63o6 
6910 


i5o3 

2114 

3724 
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3941 

4549 
5i56 
5761 
6366 
6970 
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3175 
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3394 
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4610 
53i6 
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6427 
703 1 
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3846 
3455 

4063 
4670 
6277 
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1686 
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2907 
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4124 
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5337 
5943 
6548 
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1747 
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2968 
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61 
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9i38 
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0937 
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2728 
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8397 
9198 
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0096 

1394 
2191 
2787 


7453 
8o36 
86i7 
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9S59 
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1 654 
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8116 
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9318 
9Q18 
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1714 
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3906 


7574 
8176 
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9379 

9978 
0378 
1176 
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8833 
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0637 
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1833 
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3o23 


7694 

8297 
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••98 

0697 

1295 
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2489 
3o85 
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8337 
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3i44 
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9018 
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863323 
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5696 
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6878 

8o56 
8644 


3382 

3977 
4370 

5i63 

5755 

6346 
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8703 
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4o36 
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5222 
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6405 
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8174 
8762 
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4096 
4689 
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6465 
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7644 
8233 
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4743 
5341 
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4214 
4808 
5400 
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7173 
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4285 
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5474 
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275? 
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4455 
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4623 
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1841 
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4113 
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••86 
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:\u 

1J14 
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4482 
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6692 
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3984 
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6747 
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4648 

5201 

5734 
63 06 
6857 
7407 


2484 

3o4o 
3595 
4i5o 

4704 
6257 
5809 
636i 
6912 
7462 


2540" 
3096 
3631 
42o5 

4759 
53i2 

5S64 
6416 
6067 
7517 


2595 
3i5i 
3706 
4261 

4814 
5367 
5920 

6471 
7022 

7572 


56 
C6 
56 
55 
55 
55 
55 
55 
55 
55 


790 
791 
792 
793 
794 
705 
706 
707 
703 
7'J9 


X2 

8725 
9273 
9821 
900367 
0913 
14:8 

2003 

2547 


7682 
823i 
8780 
9323 
9S75 
0422 
,0963 
i5i3 
2057 
2601 


8835 
9383 
9930 
0476 

1022 

1 567 
2112 

2655 


7792 
834i 
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9492 
••39 
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••94 
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2275 
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9602 
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0693 
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2873 
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23^4 
2927 
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0804 

1349 
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2438 
29S1 


8122 
8670 
9218 
9766 

•3l2 

0859 
1404 
1943 
2492 
3o36 


55 
55 
55 
53 
55 
55 
55 
54 
54 
54 


800 
801 
802 
803 
804 
803 
806 
807 
808 
809 


903090 
3633 
4174 
47 «6 
52C6 
5796 
6335 
6874 
7411 
7949 


3i44 
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6339 
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3741 
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4337 
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3904 
4445 
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6604 
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8217 


3416 
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3470 
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5634 
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6712 
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5i48 
5688 
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7841 
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4661 

5202 

5742 
6281 
6820 
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9555 
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2753 
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3337 
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0731 
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9716 

025 1 

0784 
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2913 
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o838 
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2435 
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3496 


8753 
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1424 
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9342 
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3072 
36o2 
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0464 
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3655 


8914 
9449 
9984 
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53 
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53 
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53 


8!i7 
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52 
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52 
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52 
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9183 


9235 
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9392 
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9496 
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52 
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9914 
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52 


832 
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0280 
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o3b4 


0436 


0489 
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0393 


52 


S33 
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0697 


0749 


0801 


0853 


0906 


0958 


1010 


1062 


1114 


52 


834 


1166 


1218 


1270 


l323 


1374 


1426 


1478 


i53o 


i583 


i634 


52 


835 
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1738 
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1843 


1894 
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2o5o 


3102 
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52 


830 


2206 


2258 
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3362 


2414 


2466 


3570 


3632 


2674 


52 


837 


2725 


2777 


2829 

3348 


2881 


3933 


3985 


3o37 


3089 


3i4o 


3192 


52 


83S 


3244 
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3399 


345 1 


33o3 


3555 


3607 


3658 


3710 


52 


830 


3762 
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3865 
4383 


3917 


3969 


4031 


4072 


4124 


4176 


4228 


52 
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4434 


44S6 


4533 


4589 


4641 


4693 


4744 


52 


841 


479^ 


4H48 


i^ 
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5o54 


5io6 


5i57 
5673 


5309 


5261 


52 


842 


53i2 


5364 


5467 


55i8 


5570 
6o85 


5621 


5735 


5776 


52 


843 


5S28 


5879 


5931 
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6o34 


6137 


6188 


6340 


6291 


5i 


844 


6342 


6394 


6445 


6497 


6543 


6600 


665i 


6702 


6754 


68o5 


5i 
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6857 


6908 


695© 

747J 


70H 


7062 


7114 


7165 


7216 


7268 


73i3 


5i 


84ft 


7370 


7422 


7524 


8088 


1627 
8140 


3678 
8191 
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7832 


5i 
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7883 


7935 


^986 
8498 


8037 


8242 


8345 


5i 


84S 


8396 


8447 


8549 


8601 
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88o5 
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9368 


5i 


849 


8908 


8959 


9010 


9061 


9112 


9163 


9215 


9266 


9317 


5i 


850 


929419 


9470 


9521 


9572 
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9614 
•i85 


9725 


9776 
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5i 
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•i34 
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•38o 
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5i 
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930440 
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0745 
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5i 


853 
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1204 
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i3o5 
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5i 
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1814 
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5i 
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3169 
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2322 
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5i 
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2778 


2829 
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5i 
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3o3i 
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5i 
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3538 
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5i 
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5i 
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5o 
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6162 


62 1 2 


6262 


6363 


6413 


6463 


5o 


864 


65i4 


6564 


6614 


6665 


67i5 


6765 


68i5 


6865 


6916 


6966 


5o 


865 


7016 


7066 


7117 


7167 


7217 


7267 


7317 


7367 


7418 


7468 


5o 


866 


75i8 


7568 


i6i8 
rii9 


7668 
8169 


7118 


77^9 


8330 


7869 


7919 


IPo 


5o 


867 


8019 


8069 


8219 


^269 


8370 


8420 


5o 


863 


8520 


8570 


8620 


8^)70 


8730 


8770 


8820 


8870 


8920 


8970 


5o 


869 


9020 


9070 


9120 


9170 


9320 


9270 


9330 


9369 


9419 


9469 


5o 


87) 


939510 
940018 


9569 


9610 

Olid 


9669 


9719 


9769 


9819 


9P69 


9918 


9968 


5o 


671 


0068 


0168 


03l8 


0267 


o3i7 


o367 


0417 


0467 


5o 


872 


o5i6 


o566 


0616 


0666 


OTl6 


0765 


081 5 


o865 


0915 


0964 


5o 


878 


1014 


1064 


1114 


ii63 


I2l3 


1263 


i3i3 


13^2 


1412 


1462 


5o 


874 


i5ii 


i56i 


1611 


1660 


1710 


1760 


1809 


i8f9 


1909 


1958 


5o 


875 


2008 


2o58 


2107 


21 57 


2207 


2256 


23o6 


2355 


24o5 


2455 


5o 


876 


25o4 


2554 


26o3 


2653 


2702 


2752 


2801 


2F.51 


2901 


2950 


5o 


877 


3ooo 


3o49 


3099 


3i48 


3198 


3247 


3297 


3346 


3396 


3445 


49 


878 


3495 


3544 


3593 


3643 


36o2 


3742 


3701 


38.11 


8890 


39^9 


49 


879 


3989 


4o38 


4088 


4137 


4186 


4236 


4285 


4335 


4384 


4433 


49 


N. 


. 


1 


2 


8 


4 


5 


6 


7 


8 


9 



LOOABITBMS OF KUMBKES 



25 



N. 





1 


2 


8 


4 


5 


6 


7 


8 


9 


D. 


880 

831 
882 
883 
884 
835 
886 
837 
833 
839 


944453 

4976 
5469 
5961 
6432 
6943 
7434 
7924 
b4i3 
8902 


4532 
3o23 
63i8 
6016 
65oi 
6992 
74o3 
7073 
8462 
8951 


438 1 

6074 
5367 
6059 
655i 
7041 

7532 

8022 
83ii 
8999 


463 1 
5i24 
56i6 
6108 
6600 
7090 
7561 
8070 
836o 
9048 


4680 
5173 
5665 
6157 
6649 
7«4o 
7630 
8119 
8609 
9097 


4729 

5222 
5715 
6207 
6698 

7ifc9 
7679 
bi68 
8657 
9146 


4779 
5272 

5764 
6256 

6747 
72J8 

7728 
8217 
8706 
9195 


4838 

5331 

58i3 

63o5 

6796 

7287 

7777 
8266 

8755 
9244 


^?^7 

5370 
5862 
6354 
6345 
7336 
7826 
83i5 
8804 
9292 


4927 

5419 
5912 

6403 

6894 

7383 

8853 
9341 


49 
49 
49 
49 
49 
49 
49 
49 
49 
49 


890 

S'ji 
892 
803 
8j4 
895 
S'j6 
8i)7 
8'j3 
899 

900 
901 
902 
903 
904 
905 
906 
907 
908 
i«09 


949390 
9873 

95u303 
oS3i 
1 333 
1823 
33o3 
2792 
3376 
3760 


943o 
9926 

0414 
0900 
i3j6 

1872 
23^6 

2S41 
3323 
38o8 


9488 
9975 
0462 
0949 
I4J>) 
1920 
24o5 

2b39 

3373 
3836 


9536 

••24 
o5ii 
0997 
14^3 
1969 
24j3 
3938 
3421 
3905 


9|85 

o563 
1046 
i532 
2017 

2502 
2986 

3933 


9634 
•121 
0608 
1095 
i58o 
2066 
235o 
3o34 
33i8 
4001 


9683 
•170 
0657 

1I4J 
1629 

2114 
2399 
3oUJ 
3366 

4049 


973 1 
•21Q 
0706 
1192 

1% 

2647 
3i3i 
36i5 
4098 

458o 
5o62 
5343 
6024 
65o5 
6984 
7464 
7942 
8421 
8898 


9780 
•267 
0734 
1240 
1726 
2211 
2696 
3i8o 
3663 
4146 


9820 
•3i6 
o8o3 
12S9 

1773 
2260 

2744 
3228 
3711 
4194 


49 
49 
49 
49 
49 
48 
48 
48 
•48 
48 


954243 

4735 
5207 

5688 
6168 
6649 
7128 

LsZ 

8364 


4291 

62^5 
5736 
6216 
6697 
71-6 
7655 
bi34 
8612 


4339 
4^21 
53o3 

5784 
6265 
6743 

7224 

V,l\ 

8639 


4337 
4869 
633i 
5832 
63i3 
6793 
7272 
7751 
8229 
8707 


4435 
4918 
5399 

5800 
6361 
6840 
7320 

7799 

m 


4484 
4966 

5447 
5928 

6409 

6888 

7368 

m 

88o3 


453^ 

5oi4 
5495 
5976 
6457 
6936 
7416 

8830 


4628 
5iio 
5592 
6072 
6533 
703 2 
7512 

8468 
8946 


til 

5640 
6120 
6601 
7080 

803S 
83i6 
8994 


48 
48 
48 
48 
48 
48 
48 
48 
48 
48 


910 
911 
912 
913 
9U 
915 
916 
917 
913 
919 


959041 
9318 
9995 

960471 
0946 
1421 
1895 
236o 
284J 
33i6 


9080 
9166 
••42 
o5i8 
0994 
1469 
1943 

2417 
2890 

33o3 


9137 

9614 
••90 
o366 
1041 
i3i6 
1990 

2404 
2937 
3410 


9185 
9661 
•i38 
o6i3 
1089 
1 563 
2o3B 

3311 

2985 
3437 


9232 

0661 
ii36 
1611 
2o83 
2359 
3o32 
35o4 


9280 

•233 
0709 
1184 
i638 

2l32 

2606 
3079 

3332 


9338 
9804 
•280 
0706 

I23l 

1706 
3180 

s633 
3126 
3399 


9375 
9832 
•328 
0804 
1279 
1753 
2227 
3701 

3174 
3646 


9423 

2^ 

0831 
i326 
1801 
3275 
2748 

3221 
3693 


9471 
9947 
•423 
0899 

1374 

1848 

2322 

3263 
3741 


48 
48 
48 
48 

47 
47 
47 
47 
47 
47 


920 

921 

922 

923 

92i 

925 

9t>6 

927 

928 

929 


963788 
4260 
4731 

5302 
5673 
6142 
6611 
7080 
7548 
8016 


3335' 
4307 

477« 
5249 
6719 
6189 
6638 

w 

8063 


3882 
4354 
4825 
5296 
5706 
6236 
6705 
7173 
7642 
8109 


3929 
4401 

4872 
5343 
58i3 
6283 
6732 
7220 
7688 
81 56 


3977 
44i8 

5390 
58=30 
6^29 

6759 

7-^67 

-1733 
8;o3 


4024 
4495 
4966 

5437 
5907 
6376 
6845 

7314 

7782 

8249 


4071 
4542 
5oi3 
5484 
5954 
6423 
6^92 
7361 


4118 
4390 
5o6i 
553 1 
6001 
6470 
6939 
7408 
7875 
8343 


4i63 
4637 
5io8 
5578 
6048 
65i7 
6986 
7434 

8390 


4212 
4684 
5i55 
5625 
6095 
6^64 
7033 
7501 

8436 


47 
47 
47 
47 
47 
47 
47 
47 
47 
47 


980 

931 • 

932 

933 

934 

935 

936 

937 

938 

939 


968483 
8950 
9416 

9882 

970347 
0813 
1276 
1740 
2203 
2666 


853o 
8996 
9463 

0393 
0838 

l322 
1786 
2249 
2712 


8576 
9043 
9509 
9975 
0440 
0904 
1 369 
iH32 
2293 
2738 


8623 
9090 
9336 
••21 
0486 
0931 
I4i3 
1879 

2342 

2804 


8670 
9iv<6 
9603 
••68 
o5« 
09^17 

I4/I 
1975 

23:^8 
383i 


8716 
9183 

9649 
•114 

o579 
1044 

130d 

1971 
2434 

2897 


8763 
9229 
9603 
•161 
0626 
1090 

1 534 
3018 
3481 
3943 


8810 
9276 
9742 
•307 
0672 
1137 
1601 
3064 

3327 
2989 


8856 
9323 
9789 

•234 
0719 
ii83 

1647 
2110 

2573 
3o35 


8903 
9369 
983) 
•3oo 
0763 
1229 
1693 

3137 

3619 
3082 


47 
47 
47 
47 
46 
46 
46 
46 
46 
46 


N. 





1 


2 


8 


4 


5 


6 


7 


8 


9 


1>. 
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LOOAETTBUS OF SXmBEBB. 



N. 





1 


2 


8 


4 


5 


6 


7 


8 


9 


D. 


940 
941 
942 
948 
944 
945 
946 
947 
948 
949 


973128 
35oo 
4o5i 
43i2 

4972 
5432 
6891 
63 JO 
6808 
7266 


3i74 

3636 

453J 
5oi8 
5478 

6834 
7312 


3220 
3682 

4143 
4604 

5o64 

5324 

5983 
6442 
6900 

^s58 


3266 
3728 
4189 
465o 
5iio 
5570 
6029 
6488 
6946 
74o3 


33i3 

42i5 
4696 
5i36 
56i6 
6075 
6533 
6992 

7449 


3359 

3826 
4281 
4742 

5202 

5662 
6121 
6579 
7037 
7495 

7952 
8409 
8863 
9321 

9776 

023 1 

0685 
1139 
1592 
2045 


34o5 
3866 
4327 

4788 
5248 

6167 
6623 
7083 
7541 


345 1 
3913 
4374 
4834 
5294 
5733 
6212 
6671 

8043 

85oo 
8956 
9412 
9867 

o322 
0776 
1229 

i6b3 
2i35 


3497 
3939 

4420 

4bbo 

5340 

6717 
7175 
7632 


3543 
4oo5 
4466 
4926 
5366 
5845 
63o4 
6763 
7220 
7678 


46 
46 
46 
46 
46 
46 
46 
46 
46 
46 


950 
951 
952 
958 
954 
953 
956 
957 
958 
959 


977724 
8181 
£63" 
909; 
9348 

980003 
0458 
0912 
i366 
1819 


6226 
8683 
9i38 
9394 
0040 
o5oJ 
0957 
1411 
1864 


7815 
8272 
8728 

9«84 
9639 
0094 
o54o 

lOOJ 

1436 
1909 


7861 
83i7 

8774 
923o 
9685 
0140 
0594 
1048 
i5oi 
1954 


^3 

6819 
9273 
9730 
oi85 
0640 
1093 

i547 
2000 


8911 

9366 
9821 
0276 
0730 
1184 
1637 
2090 


8089 
8346 
9002 

9457 

9912 

0367. 

0821 

1275 

1728 

2181 


81 3:1 

8591 

95o3 
9968 
0412 
0867 

1 320 

1773 

2226 


46 
46 
46 
46 
46 
45 
45 

43 
45 
43 


960 
961 
963 
963 
964 
965 
966 
967 
963 
969 


982271 
2723 
3175 
3626 

4077 
4527 

5426 
6875 
6324 


23 16 

2769 

3220 
3671 
4122 
4572 
5o22 

5471 
6920 

6369 


2362 

2814 

3265 
3716 
4167 
4617 
6067 
5316 
5963 
64i3 


2407 
2839 
33io 
3762 
4212 
4662 

5ll2 
5561 
6010 

6438 


2452 
2904 
3356 
3807 
4257 

5i57 
56o6 
6o55 
65o3 


2497 
2949 
3401 

3852 
43o2 

4752 

5202 

565 1 
6100 
6548 


2543 
2994 
3446 
3897 
4347 
4797 
5247 
5696 

6144 
6593 


2588 
3o4o 

3491 
3o42 
4392 
4842 
5292 

5741 
6189 

6637 


2633 
3u85 
3536 
3987 
4437 
4887 
5337 
5786 
6234 
6682 


3i3o 
358i 
4o32 
4482 
4932 
538a 
583o 
6279 
6727 


45 
45 
45 
45 
43 
45 
45 
43 
45 
45 


970 
971 
972 
978 
974 
975 
9". 6 
977 
978 
979 


986772 
7319 
7666 
€113 
€55^ 
9003 
945o 

9903 J9 
0783 


6817 
7264 

8157 
8604 
9049 
9^94 

o383 
0827 


6861 

8202 
8648 
9094 
93J9 
9983 
0428 
0871 


6906 
7353 
7800 
8247 
8693 
9i38 
9583 
••28 

047 a 
0916 


6o5i, 

7398 

7H45 

8291 

8737 

918J 

9628 

••72 

o5i6 

0960 


6996 

7443 

Z3?6 
8782 
9227 
9672 
••17 
o56i 
1004 


7040 
7488 

8826 
9272 

97*7 
•161 

o6o5 

1049 


7085 
7532 

lilt 

8871 
9316 
9761 
•206 
o65o 
1093 


7i3o 

8024 
8470 
8916 
9361 
9806 

•230. 

0694 

1137 


7175 
7622 
8068 

85i4 
8960 
94o5 

985o 

•294 
0738 
1182 


45 
45 
43 
45 
45 
43 
44 
44 
44 
44 


980 
981 
932 
983 
984 
985 
986 
9b7 
9S8 
989 


991226 

1C69 
2111 
2554 
2993 
3436 

3377 
4317 

^5]^ 


1270 
1713 
2i56 
25o8 
30J9 
3480 
3921 
436i 
4801 
6240 


i3i5 

1738 
2200 
2642 

3o83 
3524 
3965 
44o5 
4845 
6284 


1359 

1802 

2244 
2686 
3127 
3568 
4009 

4449 

4889 

5328 


i4o3 
1846 

2288 
2730 
3172 
36i3 
4033 
44q3 
4933 
5372 


1448 
1890 
2333 

3216 
3657 
4007 
4337 

6416 


I4Q2 
1935 

2377 
2819 
3260 
3701 
414I 

458i 

502l 

5460 


1 536 

1979 
2421 
2863 
3304 
3745 
4i85 
4625 
5o65 
5304 


i58o 

2023 

2463 

2907 

3348 

3789. 

4229 
4669 

5io8 
5547 


1625 

2067 
2 509 
2951 
3392 
3833 
4273 
47»3 
5i52 
5391 


44 
44 
44 
44 
.44 
44 
44 
44 
44 
44 


990 
911 1 
91»2 
903 
994 
905 
908 
997 
9'»8 
999 


993635 
6074 
65i2 
69^9 
7386 
1823 
8239 
8693 
9i3i 
9565 


5679 
6117 
6553 
6993 
743o 

hoi 
8739 

9'74 
9609 


5723 
6161 

6399 
7037 

7474 
7910 

8347 
8782 
9218 
9632 


62o5 
6643 
7080 
7517 

8390 
8826 
9261 
9696 


58ii 
6249 
6687 

7»24 
756i 

84J4 
8869 
93oD 
9739 


5854 
62q3 
6731 
7168 
7605 
8041 

8477 
8913 
9348 
9783 


5898 

633f 

6774 
7212 
7648 
8o85 
8521 
8956 
9392 
9826 


5942 
638o 
6818 
7255 
7692 
8129 
8564 
9000 
9435 
9870 


5986 

6424 
6862 
7299 
7736 
8172 
6608 
9043 

9479 
99i3 


6o3o 

6468 
6006 
7J43 

7779 
8216 

8652 

9087 

9522 

9957 


44 
44 
U 
44 
44 
44 
44 
44 
44 
43 


N. 





1 


2 


8 


4 


5 


6 


7 8 


9 


D. 
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N. 





1 


% 


8 


4 


6 


6 


7 


8 


9 


D. 


i«oo 

1001 
I002 

ioo3 
ioo4 
ioo5 
1006 
1007 
1008 
1009 


000000 
0434 
0868 
i3oi 

1734 
002166 
2598 
3029 
3461 
3891 


0043 

0477 
0011 

IJ44 

i777 
2209 

3641 
3073 
35o4 
3934 


0087 
0021 
0954 

i388 
1820 

2252 

2684 

3ii6 

3547 
3977 


oi3o 

o564 

0998 

1431 

i863 

3296 

VV 

3i59 
3590 
4020 


0174 
0608 
io4i 
1474 

2339 

2771 

3202 

3633 
4o63 


0317 

o65i 
1084 
i5i7 
1950 

2382 

2814 
3245 
3676 
4106 


0260 
0694 
1128 
i56i 
1993 
242 > 
2857 
3288 
3719 
4149 

4579 
5009 

5438 

5867 

6295 

6723 

7i5o 

8004 
8430 


o3o4 

0738 

1171 
1604 
3o36 
3468 
3900 
333 1 
3763 
4192 


o347 
0781 

1214 

1647 
2080 

35l2 
2943 
3374 

38o5 
4335 


0391 

0824 
1258 
1690 

2133 

2:.55 
3986 

3417 
3848 

4378 


43 
43 
43 
43 
43 
43 
43 
43 
43 
43 


lOIO 

101 1 

IOI2 

ioi3 
1014 
ioi5 
ioi6 
1017 
1018 
1019 


004321 

4751 
5i8i 
5609 
6o38 
006466 
6894 
7321 
7748 
8174 


4364 
4794 

5223 

5652 
6081 
65o9 
6o36 
7364 
1790 
8317 


4407 
4837 
5266 
5695 
6124 
6552 
69:0 
7406 
7833 
8359 

8685 
9111 
9536 

2?85 
0809 

1232 

1655 

2078 
35oo 

3922 

3343 
3764 

4184 

46o5 
5o24 
5444 
5863 
6281 
6699 

7534 
7951 

8368 
8784 

9^6?? 

• oo3o 

0444 

o858 


445o 
4880 
5309 
5738 
6166 
6594 
7022 

7449 
7876 
83o2 


4493 
4933 
5353 
5781 
6209 
6637 
7065 

7493 
7918 

8345 


4536 
4o66 
5395 
5824 

6253 

6680 
7534 


4633 
5o53 
5481 

^ 

6765 

7193 

7630 
8046 
8472 


4665 
5095 
5534 

5953 
638o 
6808 
7336 
7662 
8089 
85i5 


4708 
5i38 
5567 
5995 
6433 
685 1 
7378 

8558 


43 
43 
43 
43 
43 
43 
43 
43 
43 
43 


1020 
1021 

1022 ; 

1023 

1024 

1025 

1026 
1027 

1028 

1029 


008600 

9026 

945 1 

9S76 

oio3oo 

010724 

1147 
1570 
1993 
34i5 


8643 
9068 

9493 
90,8 

0J43 

0766 

1190 
i6i3 

203) 

3458 


8728 

9153 

9578 

•ooo3 

0427 

0861 

1374 

16^7 
2120 

2542 

a 

2964 

3J85 
38o6 
4226 
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17-63 


918227 


rr 
t 


54 


12014 


99276 


079676 


17 


■38 


996843 


•25 


917167 


6 


55 


12043 


99272 


080719 


17 


.33 


996828 


.25 


083891 


17.59 
17-55 


916100 
916033 


5 


5<; 


12071 


99260 
99263 


081739 


17 


■29 


996812 


.26 


084947 


4 


57 


12100 


082197 
083832 


17 


-23 


996797 


.26 


086000 


17-51 


914000 


8 


58 


121 29 


99262 


17 


•31 


996782 


.26 


087050 
088098 


17-47 
17-43 


912960 


2 


59 


I2I58 


99258 


084864 


17 


■n 


996766 


•26 


911902 


1 


60 


12187 


99255 


0S5894 


I7«i3 


996751 


.26 


089144 


17-38 


910866 





N. 008. N. sine. 

1 


L. COS. 


D.1" 


L.8lno. 


L.cot 


D.1" 


L. tang. 


83» 1 
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Nat. FuMonoNS. 


LoeABITUXIC FUNCTION8 + 10. 1 



1 
2 
8 
4 
5 
6 
7 
8 
9' 

lo- 
ll 

12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
80 

'61 
82 
33 
34 
85 
36 
87 
88 
89 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 

50 

— 

51 
52 
53 
54 
55 
56 
57 
68 
59 
60 


N.filne. N. coa. 

> 


L.blne. 


D.l" 1 L.C08. |] 


D.l" 

•36 
-26 
.26 
-26 
-26 
-26 1 
-36 
-26 1 
-26 i 
• 26 • 

-26' 

~2Ti 

•27 
-37 

-27 

•27 
•27 
•27 
•27 
•27 
•27 

•27, 

•27 i 

•27 

•27 

•27 

•27 

•27 

.28 

-28 

*38 

'I' 

.3 i 
.23 
•23 
-2^ 
-28 
.28 
-23 
.23 
.23 

•29 

•29 
-29 

.29 

.29 

.29 
.29 
•29 
.29 
.29 

•29 
•29 
•29 
•29 

*29 

•29 

*29 
*29 
*29 

.29 


L. tang. 


D.l" 

17-38 
17-34 
17.30 
17*27 
17*22 
17.19 
17*10 
1-7*11 
17*07 
i7*o3 
16.99 

16.96 
16.91 
16*87 
16*84 
16*80 
16*76 
16*72 
16*69 
16*60 
16-61 

i6*68 

16*64 
i6*5o 
16*46 
16*43 
16-39 
16*36 
16-32 
16*29 
16*20 

16-22 
16*18 
16*16 
16-11 
16.07 
16.04 
16*01 
16*97 
16.94 
16.91 

16.87 
16.84 
16.81 
16.77 

16.74 
15.71 
16.67 
16-64 
16.61 
16.68 

16. 56 
16.61 
16*48 
16*46 
16*42 
15.39 
16.30 
16.32 
16.29 
16.26 


L. 00c 


6U 
59 
58 
57 
5C 
65 
54 

r '"^ 
uu 

52 
51 

4y 

48 

47 

4G 

45 

44 

4 

4j 

41 

4u 

HV< 
38 
87 
3(. 
35 
84 
83 
82 
81 
80 

2; 

28 

27 

2G 

2- 

1:4 

23 

22 

21 

20 

IS 
17 
10 
15 

]:> 
lli 
11 
10 

9 

8 
t 

I) 
5 
4 
8 
2 
1 



i2i8V 99266 
12216 99261 
12243 99248 
12274199244 

I23o2< 99240 

12331 199237 
1236o>9923J 
12389 '99230 
13418 99226 
12447 99222 
12476! 99219 


9*086894 
086922 

087947 
088970 
089990 
091008 
092034 
093037 

094047 
096066 

096062 


. "7- 

• n- 

*7" 

\l: 

lb- 
lb' 
lb' 
lb- 
lb- 
lb- 
lb- 
16. 
16. 
16- 
16. 
16. 
16. 
16. 
i6< 
m6' 


i3 

09 

04 
00 
96 

9J 
88 

84 
80 

^t 

73 

68 
65 
61 

u 

41 

38 
34 


9*996701 
996730 
996720 

996704 
996688 
9966]3 
996607 
996641 
096636 
996610 
996694 

9.996678 
996062 
996646 
996630 

996614 
996498 
996483 
996466 

996449 
996433 

9.996417 
996400 . 
996384 
996363 
9q633i 
996336 
996318 
996302 
996283 
996269 

9-996232 
996233 
996219 
996202 
996106 
996168 
996161 

996134 
996117 
996100 

9-996083 
996066 
996049 
996032 
996016 
99)998 
996980 
996963 
996946 
996928 

9-996911 
99)894 
996876 
996809 
996841 
996823 
996806 
996788 

996753 


9-0S9144 
090107 
091228 
092266 
093302 
094336 
09636] 
09639O 
097422 
098446 
099468 

'9-100487 
101604 
102619 
' io3o32 
104642 
106660 
106666 
107669 
108660 
109669 

9- 1 10666 
111661 
1 12643 
ii3333 
114321 
11 5607 
116491 
117472 
118462 
119429 

9.120404 
121371 
122348 
123317 
124284 
126249 
1262 II 
127172 
i28i3o 
1 29087 

9.130041 
130994 
131944 
132893 
133839 

134784 
133726 
136667 
137600 
138542 

9*139476 
140409 
141340 
142260 
143 196 
144121 

146044 
146966 
146886 
147803 


10.910866 
909813 
908772 

907734 
906698 
906664 
904633 
9o36o6 
902678 
901604 
900632 

10-899313 
b98J96 
897481 
896468 
893438 
89 u6o 
893444 
892411 
891440 
890441 

10-889444 

808449 
887467 
886467 
886479 
884493 
883609 
882628 
881648 
880671 

10-879696 
878633 
8776J2 
876683 
876716 
874751 
873789 
872^23 
871870 
8-70913 

10-869969 
869006 
868066 
867107 
866161 
866216 

864274 
863333 
862396 
86i4->8 

10-860624 
869.691 
858660 
867731 
866804 
866879 
864966 

854034 
863ii5 
862197 


12604 
12633 
13662 
12691 
13620 
12649 
12678 
12706 
12735 
12764 

12793 
12822 
12861 
12880 
13908 
12937 
12966 
12996 

i3o24 
i3o63 


99216 
992 1 1 
99208 
99204 
99200 

99*97 
99193 

99189 

99186 

99183 

99178 
99176 
99171 
99167 
99163 
99160 
99166 
99162 
99*48 
99144 

99*41 

99*37 
99133 
99129 
99120 
99122 
99118 

99**4 
99110 
99106 

99102 

99098 

99094 

99091 

99087- 

99083 

99079 

99070 

99071 

99o67_ 

99063 
99009 
99060 
99061 

1 99047 

'99043 

99o3o 

99035 

;99o3i 

99027 


9*097066 
098066 
099066 
100063 
101066 
102048 
10303] 
104030 
106010 
106993 

9*106973 
I 0790 I 
108927 
109901 
110073 
111S42 
112809 
113774 

114737 
116698 

9-116666 
117613 

ll3;67 

119619 
1 20469 

1214*7 

122362 

i233o6 
124248 
126187 

9*126126 
127060 
121993 
128936 
129864 
130781 
i3i"7o6 
1 3263 > 
i3336i 
134470 

9*13638] 
i363o3 
137216 
i38i28 
139037 

139044 
140860 

141754 
142666 
143666 


l6< 

16. 

16. 

16. 

i6- 

16. 

i6< 

16 

16. 

16 


3o 

11 

»9 
16 

12 

08 

o5 

01 

"97 


i3o8i 
i3iio 
i3i39 
i3i68 
i3i97 

l3236 

13264 
13283 
i33]2 
13341 

13370 
1I399 

13427 
1 3466 
1 3485 

i36i4 
13643 
13672 
i36oo 
13629 

"1 367)8 
13687 
13716 
13744 
13773 
i38o2 
i383i 
i386o 
13889 
13917 


16. 

i6< 

16 

16 

i5 

i5 

16 

16 

16 

i5 


'9i 

S 

.80 
.76 

t 

.66 
-62 


16 
16 
i5 
i5 
16 
16 
i5 
16 
16 
i5 


.62 
.49 
■40 
■42 
.39 
30 
.32 
•20 


16 
16 
i5 
16 
16 
i5 
16 
16 
16 
14 


-26 

• 22 
.19 
.16 

• 12 

:s 

-03 
.00 
.96 


. N. 00s. N. dne. 

1 1 


L. COS. 


D.l" 


L.8lne. 


L.oot 

1 


D.l" 


L. tang. ' 1 


JRQO 
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Nat. Functions. 


LOUABITHMXO FUNCTIONS + 10. 1 


/ 



N.dnc. 


N. COS. 


L.8ino. 


D. 1" 


L.008. 


D.I" 
• 3o 


1 L. tang^. 


Dl." 


L.eot 


60 


'13917 


99027 


9- 143333 


14*96 


9.995753 


''9. 147803 


16*26 


10*832197 


1 1 13946 


9>023 


144433 


14-93 


995735- 


• 3o 


148713 


1523 


83i2;>2 


59 


2 13973 


99019 


143349 


14-93 


993717 


*3o 


149632 


13-20 


83o363 


53 


3 


i4oot 


99013 


146243 


i4-»7 


99-^699 


*3o 


160644 


16-17 


849436 


57 


4 


i4o3J 


9901 1 


I47i36 


14-34 


993631 


•3o 


161464 


16-14 


848346 


56 


5 


14061 


99006 


14S026 


I4*8i 


995664 


*3o 


152363 


i5-ii 


S47637 


55 


6 


14390 


99002 


1489 1 5 


14-78 


993646 


• 30 


163269 


i5.o3 


846731 


54 


7 


14119 


93993 


149^02 


14-75 


996623 


*3o 


154174 


i5-o5 


845S26 


53 


8 


1414J 


9^994 


i5o686 


14-72 


996610 


•33 


166077 
155973 


l6-02 


844923 


52 


9 


14177 


9S990 


i5i569 


14-69 


993591 


•3o 


14-99 


844022 


51 




I423J 


989^6 


i5243i 


14-66 
14-63 


993573 
9*995555 


•3o 
•3o 


166077 

9.167773 
158671 


14-96. 
14-93 


843123 
10. 842223 


50 

4y 


U 


! 142J4 


939J2 


9< 133330 


12 '142C>3 


9S973 


I 54208 


14-60 


993537 


.3o 


14-90 


841329 


4) 


13 


14393 


9^973 


i53oi>3 


14-57 


996619 


.30 


169566 


14-87 


840433 


47 


11 


14323 


93969 
93963 


155957 


14-54 


995501 


31 


160457 


I4-B4 


839643 


4(1 


Ij 


14349 


i56o3o 


i4-5i 


995482 


*3i 


i6i347 


i4-8i 


83i;653 


45 


1) 


i437i 


93961 


157700 


ii*43 


995464 


i' 


162236 


14-79 
14-76 


837764 
836877 


44 


17' 


14437 


9'|937 
9 933 


153369 


14-45 


995446 


*3i 

^ 1 


i63i23 


43 


n 


i443i 


169433 


14-42 


995427 


*3i 


164008 


14-73 


835oo2 


42 


I'j 


14464 


9;.;943 


i6o3oi 


1439 


996409 


31 


164892 


14-70 


835 io3 


41 


"0, 


i4-«q3 
14322 


939 u 
93940 


161 164 
9*162023 


14-36 
14-33 


995390 
9.9<;5372 


31 
•31 


166774 


14-67 


834226 
10-833346 


40 
8j 


9* 166654 


14-64 


22,;I4JJI 


91936 


162^33 


i4-3o 


99J3w<J 


31 


167532 


i4-6i 


832468 


83 


2): 


14^30 


93931 


163743 


14-27 


993334 


31 


168409 


14-68 


631691 


87 


21' 


14603 


9S927 


164600 


14-24 


995316 


.3i 


1692S4 


14-55 


830716 
129843 


86 


2-) 


14637 9G923 
14660 9''9i9 


163454 


14-22 


993297 


i' 


170167 


14-53 


So 


2G' 


i663o7 


14-10 
i4-i6 


99J278 


*3i' 


171029 


i4*6o 


£21:971 


84 


27 


14693 


9„9>4 


167159 
i63oo3 


996260 


• 3ii 


171899 


14-47 


82S101 


S3 


23 


14723 


93910 


I4i3 


99^241 


■32' 


172767 


14-44 


827233 


£2 


2'J 


14732 


93906 


168856 


14-10 


993222 


.32 


173634 


14-42 


826366 


81 


80' 
^51 


14731 
i43io 


93902 


16970a 
9-170347 


14-07 


996203 
9.996184 


.32 
.32 


174499 
9.176362 


14-39 
14-36 


8255oi 
10-824633 


£0 


i4-o3 


C2 


14333 


171339 


14-02 


996165 


-32, 


176224 


14-33 


823776 


28 


83' 


14367 


"& 


172230 i3'99 


996146 


-32 


17*7084 


i4-3i 


822916 


27 


CI, 


14396 


93SS4 


173070 


13.96 


993127 
993108 


.32 


177942 


14-28 


822053 


26 


C), 


14923 


98S80 


173908 


13.94 


•32, 


178709 
179663 
i8o5o3 


14-25 


821201 


25 


83 


14934 


93376 


174744 


13-91 
13*03 


995089 


.32' 


14-23 


820345 


21 


87 


14932 93871 1 


175573 


996070 


.32 


14-20 


81949a 


23 


83 


13011 


93S67 
98363 


176411 


i3-86 


996031 


*32 


i8i36o 


14-17 

14-13 


8it64o 


22 


83 


i5o4o 


177242 
178072 


i3.83 


996032 


*32 


182211 


817789 


21 


40 1 
41| 


10069 
1 5097 


98053 


13.80 


996013 
9.994993 


.321 

*32 


iG3o59 14-12 


816941 
10-816093 


20 
10 


93334 


9-178900 


13-77 


8*1^3907 


14-09 


42 


1J126 


9^^349 


179726 


13-74 


994974 
994963 


-32 


184762 


14-07 


816248 


18 


43 


i3i53 


9S843 


i8o55i 


13.72 


.32 


i855o7 
186439 


14-04 


814403 


17 


41 


i5i34 


9^-'4i 


181374 


]l:^ 


994935 


.32 


14-02 


8i356i 


16 


45 


IJ2I2 


98836 


182196 


9949 '6 
994896 


.33 


187280 
188120 


13.99 


812720 
811S80 


15 


45 


13241 


98^32 


i83oi6 


1364 


.33 


13-96 


14 


47 


15270 


fill 


183834 


i3.6i 


994877 


.33 


188953 


i3-93 


811042 


13 


4^ 


1 5299 


1 8465 1 


13.59 


994837 


•33 


189794 


13-91 
13.89 
13-86 


810206 


12 


43 


13327 


98818 


183466 


13-56 


994833 


*33 


190629 


800371 
80S533 

10*807706 
806S76 


11 


50 
.01 


15336 
r5333 


93314 


1862S0 


1353 


994818 


*33 
.33 


191462 


10 



9S809 
98805 


9*187092 


i3.5i 


9.994798 


9*192294 


13.84 


52 


i54i4 


187903 


13.43 


994779 


*33 


193124 


13-81 


8 


53 


15442 


98800 


18S712 


13.46 


994769 


.33 


193953 


13-79 
13-76 


806047 


7 


54 


15471 


9S796 


189^19 


13.43 


994739 


.33 


194780 


8o5220 


6 


ri 


i:;3oo 


98791 


190323 


13.41 


994719 


.33 


196606 


13-74 


804394 


5 


5«5 


l5329 


987.S7 


191130 


i3.38 


994T00 


-33 


196430 


13.71 


803570 


4 


C7 


15557 


987S2 


191933 


1336 


• 994680 


.33 


197253 

198074 


13.69 
13*66 


802747 


8 


53 


1 5536 


9'h78 


192734 


13-33 


994660 


•33 


801926 


2 


50 


i56i5 


9'*5773 


193534 


i3.3o 


994640 


*3] 


198S94 


i3*64 


801106 


1 


60 


13643 


98769 


194332 
L. COS. 


13.28 


994620 


.33 


199713 
L. cot. 


l3*6i 


8002 87 

L. tang. 





N. COS. 


N. sine. 


D.l" 


L. sine. 




D.l" 




• 


81° 




1 



TRIGONOMETRICAL FVSCnOTHS. — ft*. 



: 1S7J0 
, 15733 

■■ l5S[6 



9^146 
98741 
98737 



9. 994 6 JO 
9^4600 
994iS0 
994560 
994540 
994519 
99ii99 
994479 
99«J9 



r6r6olg36 
1618019% 
2^aaiS 1 9S6^_ 
l6aj6!9S67r 

; 161731986(17 

I l63a4 193663 
: l633J.9%J7 
i636i. 93652 
16393 ; 98648 
16419: 9%4l 
16447 1 9^33 
16476; 936] J 
i65o5'9S639 
■; l651j''^6'»T i 
i656l<9S6i9 
16591 :9%i4 
1663a 1 9S609 
16643 i 98604 
16677 ' 98600 
16706 93595 



1 6991 ! 93545 

17011 9';54i 

■ i7a5o 93S36 

-70;3J9333i_ 

710? 1 93336 

7ij&!9S33i 

.7164198516 

r. i7inJ>9S5M 

-1 9*i5o6 

.,.-0:98501 

I 17179:91496 

;; i73oS]q349i 



M4349 : 

^?is83j n 

»»73li 1 

113043 L 

138784 ] 

3395] 8 . 

i3oi5i : 

33oo34 . 

i3i7i5 : 

__»33444 J 

9-i33l73 : 

13163S ': 

1I5349 . 

?J6^5 I 

3375i5 I 

333133 1 

■ 33!<953 I 

33967D I 



994iio 
994139 
9941 oJ 
994087 
9941106 
994045 
974034 

9-9g39l.'i 
99J960 
993939 
99J918 



993.^33 
99JU11 
993789 



993735 

993703 
993681 
993660 
993638 
993616 
993394 

993J33 
993506 
993484 
993463 
993440 
993418 
993396 
993374 
99)35[ 



'■"5J56! 
33 J919 i 
136700 I 

333339! 

319773 I 

33O..39 ! 

_ 33i3o3 ! 

133386 
134345 
i33to3 
13535^ 
i366i4 
137368 



137368 

13^I30 



37 g. 139631 


37,; HqJti 




37 1 14,865 


37 liiSio 


37 1 141354 






37 346319] 



799471 f. 

79=655 r. 

797841 E 

797039 f- 

79i>iia <• 

795403 f, 

794600 C 

79379I ;: 

7939J7 f, 

_793id ^ 

0'79i3Si i 

7^9780 i 
7to,33 «■ 



777943 C 
777170 C 
77639 ( C 



773JOO 

773-39 £ 

771761 S 

77099J E 

773337 J 

769461 i. 
__76;^fi 

"10-757933 T 

767174 1 

766414 1 

76;6;5 1 

764897 1 

764141 1 

7633'.6 I 

763633 1 

761830 1 

761133 1 
0-760378 



753i35 ■ 
7^7390 . 



^°^ I ^■^- I ■ 



■I 11 ^"M "-' 
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TBIOOXOlfETBICAL FUNCTIONS. — 10°. 



Nat. Fukctioms. 


LOUABITHJflO FUNCTIONa -t- 10. 


, ! 

1 



1 
2 
8 
4 

5! 
6, 

7' 

s! 

9, 

10 1 

U 

12 

13 

14 

15' 

16 

17 

13 

19 

20 

21 

22 

23 

24: 

25 

26! 

27' 

231 

29 

SO' 

31, 

32 

33 

?^ 
35 

06 

371 
C8 
39 
40 

41 
42 
43 
44 
45 
4^i 
47 
43 
49 
50 

61 
52 
53 
54 
55 

5^; 

67 

r.8 

59 
CO 


N.Blne. N.ooa. 


L.Bln6. 


D.1" 


L.eo6. |! 


D.l" 


L. tao^ 

9.346319 

247057 

247794 
248330 

249264 

249998 
250730 
25i46i 
252191 
252920 
253643 

9-254374 
255ioo 

255824 
256547 
257269 
357990 
358710 
259429 
360146 
360863 


D.l" 


L. cot 

10-753681 
732943 
732206 
731470 
730736 
750002 

749270 
74^539 
747809 
7470S0 
746332 

10-745626 
744900 
744176 
743433 
742731 
742010 
741290 
740571 
739834 

739137 
10-738422 
737708 
736995 
736283 
735572 
734862 
734153 
733445 
7^2730 
732033 

iu-73i32o 
730635 
729923 
729221 

72i.52I 

727822 

727124 

726427 
725731 
725o36 


60 

53 
57 

5u 
55 
54 
53 
52 
51 
50 

4U 
4> 
47 
46 
45 
44 
43 
42 
41 
40 

39 
33 
87 
86 
85 
34 
33 
82 
31 
80 

i'y 
23 
27 
2G 
25 
21 
23 
2i 
21 
20 

ly 

18 
17 
IG 
15 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
8 
2 
1 



17365 98481 

17393 98476 

17422 98471 
17431 98466 
17479 '98461 
17303,98455 
i7J3] '98^60 
17363 '98443 

17394 98440 
176231 98435 
17631 198430 


9.239670 
24o3i>6 
241101 
241814 

242326 

243237 
243947 

244656 
243363 
24606^ 
246773 

9.247473 

248181 
248333 
249333 
230282 
250980 
251077 

232373 

233067 
253761 





■93 
.91 

.»9 

.87 

.83 

.83 
■81 

•79 

.73 

.69 

63 
61 
.59 

.58 

56 

■54 


9.993351 
993329 
993307 
993283 
993262 
993240 
993217 
993195 
993172 
993149 
993127 

9.993104 
993081 
993059 
993o36 
993oi3 
992990 
992967 

992944 
992921 
992898 

9-992875 
992832 
99282a 
992806 
992783 
992739 
9*y2736 
992713 
992690 
992666 

9.992643 
992619 
992596 
992372 

992349 
992323 
992301 
992478 
992434 
992430 

9-992436 
992332 
992339 
992333 
9923 1 1 
992287 
992263 
992239 

992214 
992190 

9 • 992 1 66 
902142 
992117 
992093 
992069 

992044 
992020 
991996 

991971 
991947 


•37 

.37 

•37 

.37 

.33 
•33 
.33 

.38 

.33 
-38 
-38 

• 38 
.33 
.33 
.38 
.38 
.38 
.38 

.33 
.38 
.39 
.39 
.39 
.39 
.39 
-39 
.39 
.39 

-3-9- 

.39 
.39 

.39 
-39 
.39 

• 40 
-40 
.40 

•40 1 

.40 

.40 

.40 

.40 

.40 

.40 

.40 

-40 

.40 

~4o 
-40 
•41 
•41 
•41 
•41 
•41 
•41 
.41 
.41! 

! 


12 
12 
12 
12 

12 
12 
12 
12 
12 


-30 

-23 

• 26 

•24 
22 

30 
.18 

M 

13 
•11 


17680 

, '7703 

17737 
17766 

17794 
17823 
17852 
17330 
17909 
17937 


98425 
98420 

98414 
98409 

98404 
98399 

98394 

9j3o3 
93378 

98373 
933^8 
93362 
93357 

9i332 

9>347 
9^341 
93336 
9:331 
93325 




09 

.07 

-03 

03 

01 
00 

.96 
.94 

.92 


17966 

18032 
18081 
18109 
i8i3J 
i3i66 
18195 
18224 

18232 
18281 
i8309 
iG333 
1S367 
1S393 

18424 
18432 
18431 
i3309 

1G333 
18367 
18393 

18624 
18632 
18681 
18710 
18733 
,8767 
18795 

18824 
i8S52 
18881 
18910 
18938 

18995 
18024 
18032 
1 808 1 


9-254453 
253144 
253834 
256523 
257211 
257898 
2585o3 
259263 
259951 
260633 




32 

50 

43 

.46 

•44 

'42 

•41 
.39 

■?] 
.33 


9.261578 
262292 
263oo5 
263717 
264428 
265 1 38 
365847 
266555 
367261 
267967 

9-268671 
269375 
270077 
270779 

271479 
272178 

272876 

273573 

274269 

274964 




X 

83 
81 

i 

76 
74 


9^.320 
9>3i5 
9S310 
93304 
9^299 
93294 
932.^3 
93233 

9^277 
98272 

98267 
98261 
93256 
98250 
98245 
93240 

93234 
98220 
98223 
98218 

98212 
98207 
98201 
98196 
98 1 90 
98185 
98179 

98174 
98168 
98163 


9-261314 
261994 
262673 
263331 
264027 
264703 
263377 
266o5i 
266723 
267393 

9-26^063 

268734 
269402 
27006^ 
270733 
271400 
272064 
272726 
273388 
274049 




.33 
31 
3o 
2d 
26 

24 
22 
20 

19 

17 




72 

U 

64 
62 
60 
58 
•57 


10 


15 

i3 

.11 

10 

.08 

06 

.o5 

03 

01 

99 


9-275658 
276351 
277043 
277734 
278424 
2791 i3 
279801 
280488 
281174 
28i858 

9.282542 

283225 

283907 
284386 

285268 
285947 
386624 
287301 

287977 

288632 




55 

.53 

51 

50 

.48 

■% 

'43 
41 
■ 40 


10-734342 
723649 
722957 
722266 
721576 
720887 
720199 
7io5i2 
718826 
718142 


9.274708 
275367 

276024 
276681 
277337 

277991 
278644 

279297 
279948 
280599 


10 
10 
10 
10 

I0< 

10 

10< 
10< 
10< 
10< 


.98 

.96 

.94 

92 

t 

84 

82 




38 
36 
.35 
33 
3i 
3o 
28 
26 

25 
23 


lb -71 7458 
716775 
716093 
715412 
714732 
714053 
713376 
713699 
712023 
711343 


N. C0& 


N. sine. L. ooa. 


D.l" 


L.sine. 


L.cot 


D.l' 


L.taiig. 


79° 1 
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Nat. FimcnoNS. 






LoeARITHXIO FUNCTIOMB 


+ 10. 


1 





N.sine. N. cos. 


L.Bin«. 


D.l" 


L.eos. |. 


D.l" 


! L. tang. 


D.l' 


L. coi. 


60 


19081198163 


9-280599 


10*82 


9.991947 


•41 


9*288662 


11*23 


10-711348 


1 ; i9i09'9Si57 


281243 


10 


.81 


991922 


•41 


289326 


11 


22 


710674 


59 


2 


i i9i3d,9Si02 


281897 


10 


•79 


991897 


•41 


2 99V) 


11 


20 


710001 


5S 


8 


1 1916] 98146 


28254'* 


10 


■]l 


991873 


•41 


29067 1 


11- 


-18 


709329 


67 


4 


, 19193 9S140 


223190 


10 


991848 


•41 


291342 


ii< 


■•7 


7oo6od 


56 


b 


1(;224 198135 


283836 


10 


•74 


991823 


•41 


292013 


11 


•13 


707987 
707318 


65 


6 


19232 98129 


2S4480 


10 


.72 


991799 


•41 


292682 


11 


•14 


54 


7 


i 19281 ; 98124 


285 1 24 


10 


•71 


99*774 


•42 


293 J JO 


11 


•12 


•700660 


53 


8 


1 19309 98118 


285766 


10 


69 


99 1749 


•42 


294017 


If 


11 


•703083 
703016 


62 


9 


19333 1981 12 


286408 


ID 


.67 


991724 


•42 


294604 


II 


09 


51 


10 


19366198107 


287043 


10 


66 


991699 


•42 


295349 


11 


07 


704661 


50 


11 


19395 


98101 


9.287687 
288326 


IO< 


64 


9.991674 


•42 


9*296013 


II 


00 


10.703957 


4j" 


12 


19423 


98076 


10- 


63 


991649 


•42 


296677 


11 


04 


703323 


48 


13 


19452 


98090 


288064 
2S9600 


I0< 


61 


991624 


•42 


2973J9 


ii< 


o3 


702661 


47 


14 


19481- 


98084 


IQ. 


59 


991599 


•42 


29800 1 


ii< 


01 


701999 
7oi33J 


46 


!."> 


19309 


98070 
98073 


290236 


10' 


58 


99»574 


'42 


29S662 


11 


•00 


45 


16 


19538' 


290870 


JO* 


56 


991649 


•42 


299322 


lO- 


98 


700678 


44 


17 


19566 


98067 


291 5oi 


10- 


54 


991S24 


•42 


299980 


lO- 


96 


700020 


4; 


IS 


19595 


98061 


29213-7 
292768 


ID- 


53 


991498 


•42 


3oo633 


10 


9? 


699362 


42 


19 


19623 


93o56 


10* 


5i 


99 » 473 


•42 


301296 


10- 


93 


698703 


41 


20 
21 


19652 
19680 


98050 
98..44 


293399 
9*294029 


10- 


5o 


99«448 
9.991422 


•42 
•42 


301931 
9' 303607 


10- 
10 


_9L 

90 


698049 

10-697303 
6967J9 


4.» 
by 


10< 


48 


22 


19709 


98039 


29465^ 


10- 


46 


991397 


•42 


3o326i 


I0< 


89 


88 


23 


19737 


98033 


295286 


10< 


45 


991372 


•43 


303914 


I0< 


87 


696080 


87' 


24 


19766 


98027 


295913 


10« 


43 


991346 


•43 


304367 


I0< 


86 


693433 


86 


25 


«9704 


98021 


296339 


10< 


42 


9Ql32l 


•43 


306218 


10< 


84 


6947^2 


85 


26 


19S23 


98016 


297164 


I0< 


40 


991293 


•43 


306869 


10< 


83 


694131 


81 


27 


1 985 1 


9H010 


29778 i 


10- 


39 


991270 


•43 


3o65i9 


10- 


81 


693481 


83 


23 


19880 98004 1 


2.)84I2 


10< 


37 


991244 


•43 


30716J 


10. 


80 


692S32 


82 


29 


19908 


97998 


299034 


.10' 


36 


99I2I8 


•43 


307816 


10' 


78 


692183 


81 


GO 


i??l7 


97992 


2996 J j 


10< 


34 


991193 


•43 


3o8463 


I0< 


77 


691537 


81) 


31 


1996J 


97987 


9.300276 


10- 


32 


9.991167 


•43 


9*309109 


10 


'73 


10690891 


2 7 


32 


1 999-1 


97981 


300895 


I0< 


3i 


99II41 


•43 


309764 
310398 


I0< 


74 


690246 


23 


33 


, 20022 


97973 


3oi5i4 


I0< 


11 


99III5 


•43 


19 


•73 


689602 


27 


34 


2oo5i 


97960 
97963 


302l32 


10< 


991090 


•43 


3lI042 


io< 


71 


688953 


k6 


35 


20079 


302743 


10- 


26 


991064 


•43 


3li685 


10 


70 


68831 5 


2') 


36 


1 20108 


97938 


3o3364 


10- 


25 


99io38 


•43 


312327 


10< 


68 


687673 
687033 


24 


37 


' 2oi36 


97952 


3o3g79 


10 


23 


991012 


•43 


312967 
3i36o8 


I0< 


67 


23 


3S 


20165 


97946 


304393 


10- 


22 


990986 


•43 


10< 


63 


686393 


22 


39 


20193 


97940 


3o52o7 


10- 


20 


990960 


•43 


314247 


10< 


64 


686753 


21 


40 
41 


' 20222 197934 

2025o 97928 


3o58i9 
9 '206430 


10< 


»9 


990934 

9 '990008 
990.^:^2 


•44 
•44 


3i48b5 
9.316323 


I0< 
10 


62 
61 


685ii6 
10-684477 


20 
I'J 


I0< 


*7 


42 


20279 97932 


307041 


lO- 


16 


•44 


316169 
316703 
317400 
318064 


10 


60 


68384! 


18 


43 


2o3o7 97916 


3o465o 
308259 


10- 


14 


990855 


.44 


10 


58 


683205 


17 


44 


2o336 97910 


I0< 


i3 


990820 
990803 


•44 


10 


5? 


682670 


16 


45 


2o364 97905 
20393 97890 
20421 97803 


308867 


10' 


11 


•44 


I0< 


63 


681936 
68i3o3 


15 


46 


309474 
3 1 0080 


10< 


10 


990777 
990760 


•44 


318697 


10 


54 


14 


47 


10< 


08 


•44 


319329 


10< 


53 


680671 


13 


43 ' 2045o 97887 


3io685 


10' 


11 


990724 


•44 


319961 


10- 


61 


680039 


12 


49 20478 97B81 


311289 
311893 

9*312495 


10 


990697 


•44 


320392 


10 


5o 


67040S 

678778 

10.678149 


11 


50 ' 2o5o7 97875 

51 2o535 97869 

52 > 120563 97863 


10< 


04 


990671 
9.990644 


•44 
•44 


321222 
9*321831 


10' 


48 


10 
9 


10' 


o3 


10 


ii 


3 1 3097 
31369B 


I0< 


01 


990618 


•44 


322479 


10 


677521 


8 


53, 20592 97857 


10< 


00 


99o5oi 
990666 


•44 


323io6 


10 


'44 


676S94 


7 


54' 20620 9785 I 


314297 


9 


98 


•44 


323733 
3 24 J 58 


10 


'4:i 


676267 


6 


55 ' 20649 97845 


314897 
315493 


9 


97 


990633 


•44 


10 


'41 


675642 


5 


56 20677 97830 

57 20706 9783J 


9 


96 


990611 


•45 


324983 


lo 


.40 


676017 


4 


316092 

316689 


9 


9^ 


990486 


•45 


326607 


10 


•39 


674393 


8 


68 


20734 97827 


9 


93 


990453 


•45 


336231 


10 


37 


673769 


2 


59 20763 97821 


317284 


9 


91 


990431 


•45 


326853 


10' 


36 


6-3147 


1 


60 ; 20791 


97815 


317379 


9.90 


990404 
. 

L.8ine. 


•45 


327475 


10*35 


672J2J 
L. tang. 







;N, COS. 


N.rino. 


h. COS. 


D.l" 


L.oot 


D.l" 


70° 1 
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TBIGOKOUETBICAL FUHCTTIONS. — 19". 



Nat. Funct:om8. 






LOOABITUXIC FUNCTIONa 


+ 10. 


1 





1 

N.8{no.|N.c<». 


L.siDe. 


D.l" 


L.OOS. 


D.1" 
•45 


L. tang. 


D.l" 


L. cot 


60 


20791 97815 


9.317879 


9.90 


9-990404 


9-321474 
32S095 


10-35 


10-672526 


1 


20820 97809 


318473 


9-b8 


9903^ J 


•45 


10 


■33 


671905 


GO 


2 


20848 i 97803 


319066 


It 


9903 3 I 


'O, 


328715 
329334 


10 


•32 


6712G5 


58 


& 


20877 ; 97797 


319653 


990324 


•45 


10 


30 


670666 


67 


4 


2J./)3 97791 


320249 


9-84 


990297 


.45 


329953 


10 


:l^ 


67 < 047 


►5G 


5 


20933 97784 


3 20840 


9-83 


9.y0270 


•45 


330J70 


10 


669430 


65 


G 


20962 • 97778 


32i43o 


9-82 


990243 


•45| 


331187 


10 


26 


66bdi3 


54 


7 


20990 : 97772 


3i2oi9 


9-80 


990" 1 5 


•45 


33i8o3 


10 


25 


668197 


5a 


8 


21019 97766 


322607 


9-79 


990188 


•45 


332418 


10- 


24 


6675^2 


52 





2 '0.71 97760 


323i9t 


9*77 


990161 


•45 


333o33 


10- 


23 


666967 
666354 

10-665741 


51 


10 

u 


210761 97754 
21104 97743 


3237S0 
9-324366 


9-76 

9.75 


990134 
9-990107 


.45 
-46 


33J646 
9-334259 


10- 


21 


50 
4'J 


10- 


20 


12 


2ll32 97742 


324950 


9-73 


990079 


.46 


334S71 


lo- 


»9 


665129 


4S 


13 


2ll6t 


97735. 


325j34 


9-72 


99005 2 


.46 


3354S2 


10- 


»7 


6645 lb 


47 


U 


21189 
21218 


97729 


326117 


9-70 


99002J 


•46 


336093 


lO- 


16 


663907 


46 


15 


97723 


326700 


9.69 


989997 


-46 


336702 


10- 


i5 


663298 


45 


16 


21246 


977*7 


327281 


9-68 


9S9970 


-46 


337311 


10- 


i3 


662689 


41 


17 


21275 


9771 1 


327862 


9-66 


9^9942 


•4'> 


337919 


10- 


12 


6620S1 


43 


IS 


2i3o3 977o5 


328442 


9-65 


9S9915 


-46 


338J27 


10- 


II 


661473 


42 


10 


'2i33i 


97698 


329021 


964 


989887 


-46 


339133 


lO- 


10 


660S67 


41 


20 


2i36o 

•21338 


^7692^ 
976)6 


3295<;9 
9-330176 


9-62 


9S9860 


-46 
•46 


339739 
9^340344 


10- 


08 


660261 
10-6596^6 


40 
3'J 


9-61 


9.989S32 


io< 


07 


SJ2 


21417 


97680 


330753 


9-60 


9 9'^o4 


.46 


340943 
341^52 


10- 


06 


65go52 


38 


23 


21445 


97673 


33i32o 
33190J 


9-58 


9^777 


.46 


10- 


04 


658448 


87 


24 


21474 


97667 


P2 


9*^^9749 


•47 


342156 


10< 


o3 


657345 


8G 


25 


;2l5o2 


97661 


332478 
333o5i 


9''^972i 


•47 


342757 


10. 


02 


6572/3 


35 


26 


2i53o 


97655 


9-54 


9V93 


•47 


343358 


10- 


00 


6566/2 


34 


27 


21559 


97648 


333624 


9-53 


989665 


•47 


343953 


9- 


^ 


656042 


33 


2S 


■2i537 


97642 


334195 


9*52 


9S9637 


•47 


344553 


9- 


655442 


8:i 


t:9 


21616 


97636 


334766 


9-60 


9S9609 


•47 


34)1 57 


9- 


97 


654843 


81 


30 
31 


■21644 
21672 


97630 


335337 
9.33J906 


9.49 
9.48 


9'-'9582 
9-9895^3 


•47 
•47 


34575J 
9-346353 


_9' 
9- 


96 


654245 
10 -653647 


80 
2j 


97623 


32 

A A 


21701 


97617 


336475 


9.46 


9^^9325 


•47 


346949 
34754^ 
348141 


9- 


93 


653o5i 


28 


r>8 


! 21729 


976 II 


337043 


9-45 


9S9497 


•41 


9 


92 


652455 


27 


84 


i 21758 


97604 


337610 


9.44 


9^9469 


-4' 


9- 


9« 


651859 


26 


35 


; 21786! 97598 


33S176 


9-43 


9-'^;)44i 


.47! 


348735 


9' 


22 


661260 


25 


C6 


•21814 


97392 


333742 


9-41 


9''9l'3 


•47 


349329 


•9- 


88 


65o67 1 


24 


37 


21843 


97585 


339306 


9.40 


9*^93^4 


•47 


349022 


9 


2l 


65co73 


23 


38 


21871 


97579 
97573 


339871 


9.39 


9893:6 


•47 


35oDi4 


9 


86 


6494S6 


22 


39 


; 21899 
1 21928 


340434 


9.37 


989328 


•47 


35iio6 


9 


85 


64? 894 


21 


40 


97560 


340996 


9-36 


989300 


•47 


351697 


_9: 


83 


64S3o3 


20 


41 


'21956 


07560 


9-341558 


9-35 


9.989271 


•47 


9-352287 


9 


"82 


10-647713 


19 


42 


'2198J! 97553 


3421 19 


9-34 


9S9243 


•47 


352876 


9 


81 


647" 24 


18 


43 


22013 j 97547 


342679 


9-32 


9V"4 


•47 


353465 


9 


80 


646535 


17 


44 


22041 i 97541 


343239 


9'3i 


9^9186 


•47 


354053 


9 


79 


645947 


16 


45 


; 22070 


97534 


343197 


9-3o 


989157 


•47 


354640 


9 


•77 


645360 


15 


46 


220qS 


97528 


3443J5 


9. 29 


989128 


.48 


355227 


9 


.76 


644773 
644187 


14 


47 


"22126 


07521 


3449" 2 


927 


9S9100 


.43 


3558i3 


9 


•75 


13 


48 


22i55{ 975i5 


345469 


9-26 


9^9071, 


.48 


356398 
356</2 
357366 

9-358149 


9 


•-4 


643602 


12 


49 


22183 ; 97508 


346024 


9-25 


989042 


.48 


•9 


•73 


643oi8 


11 


50 
51 


1 222121 97502 

122240 97496 
132268 97489 


346579 
9.347134 


9-24 


989014 

9-988985 


.48 
.48 


9 


•7» 


642434 
10-641801 


10 

9 


9-22 


9 


.70 


52 


347687 


9*21 


988956 


.48 


358731 


9 


.69 


641269 


8 


58 


1 22297 97483 


348240 


9*20 


9^8927 


.48 


359313 


9 


.68 


640687 


7 


o4 


22325! 97476 


348792 


9.19 


988898 


.48 


359S93 


9 


.67 


640107 


6 


55 


122353 


97470 


349343 


9. 17 


9S8869 


.48 


360474 


9 


.66 


639526 


5 


56 


22382 


97463 


319893 


9-16 


988840 


.48 


36io53 


9 


65 


63^947 


4 


57 


22410 


97457 


350443 


9-i5 


988811 


•49 


36i632 


9 


63 


638368 


8 


58 


■ 22438 


9745o 


350092 


9-14 


988782 


•49 


362210 


9 


.62 


637790 


2 


69 


i 2246": 


97444 


35 1 540 


9-i3 


988753 


•49 


362787 


9 


.61 


637213 


1 


60 


'< 22495 

|N.C08.i 


97437 
N. line. 


352088 


911 


988724 
L. sine. 


.49 


363364 


9-60 


636636 





L. COS. 


D.l" 


L.cot. 


D.l" 


L. tang. 


77^ 1 









rSIOONOMETHlCAL FDNCTI0N8.— 


IS*. 




43 


Nil. FUNCTION!. 


LOUIBITHHIO Fdvotiokb + 10. 1 







N.™. 


L.tln>. 


.... 


L.«* 


D.1-' 

■49 


i-_-* 


Dl." 


j.«t 




^l"" 


9.353088 




9-983734 


9-163354 


9^6o 


10-636636 


_ 


I 

s 




353635 
353.8. 


ii 


^5S6oS 
938666 


-49 
.49 


363040 
364315 


;:S 


5J6060 
633485 


c' 


£ 


3i33o 


9"'1 


3J3i36 


933536 




355090 


9. Si 


5349.0 


JI 




72boS 


91411 


334371 


9-01 


999(101 




J6S664 


9- si 


634336 


6* 




J563T 


97fi 


354^ li 


9-oS 


9^S5i8 




356337 


9-54 


633763 






3J66) 


91398 


335358 




938348 


■49 


3668.0 


9<53 


633190 


U 


T 


J 3693 


91391 


35590. 


9-o3 


9835,9 


-49 


357333 


9-S3 


■ 6316.S 




B 


»73J 


91384 


336443 




988439 




ffil 


9-5. 


63304J 


li 




iJlSo 


97378 


336934 


"8^93- 


9S8460 




9-50 


631415 


61 


IT 


"n3 

"807 


97371 
91353- 


35pi4 
9'35do6| 


^3«43<. 
9.93S401 


tJ- 


,^; 


-SJ'^- 


630906 


6U 
i3 


9-48 


10630337 
639758 


li 


31 S3] 


9l3;8 


33B603 


8-91 


933311 


■49 


370331 




4' 


13 


Ii8b3 


9l3Ji 


35914. 


8.96 


988343 


-49 




9^45 


61930. 
6iH633 


47 




MS,, 


9734s 


359678 


8-9-. 


9883.3 


■ 56 


l^ViS 






2J,30 


97338 


36oir5 


8-93 


933383 


■ io 


37.93i 


9-43 


638067 






"gi8 


9133 1 


360153 


8.91 


988353 


-5o 






s 


44 




;?^i 


91335 
973iB 


36.387 
361833 


8-91 


933313 
933.93 


,5o 
-5o 


3i3o64 
373639 


I'i 


41 


la 


i]o33 


913.1 


363i;6 


8tW) 


933i63 


■ So 


3-^4.9! 


9-39 


63580] 




^<i 


33o6i 


97304 


3633^9 


8-88 


938.33 
9-938.03 


■ So 


374li6 
9-3i53i9 




635344 
10.534631 


aT 


>3090 


97398 


9-3634J, 


S2 


33ii3 


91391 


363g54 


8-8i 


988073 


-So 


37S8S. 


9-3i 


534119 








91J8i 


364485 


8.84 


9^8043 


-So 


376443 


,■34 


633553 






3S.7i 


91378 


363015 


8-K3 


988013 


-So 


311003 


9-33 


6339=1 
5 J 3431 






33io3 


97»7I 


3635*5 


8. 83 


987983 


-So 


317553 


9-33 


Go 


21 


3333r 


9->54 


3:*o7i 


8.81 


9*7953 


-So 


31^113 


9-3r 


53l8i3 
63i3i9 




27 


j336o 


9,351 


366604 


e-8o 


931933 


-Jo 


3i853i 






2t 


333Sa 


91»5i 


361.31 


8-79 


937803 
937863 


■ So 


319339 










333i6 


97'44 


36l65q 


8.71 


-So 




9^33 






^ 


333i5 
73313 


97131 


3^.85 


-8:75- 


987333 
9 ■98180. 


■ Si 
-Si 


-l:''l- 


519646 
"lis: 


EC 


9133o 






13401 


97323 


359336 


B-74 


917771 


-5. 


38.456 


9:35 


2? 




'3?3 




359-6. 


8-73 


93T7W 


-S. 


333030 




5.1980 




CI 


i3 ^8 


91JI0 


3 7038 J 




9377.0 


-S. 


383575 


9.33 


6.1435 




B-, 


!3 S6 


91303 


3loGo3 




937619 


■ Si 


3S3.39 




616871 


£■■) 


3ii 


l3 li 


91106 
91189 


31.330 


B-70 


987649 


■Si 


383583 










3] il 


3i.BJi 


B.69 


9876.3 


■5l 


384534 




615766 


2-1 




J] 71 


97183 


373373 


a 


9H7383 


■Si 


384786 


9.19 


. 6i5h4 






33J99 


97176 


373894 


gf7557 


■ 5. 


385337 


9- .8 


6U663 




"f 


33631 

33636 


91169 
97163 


^13414 


8-63 


_9Si5i6 
9-931495 


■J. 


385E88 
!)■ 386433 


9-17 

~^:i5" 


614. .3 

.o.6i3j63 


|. 




44 


»36Si 

l3ll3 

33i4o 


97155 
97148 
9Til 


11 


8-63 


997i5'5 
981434 


-5. 

-53 


38*084 


9.4 

9-i3 


5i3o.3 
513464 
611916 
61.369 


11 




»3i69 


97 '34 


B-6o 


9S7313 


-S3 


388631 








^M 


97117 


Ufi'i 


8.59 


987341 


.51 


389178 




6,o3ll 




iT 


33i3 5 


97110 


B.5» 


987310 


-53 


389134 


12 


6.0376 






J3S33 


91.13 


371549 


8-51 


9S7379 


■53 




609730 




ri 


»3B83 


97106 


3i8o63 


8 5^ 


917148 


-5i 


390815 




6™i85 
6oS64a 




Si; 


3jq<o 




37SS77 


8-S4 


987* '7 
9-9^irF5 


-53 

T5i 


39.360 
9.391903 


JS_ 


T 


.--I 


3J93a 


si 


TTi^^ 


8-53 


.',2 


33955 


37950. 




917.55 


■53 


393441 






fij 


33ii9i 


97079 


38DI.3 




987114 


■S3 


Sqlg^o 


903 


601.469 

its 




M 


340l3 
9403l 


91065 


3S0614 
38i.3.i 


B-5o 
8-49 


» 


■53 
■53 


39353? 
39ig73 




5 




3 


91058 


38 1643 






-il 


394614 




4 


67 


910S1 


3831 S3 


8-41 


9«6qq3 


-53 


395. 54 


li 


604846 




S3 


»ii36 


97041 


331551 


8. 46 


986^67 




395691 


604306 




S!t 


34164 


91o3l 


383 168 


8.45 


986935 


5i 


3953331 8-91 


6o3i6] 




80 


u<2i 


91o3o 


3836; S 


8' 44 


986904 


5, 


396771 1 9.j6 




4 




!I.™H.ilno. 


!..« 


I1.I" 


Ltlno. 


!.««. 1 D.1-' 


"u"t;;r 


... 1 



TKIOONOXFTRICAL PCNOIIOKS. — H'. 



11 Jiio3i9(K)5j 


9.309311 


-aTiF 


9.986355 


'^ 


a-4a'l656 8 


»" 


.0-597344 « 


ialj(J3. 9b9ii 


3S971. 


8-3i 


-■-li 




403,87 8 


85 


So68i3 4S 


li lit5o■■q(•<|3^ 


390*10 




% 


.53 


403718 8 


84 


503B3 47 


\i 


34581,96930 
34614196953 


390708 


8.3a 


-53 


40J141) 8 




593751 4fl 


15 


39130a 




9^ 


-53 


404773 i 


83 


593133 45 


,6 


34644. g*") 16 


3.)noJ 


8-17 


■53 






594593.44 




14673 96909 


.» 


8-36 




■54 






5941 04 4i 




34700 , 96903 


8-15 


3l 


■54 


406J64 8 


79 


593636 






34738 


a 


393 19< 


8-34 


99 


■54 


406893 8 


tS 


593108 




2" 34136 


_393_6^ 


8' 3] 


^986734 


.54 
■S4 


407419 _8 
9-407943 H 


77 
76 


593i8i 
,"o- 591055 


89 


96880 


9.394179 


8-31 


i:;fiiSi3 


96873 


39467J 


8-11 


06303 


■S4 


408471 8 


75 


59-:39 




1-3 .liH^ii 


968:16 


395166 




9S6169 


-54 


1^] 1 


74 


59100J 




•.■4-MS6, 


90358 


393653 


S"3 


9W.37 


.54 


74 


'& 




■-■■\n»9^ 


96631 


3961 So 


8- 18 


986104 


■54 




73 




■_s ji^j] 


96844 


396641 


8-17 


?86oo? 


■54 


410569 8 




S89431 


S4 




0837 
96819 


397 i33 
397631 


tM 


■54 
■54 


iwttl I 


T 
70 


K 


33 


::■.■); jSoio 


96G33 


39:'. .1 


8-ii 


985974 


■54 


413,37 8 


69 


S87864 


SI 


'il|ii5o06 


96815 
96lio7 


39'6oo 
9'39906a 


8-14 


9B5943 


.54 


413658 8 




587343 

,^36.ir 


S(l 


9.413,79 8 


6T 


^;-; ;i =5ooj 


9(1800 


399575 




■55 


4,3699 8 


66 


86301 




■j||ijiL 


96793 






9S3H4J 


.53 


414319 8 


65 


857B. 




--*|li3iii 


96716 


4ouiJ9 


8-10 


9!i;SM 


■ij 


414733 8 


64 


85303 




S5|lj5n9 


96773 


4O10J5 


8.09 


933778 


-35 


4 r 5157 8 


64 


84743 




S«Ij5so7 


96771 




M-oJ 


9^745 


-55 


4.5774 B 




84115 


24 


57 33,3^ 


?6<.4 


4o!o's 


8-07 


?S5711 


-Si 


4,6193 8 


6j 


S83707 


2; 


S9 1)5363 


0756 


4o34!-'9 


8-06 


985679 


■55 




61 


583,90 


23 


3«!3S)q. 


'/>749 


4019-3 


S-o5 


983616 


.55 


4.7I36 8 


60 


58367i 




4(1 !i 33330 

41 133348 


96743 
0734 


4034-3 
9.40393J 


^8:^3" 


9856i3 
9-935580" 


■ Si 


41734J 8 


h^ 


5811 ia 


W 


9-4iS35a 8 




10.581641 


42l»5376 


56«7 






935547 


.55 


418873 8 


57 


581137 




■li 3540j:gaiiq 


il; 




985514 


-55 


419J87 8 


56 


58oOi3 




44 


!3433;9'.7I3 




9334S0 


-55 


419901 8 


55 


S;si 




f' 


l5i6o 1 96705 


403863 


7 99 


935447 


.55 


430415 8 


55 






354K8 96697 


406341 


T0 


935414 




410937 f 


54 


n& 






33516 I9W.90 


406^^0 


7-97 


93538a 


■ S6 




53 


3 




l554i|966Si 


407399 


7.0 


98J347 


-56 


4319'3 ( 


53 


578048 




z 


35573 1 9667S 


407777 


7-93 


985J14 


-56 


41146] t 


5, 


577337 


1 




35601 96667 


4o3j54 


7-9i 


985380 


-56 


433974 8 


So 


577036 


111 


"^i 35651) 1 96660' 


9-408737 


T9i 


'■& 


■ 56 


9.433484 8 


49 


nrS76-5i6 




.■>3! 83657 ,6653 


409107 


7 ■93 


-56 


413993 8 
4M5o3 B 


48 


576007 




.-.-t, 35633,96645 


409IJ&J 


7-93 


985,80 


■ 56 


48 


575497 


7 


-4| i57>} 96638 


410157 


7.91 


98S146 


■56 


43501 [ 8 


47 


74989 




->.V }574i;9663o 








■56 


4355.9 8 




744S1 




.-.« 35760 96613 
OT! 35796 96613 


411106 


V^ 


985079 


-56 


436037 8 


45 


73973 




4II579 


9S504I 




i 416334 8 


44 


73466 




« 33836 96608 


4l3o53 


7.87 


9850-1 




1 437041 8 


43 


73959 


8 


69 ! 35354 96600 


4i3iJi 


^■s(, 


984978 




; 437547 8 


43 


573S5i 




f 


35881 , 9639] 


41390 


7-85 


9849J4 


.50 


1 438o5i 8 


43 


571948 





N.«* 


N.sine. 


L.™ 


D.1' 


!..«. 




, L.floL ( D 


1- 


L-Uoj 





TBIGONOMETRICAL FUNCTIOKS. — 15' 



45 



Nat. Functions. 


LooABiTHiuc Functions + 10. 1 


'i 


IT. sine. N. cos. 


L.8ine. 


D.1" 


L. COS. ] 


1 


L. tang. 


D.l" 


L.cot 


60 


°! 


25832^96593 


9*412996 


7-85 


9.984944 


.57 (9.428052 


8.42 


10-571948 


^125910 960^5 


' 413467 
413933 


7-»4 


984910 


.57 1, 42o5J7 


8.41 


571443 69 1 


2 125933 96378 


7-83 


984876 


•^7! 


429062 


8-40 


670933 


53 1 


8 25966 96370 


414408 


7-83 


984842 


'l^ 


429306 


8.39 


570434 


oil 


4 25994 '96J62 


414378 


7.82 


984808 


•57 


430070 


8-33 


569930 50 


5 26022 


96353 


415347 


7.81 


984774 


•57 


430073 


8-33 


569427 5o 


6m26o3o 


96547 


4i53i3 


7.80 


984740 


•57 


431070 


8.37 


568920 54 


7 il 26079 


96640 


416233 


7-79 


984706 


•57 


431677 


8.36 


563423 


53 1 


8 26107 


96332 


416751 


7.78 


Q84672 
984637 
9^4604 

9 > 98436^ 


•57 


432079 


8.35 


567921 52 


9 26135 


96324 


417217 


Vll 


•57 


43253J 


8-34 


667420 61 


10 ; 26163 196317 

11 'I26191 ,96309 


417684 
9*4i8i5o 


•57 
•37 


433080 
9.433580 


8-33 

8-32 


566920 50 
10-066420 4.) 


TV 


1-2 


{26219 96303 


4i86i5 


7-74 


984530 


•57 


434080 


8-32 


666920 


4^ 


Vj 


! 26247 , 96494 


419079 


7-73 


984300 


•57 


434379 


8-3i 


565421 


47 


u 


1 26270 ! 96436 


419544 


7-73 


984466 


•57 


430073 


8.3o 


564922 


4.] 


15 


i 263o3 i 96479 


420007 


7.72 


984432 


.58 


433576 


8.29 


564424 


4") 


16 


j 263 3 1 '96471 


420470 


7-7» 


984397 


.58 


436073 


8-23 


663927 


44 


17 


(26339 96463 


420933 


7-70 


9S4363 


.53 


430070 


8.23 


563430 


4; 


1? 


1263 J] 96436 


'421395 


984328 


-53 


437067 
437363 


8.27 


562933 


42 


19 


264»J' 96448 


421bJ7 
422319 

9.422773 


7.68 


934294 
984239 

9-984224 


.58 


8.26 


562437 


41 


20 i 26443 [ 96440 
lil '26471 96433 


7.67 


• 58 


433059 


8-25 

8-24 


661941 
10*561446 


4U 


7.67 


•58 9.433554 


00 


26300 1 96425 


423233 


7.66 


984190 


.53 


439043 


8.3J 


660962 


38 


23 I 2632^1 96417 


423697 
424136 


7-65 


934105 


.53 


439643 


8.23 


560437 


87 


24 26336 ,96410 


7-64 


984120 


.53 


44oo36 


• 8.22 


559964 


8G 


2'>j 26334,9640a 


424615 


7-63 


98^085 


.58 


440529 


8.21 


559471 


85 


23 ! 26612 96894 


423073 


7.62 


934060 


.53 


4 i 1022 


8*20 


558973 
5584^6 


8( 


£7 126640! 96306 


425330 


7.61 


9S4015 


.53 


44i5i4 


8.19 


83 


iS ! 26663 


96379 


4259S7 


7.60 


983981 


.53 


412006 


8-19 


557994 
557603 


82 


29 1' 26696 


96371 


426443 


7.60 


983946 


.53 


442497 


8.18 


81 


GO '126724 
ul {26752 


96363 


426^99 


7.59 

7-58 


983911 
9.983875 


.53 
.53 


442963 
9T443479 


8.17 
8-i6 


557012 
IO-55602I 


80 
2j 


96355 


9.427334 


r2 


267S0 


96347 


427809 


7-57 


983340 


.59 


443963 


8.16 


556o32 


23 


C:3 


t 26S03 


96340 


423203 


7-56 


9838o5 


.59 


444458 


8.i5 


555542 


27 


G4 


26336 


96332 


428717 


7.55 


9S3770 


.59 


444947 


8.14 


555o53 


26 


C5 j 26S64 


96324 


429170 


7-54 


9S3735 


.59 


445433 


8.i3 


554565 


2'. 


06 126^92 


96316 


429623 


7.53 


983700 


•59 


446923 


8.12 


554077 


L4 


07 ij 26920 


9';3o8 


430075 


7-52 


983664 


.59 


446411 


8-12 


553589 


2) 


OS 


; 26943 


9'j3oi 


43o527 


7.52 


9S3629 


•59 


446898 


8.11 


553 102 


22 


89 


1 26976 


96293 


430978 


7.51 


983594 


.59 


4473b4 


8-10 


552616 


21 


40 


i 27004 


962.S5 


431429 
9-431879 


7.50 


9bJ3D8 
9-983523 


.59 
.59 


I 447870 
9-448356 


8-09 


552i3o 


2.) 


41 ,! 27032 ; 9^277 


7-49 


8-09 


10.531644 'r.«~| 


42 ! 27060 


96269 


432329 


7-49 


983487 


.59 


, 448841 


8-08 


55ii59;13 1 


43!.27oS3'c/j26i 


432778 


7-48 


983452 


.59 


449326 


8-07 


550674 


17 


4\ 


127116196233 


433226 


7-47 


983416 


.59 


449810 


8-06 


550190 


16 


4'> 


I 27144' 962 '<> 


433675 


7-46 


983381 


.59 


400294 


8.06 


549706 


15 


46 


1 27172 i9V23S 


434122 


7-45 


983345 


.59 


460777 


8.o5 


549223 


14 


47 


i 27200 96230 


434569 


7-44 


983309 


.5q 


1 461260 


8.04 


54^740 


1:) 


•iS||272'?8; 9)222 


435oi6 


7-44 


983273 


.60 


•451743 


8-03 


548257 
547775 


12 


49 27256.96214 


435462 


7-43 


983238 


.60 


452225 


8-02 


11 


:0| 272S4' 96206 
ol ;; 27312 96198 


435908 
9.436353 


7-42 
7-41 


983202 
9-983166 


.60 
-6a 


j 402706 

9-453187 


8-02 


547294 1 10 1 


801 


io-5468i3 


9 


ri2 27340 96190 


436798 


7-40 


9831 3o 


.60 


453668 


8.-00 


546332 


8 


r>3 2736S 


96182 


437242 


7-40 


983094 


.60 


454148 


7-99 


545852 


7 


.'4 '27396 


96174 


437686 


7.39 


983o58 


.60 


454628 


7-99 


545372 


6 


.35 1127424 


96166 


438129 


7.38 


983022 


.60 


455107 


7-98 


544893 


5 


')« : 27452 


96158 


438572 


7-37 


982986 


.60 


455586 


7-97 


544414 


4 


r.7 , ?74So 


96130 


439014 


7.36 


982960 


.60 


466064 


7.96 


543936 


8 


53 ': 27508 


96142 


439466 


7-36 


9^^2914 


-60 


456542 


7.96 


543458 


2 


59 27536 


96134 


439S97 


7.35 


982878 


.60 


467019 


7.90 


542981 
542004 

L. tang. 


1 


60 1 27564 


96126 


43o338 


7-34 


982842 


.60 


457496 


7-94 





, N. COS. 


N. sine. 


L. COS. 


D.l" 


L.8ine. 


L.cot 


P.l" 


74° j 



4S 



TBIGOKOHETBICAL FUNCTIONS. — 16*. 



Nat. Functions. 






Logarithmic Functions 


1 + 10. 


1 


t 


N.ilno. N. COS. 


lysine. 


D. 1" 


L.C08. |. 


D.l" 


L. tang. 
'9.457496 


D. 1" 


L.oot 
10*542504 


60 


!' 27564 "961 26 


9.440333 


7-34 


9.982842 


.60 


7-94 


1 


; 27392 961 18 


440778 


7.3J 


982805 


.00 


457973 


-7.93 


542027 


».o9 


2 


27620 961 10 


441218 


7.32 


982760 
982733 


.61 


458449 


7.93 


541 55i 


58 


3 27643 9610a 


4416:8 


7-3i 


•61 


438923 


7.9a 


541075 


67 


4 ;. 27676 96094 


442096 


7-3i 


982696 


.61 


459400 


7-91 


540600 


56 


5 


27704 96066 


442535 


7.30 


982660 


.61 


459875 


7-90 


640123 


55 


6 


27731 96078 


442973 


7.29 


982624 


.61 


46o34( 
46o82v 


7.90 


539651 


54 


7 


' 27739 96070 


443410 


7.2:5 


982587 


.61 


7-«9 


539177 


53 


8 


27737 96062 


443847 


7.27 


982551 


.61 


461297 


7.88 


533703 


52 


9 


, 27313 96034 


444234 


III 


98251^ 


•61 


461770 


7.88 


538230 


51 


10 


i 27843 96046 


444720 


982477 
9.982441 


.6i 
.61 


462242 
9-462714 


7.87 


537753 
10.537286 


50 
49 


11 i 27371 


.0037 


9>445i55 


7-23 


7.86 


12 1127399 96029 


445590 


7-24 


982404 


.61 


463 186 


7-85 


536814 


4S 


1:) 


127927 96021 


446025 


7-23 


982367 


.61 


463658 


7-85 


536342 


47 


14 


; 27935 96013 


446459 


7-23 


982331 


.61 


464129 


7-84 


535871 


46 


lo 


; 27933 96005 


446893 


7.2a 


982294 


.61 


464599 


7.83 


533401 


45 


IG 


2joi I 93997 


447326 


7-21 


9822 J7 


.61 


465069 


7.83 


534931 


44 


17 


23o39 939 J9 


447759 


7-20 


982220 


.62 


465539 


7-82 


534461 


43 


13 


' 28067 93981 


448191 


7-20 


982183 


.62 


466008 


7.81 


533992 


42 


19 !; 28095 , 95972 


443623 


7.19 


982146 


.62 


466476 


7.80 


533324 


41 


20ij23i2J 


939^34 


449054 
9-449485 


7.18 


9S2109 

9-9^2072 
9S2035 


.62 
• 62 


466943 
9.467413 


7.80 


533055 
IO-532587 


40 
39 


21 


23131 


95956 


]-M 


7-79 


22 


! 28178, 95948 


449915 


.62 


467880 
468347 


7.78 


532123 


33 


23 232o6 95940 


45o343 


7.16 


9S1998 


.62 


7-78 


53 §653 


87 


24, 2^234 '93931 


450775 


7-15 


981961 


.62 


468814 


I'll 


, 531186 


36 


25 28262 93923 


451204 


7-14 


981924 


.62 


469280 


7.76 


1 530720 


35 


26! 28290 95915 


431632 


7-i3 


981886 


.62 


469746 


7.73 


530254 


Zi 


27 


23318:93907 
23346193893 


452060 


7i3 


981849 


•02 


4702 II 


7-73 


529789 
629324 


33 


23 


452483 


7-12 


981812 


.63 


470676 


7-74 


32 


29 


1 23374 i 95890 


452916 


7'ii 


9^*774 


-62 


47»i4i 


7-73 


520839 
528395 

IO-527932 


81 


80 ij 28402 i 958d2 


453342 
9*453768 


7' 10 


981737 
9-931699 


.62 

.6J 


471605 
9.472068 


7.73 


30 
ii9 


di 


; 2342:? i 95874 


7'io 


7-72 


02 


i 28457 95865 


454194 


7.09 


981662 


.63 


472332 


7-71 


627468 


28 


33 


. 28483 ; 95357 


454619 


7.08 


9S1625 


.63 


472995 


7-71 


627303 


27 


81 


123313 95349 


455044 


7.07 


981687 


.63 


473437 


7.70 


526543 


26 


3) 


.23541 195841 


455469 


7.07 


981549 


.63 


473919 


7.69 


52&081 


25 


36 


23569195332 


455893 


7.06 


981512 


.6) 


474331 


7.69 


523619 


24 


37 


;2359'2 95324 
2^623j 95816 


4563 16 


7-03 


931474 


.63 


474842 


7-63 


525i5j 


23 


G8 


456739 


7-04 


981436 


-6i 


4733o3 


7-67 


524607 
624237 


»>.* 

«« ■« 


30 


' 23652 ' 95307 


457162 


7-04 


981399 


.63 


473763 


7.67 


21 


40 
41 


2363o 95799 
23703,95791 


457534 
9 '453006 


7-03 


9S1361 
9-981323 


-63 
.631 


476223 
9-476683 


7-66 


628777 
io-5233i7 


20 

lu 


7'02 


^7-65 


42 


• 28735 1 95782 


458427 
458843 


7-01 


981285 


.63 


477 '42 


7-65 


522853 


U 


43 


28754 95774 


7'0i 


981247 


.63 


477601 


7-64 


622399 


17 


41 


20792 1 95766 


459268 


7-00 


9S1209 


.63 


478059 


7-63 


621941 


i«; 


4-> 


' 2">320 1 95757 


459688 


6-99 


981 171 


-63 


473317 
478973 


7-63 


521483 


1) 


4 5 


23347 i 9 J749 


460108 


6.98 


9S1133 


•64 


7-62 


521025 


u 


47 


! 28873 1 95740 


460527 


6. 98 


981096 


•64 


479432 


7-6. 


52o563 


\\ 


45 


23qo3 1 93732 


4609^6 


6.97 


98 1057 


•64 


479''^9 


7.61 


5201 II 


12 


43 


23931 193724 


461 364 


6. 96 


981019 


•64 


480345 


7-60 


619655 


11 


50 
51 


28959 
■ 23987 


937 1 5 


461782 


695 


980981 
9-980942 


•64 
•64 


48080 ( 
9.481257 


7-59 


619199 10 1 


95707 


9 ••46 2 199 


6-95 


7.59 


10.518743 


9 


52 


,29013193693 


462616 


6-94 


9^0904 


-64 


481712 


7-58 


5i8aS3 


8 


53 


29042 : 95690 


463o32 


6. 93 


980S66 


•64 


482167 


7-57 


517833 


7 


54 


29070 


9)681 


463443 


693 


980827 


.64 


4^2621 


7-57 


617379 


6 


55 


1 29098 


93673 


463364 


6-92 


980789 


•64 


488075 


7-56 


616923 


5 


5') 


129126 


9:664 


464279 


6.91 


9S0750 


•6i 


483529 


7.55 


616471 


4 


67 


; 29134 


95656 


464694 


6*90 


9807 1 2 


•64 


4339^'2 


7.55 


5i6oi8 


8 


53 


1 29182 193647 


465 1 o3 


6-90 


980678 


•64 


484435 


7-54 


5 1 5565 


2 


59 


29209 i 95639 


465523 


6-89 


980635 


•64 


484887 


7.53 


5i5ii3 


1 


CO 


29237 

1 

! N. COS. 


9563o 


465935 


6.88 


980596 


•64 


435339 


7.53 


5 I 4661 





IT. sine. 


L. COS. 


D. 1" 


L. sine. 


L. cot 


D. 1" 


L. tai^. 








73° 




1 









rRIOOKOMETRICAL FUNCTIONS.— 


IT". 




47 








LoauiiTHiuo FiTNonoHS 


♦ 10. 


1 





N.rtna.! B.«* 


LrtB.. 


D.1" 


L.«. 


D.I" 


Ltu* 


D.1" 


I.«L 


. 


391*37 


95630 


9.455935 


6. 88 


9-980596 


Tt^ 


9.485339 


7.55 


10-5.466. 


1 


iqibj 


93633 


46liJ48 




9805S8 




48i79i 


7-33 


514109 
S.37Sa 




s 


5919] 


9J613 


46676. 


tl2 


9805.9 


.65 


486343 


7-5i 




3 


39331 


,5605 


467.73 


980486 




4^6693 


7-5. 


S.3io7 


57 




19)48 


95596 


467585 


6.B5 


980443 


■65 


487.43 


7-5o 


S.3857 


5S 




39376 


9i5aS 


467996 


6-65 


980103 


.65 


48 593 
4»i8043 


7-49 


S.3407 


6S 


6 


39iOJ 


95579 


468407 


6-84 


980364 


.65 


7 49 


i::?5 


5* 


T 


19S33 


9557. 


4588.7 


6-83 


980335 


65 


48B493 


7-48 






iqiba 


95563 


469337 


6-83 


980386 


.65 






S,,o39 






a9J82 


95554 


46,6J7 
470046 


6.83 


980347 




7'47 


3io6u; 


51 


10 


39S1S 


95543 


6.81 


980108 


.65 


9^490186 


.7-46 


Sid. 61 




i^iiT 


95536 


9.470455 




9-980169 


7-46 


,0.5097,4 


11! 


„5i. 


55538 


470863 




980,36 




4^0733 


7^45 


a 


13 


13 


19599 


95319 


47.37, 


6. 79 


^8^3 


■65 


49, ,80 




47 


U 


19636 


9551. 


47.679 


6.78 


-65 


491637 


7-44 


io8373 




15 


19654 


95303 


4730B6 


6.78 


980013 


.65 


493073 


7-43 


507937 






39683 


9S493 


473493 


5-77 


979973 


-65 


491519 


7-43 


So743. 






19710 


93:WS 


473898 


•6.7^ 


9W4 


-66 


49396? 




507035 


43 


18 


39737 
39765 


95476 


473304 


6.76 


979895 


.66 


4934.0 


7-4. 


S06590 




10 


95467 


473710 


6-75 


97985S 


.66 


493854 


7-40 


S06146 




20 


39793 


95459 


4741.5 


6.74 


9798.6 


66 


494399 


7 -40 


S05701 




'n 


i9y3i 


9i4io 


9.4745,9 


6.74 


9.979776 


-66 


3-494743 




.^5b5^ 




1(2 
23 


» 


95441 
95433 


rx 


ti 


IX 


:S 


49*186 
495630 


]i 


S048M 
504370 


ll 




39904 


9=434 


4757.10 




9796iB 


.(« 


496073 


^■i^ 


503937 






39933 


9541 9 


476133 




9796.8 


.66 


496515 


7-37 


503485 


S5 


2T 


39950 


95407 


476536 
476o38 
477340 


tx 


a 


-66 
-66 


■496957 
497399 


7.36 

7^35 


5o3o43 
5o36oi 


SI 
83 




95389 


6.69 


'979J99 


.66 


497341 


7-35 


So3i39 






30043 


95380 


477741 


6.68 




-66 


498181 


7-34 


50.7,8 






30071 


55373 


478.43 


6.67 


979J!0 




498733 


7-34 


501178 






3i"o^ 


95363 


9.478643 


6.67 


o-97938o" 




9-499163 


7.33 


,— ■ "37- 






30136 


95354 


4789*' 




* 979340 




499603 


7^33 


97 






3ori4 


95345 


479343 


6^65 


979300 


-67 


Soooil 


7-31 


j8 




34 


30183 


95337 


480.40 
48o5i9 


6-65 


979360 


■67 


500481 


T^ 




id! 




30337 


9533B 
95319 


tti 


979180 


67 

•67 


5^59 


]t 


4° 


iK 




3o365 


953.0 


480937 


6-63 


979140 


■67 


So, 797 


7^3o 


-. o3 






30191 


9530. 


48.334 


6.61 


97i),oo 


■67 


Soiiji 


7.19 


497763 




e9 


3o35o 


95,93 


48n3i 


661 


979019 


-67 


S03673 


7.18 


497338 


SI 


ir 


30348 


96384 


483.38 
9.483T35 


6-61 


979019 
9-978979 


■ 67 
■67 


S03.09 
9.So3546" 


7.18 


496891 
1^496^54" 


r 


"30376 


"95375 


7^17 


12 


30403 


95356 


48393. 


6.59 




■67 


S03983 


7-17 


4960,8 




4t 


3o43i 
30459 


& 


4833.6 
4837.3 


tf. 


is 


:S 


5o 4.8 
So 854 


;:; 


493381 
495M6 






30486 


95340 


484107 


6-37 


978817 


■67 


So 389 


7-35 


494711 






3o5i4 


953J. 


48450. 


6.57 


978777 




So 734 




494176 




47 


30343 


95333 


484895 
4853*9 
485683 


6-561 


978735 
978^96 
973655 


-67 


5o6i59 




■ 493S41 




49 


3o370 


g53.3 
95304 


6.55 
6.55 


^68 


506393 
507037 


7.33 
7.33 


493973 




50 


95195 
95,86 


486073 


6.34 


978615 


S 


5o746i 


7.33 

7. 31 


49"4o 
10. 491107 






3o653 


9.486467 


6-53 


9.9i8374" 


9-507?93 




3o6So 


95,77 


486B60 


6.53 


978533 


-68 


5oh336 


7.1. 


491674 






30708 


95,68 


48735. 


6-53 


l!ffi 


-68 


50B759 


7.30 


49.341 




.14 


36^itl 


95,59 


487643 


6-5i 


-68 


509,91 




489046 




55 


30763 


95i5o 


488034 


6-5. 


97841, 


-68 


509631 


7-.Q 




SB 


30791 


95)41 


4884J4 


6-So 


978370 




5.6o54 


7-. 8 






308.0 


95.33 


4888,4 


6-5o 


978330 


-68 


5,048s 


7-.S 


4855i5 




56 


3084S 


95.34 


489304 


n 


978388 


-68 


i;s 


7-17 


4890S4 






3o874 


95. .5 


» 


978347 


-63 


7-16 


488654 




60 


30903 


95.^ 


6.48 


978306 


-68 


S.1776 




488814 


4 


N.™.]B.rti« 


!.«■. 


D.I" 


Lrine. 




L.cot 


D.1" 


L. tang. 


1 



4S 



TBIQONOMETRICAL FCNCTIONS. — 18*. 



Nat Functionb. 






LouAUTHMio Functions 


+ 10. 


1 





N.sine. 

1 

1 

30902 


N. COS. 


L.sine. 


D.l' 


L.eoSb 


D.l" 
.68 


L. tang. 


D.1" 


L.cot 


60 


95106 


9.489982 


6*48 


9*978206 


9.511776 


7.16 


10.488224 


1 


30929 


93097 


4903*1 1 


6 


48 


978165 


.68 


5 12206 


7.16 


487794 


59 


2 


3^11 


95u88 


499739 


6 


47 


978124 


.68 


512635 


7.13 


. 487865.58 1 


8 


93079 


491 147 


6 


46 


978083 


•69 


5 18064 


7->4 


486986 


57 


4 


3lOl2 


93070 


491533 


6 


46 


978042 


*69 


518493 


7-14 


486307 


5»i 


5 


31040 


95061 


491922 


6 


45 


978001 


.69 


518921 
514349 


7.13 


486079 


5:> 


6 


3io68 


95o32 


492 Jo j 


6< 


44 


977939 


.69 


713 


485631 


54 


7 


31095 


93043 


492695 


6 


44 


977918 
977877 


.69 


514777 


7.1a 


485223 


53 


8 


3112J 


95o33 


493081 


6 


43 


.69 


513204 


7-12 


484796 


52 


9 


3ii5i 


95024 


493466 


6 


42 


977880 


.69 


5i563i 


7*11 


484369 
488948 


51 


10 
11 


31178 
3 1206 


95oi5 


493331 


6. 


42 


977794 
9*977732 


.69 
.69" 


5 I 6057 
9.516484 


7.10 


50 


95006 


9*494236 


6. 


41 


7.10 


10.483516 


49 


12 


31233 


94997 


494621 


6. 


41 


9777ii 


.69 


516910 


7.09 


488090 


4S 


13 


31261 


94988 


495oo5 


6. 


40 


977669 


.69 


517335 


7.08 


482665 


47. 


14 


31289 


94979 


493333 


6. 


39 


977628 


.69 


517761 


482289 


46 


15 


3i3i6 


94970 


495772 


6. 


39 


977386 


.69 


5i8i83 


7.08 


481813 


4.3 


16 


3i344 


94961 


496154 


6. 


3d 


977544 


.70 


518610 


7.07 


481890 


44 


17 


•31372 


94952 


496537 


6. 


?7 


9775o3 


.70 


- 519084 


7.06 


480966 
480342 


43 


IS 


I3i399 


94943 


496919 


6- 


37 


977401 


.70 


519458 


7.06 


42 


19 


; 31427 


94933 


497301 


6. 


36 


977419 


.70 


519882 


7.05 


480118 


41 




3 1 454 

3i4^2 


94924 


497682 


6- 


36 


977377 
9.977335 


^70 
.70 


52o3o5 
9.520728 


7-05 


479695_ 
10.479272 


40 


94915 


9*498064 


6. 


33 


7.04 


22 


3i5io 


94906 


498444 


6. 


34 


977293 


.70 


52ii5i 


7.08 


47^849 


38 


23 


3i537 


94a97 


498823 


6' 


34 


977231 


•70 


521578 


7.08 


478427 


37 


24 


131 565 


94808 


499204 


6- 


Si 


977209 


.70 


521995 


» 7*o3 


478003 


86 


2.") 31393 


94S69 


499584 


6< 


32 


977167 


•70 


522417 


7.02 


477388 


85 


2G 


31620 


499963 


6- 


32 


977123 


•70 


522833 


7*02 


477 » 62 


81 


27 


31648 


94>6o 


500J42 


6. 


3i 


977083 


.70 


528239 


7.01 


476741 


S3 


23 


31675 


9435 1 


500721 


6. 


3i 


977041 


.70 


528680 


7.01 


' 476820 


82 


20 


3 1 703 


94842 


501099 


6. 


3o 


976999 


.70 


624100 


7*00 

6.99 


473900 


ai 


80 


31730 
3i75d 


9i332 
94i23 


501476 
9*5ol8J4 


6- 


29 


976937 
9-976914 


l2?_ 
.70 


524J20 

9.524939 


475480 


80 

i:9 


6. 


29 


6.99 


10.475061 


82 


317S6 


943i4 


50223i 


6. 


28 


9763T* 
976830 


.71 


523859 


6.98 


474641 


23 


83 


3idi3 


94:<o5 


502607 


?■ 


28 


.71 


525778 


6.98 


474222 


27- 


81 


3i84i 


94795 
94786 


502984 
5o3j6o 


6. 


27 


976737 
976743 


•7' 


.526197 


6.97 


4738o3 


26 


8) 


3iS63 


6' 


26 


•7« 


526613 


6.97 


473335 


2.> 


80 ; 31896 


94777 


5o3735 


6- 


26 


976702 


•71 


527088 


6.96 


472967 


24 


87 i 3 1 92 J 


94768 


5o4ii<> 


6. 


25 


976660 


•71 


; 527431 


6.96 


472349 


2J 


38 i 31901 


94758 


504485 


6 


25 


976617 


•71 


527v^3 


6.95 


472182 


22 


89 l| 31979 


V4749 


5o436o 


6 


24 


976574 
976382 

9.9764^)0 


•71 


528285 


6.95 


47n'5 


£1 


40 i| 320o6 

41 132034 


94740 


503234 


6- 


23 


•7> 

•.7» 


528702 

9.529119 
529535 


6-94 


471298 


20 
19 


94730 


9 • 5o56o8 


6. 


23 


6.98 


10.470001 


42 i 32061 


94721 


5o5o8i 
5o6j54 


6. 


22 


976440 


•7' 


6*98 


470465 


18 


4) 32089 


94712 


6- 


22 


976404 


.71 


529930 


698 


4700 5o 


17 


44 


321 16 


94702 


506727 


6- 


21 


976861 


•71 


53o866 


6.92 


469684 


16 


4-) 


32144 


94693 


507099 


6. 


20 


976818 


•7> 


530781 


6.91 


460219 
468804 


15 


4(') ; 32171 


94684 


507471 


6 


20 


976275 


•7' 


681196 


6.91 


14 


47 


32199 


94674 


507843 


6 


»9 


976282 


•72 


53i6ii 


6.90 


468889 


13 


48 


32227 94665 


5o32i4 


6 


»9 


976189 


.72 


532025 


6-90 
6.89 


467973 


12 


49 


32254194656 


5o8385 


6 


•18 


976146 1 


•72 


532489 


467361 


11 


50 \Z72h 

51 323o9 


94646 


508956 


6 


.18 


976108 1 
9.976060 


.72 
.72 


532853 
9.533266 


6.89 


467147 
10.460784 


10 
9 


94637 


9*509326 


6 


•17 


6-88 


52 


32337 


94627 


509696 


6 


-16 


976017 


.72 


533679 


6.88 


466821 


8 


53 


32364 


94618 


5 I 0063 


6 


16 


975974 
973980 


.72 


534092 


5.87 


465908 


7 


54 


32392 


94609 


510434 


6 


15 


.72 


534304 


6.87 
6.86 


465496 


6 


55 


32419 


94599 


5io3o3 


6 


.|5 


975887 


.72 


534916 


465o84 


5 


56 


32447 


94590 


511172 


6 


•14 


975844 


•72 


, 535328 


9.86 
6-85 


464672 


4 


57 


32474 


94580 


5ii54o 


6 


.i3 


975300 


.72 


535789 


464261 


8 


58 


32502 


94371 


611907 
512273 


6 


13 


97.5757 


.72 


536 I 5o 


6-85 


46335o 


2 


59 


32529 


94561 


6 


•12 


975714 


.72 


536561 


6.84 


463439 


1 


60 


325J7 


94552 


512642 


6*12 


975670 


*72 


536972 
L. cot 


6.84 


463028 







N. COS. 


N. sine. 


L. COS. 


D. 1" 


L.slno. 


D.l" 


L. tang. 








71° 






t 



TBIOOKOUBTRICAL FONCTIONS. — 1!»\ 



».,.F„,^,.. 








la 


1 




N.dDa. 


N.OM. 


L.1IU. 


D. 1" 


!.«.. 


D.I" 


L.t«.g. 


D1-" 


Loot. 




^ 


i»5S7 


9*S5' 


9.513641 


6-11 


9-975670 


^ 


9.536971 


6.84 


7^63^ 


60 




3i5di 


9iJ4I 


i.ioot 




975637 


.73 


53tJ03 










3:t(>i] 


943JJ 


ai337J 




975533 


■V 


5377,1 




463308 




3 


31639 


94Ja3 


5,3741 




973539 




533 101 




46.798 


i>7 




i,(£l 


94Jii 


Suioi 




975496 


■73 


5JS611 


6-Bi 


46.3*9 


ii 


S 


316,1 


94i04 


514471 


6.09 


9754?) 


■73 


539030 


6.B1 


460980 






31121 


9«95 


5.4337 




97540a 


■73 


539419 




460371 




7 


32749 


9i4o5 


Si 5301 




975365 


■73 


53,831 


6.80 


4601 63 


68 


8 


Ja777 


liilt> 


■5 15566 


6.07 


97i3ii 


■73 


540343 




439755 


BS 




3]iJa4 


94466 


516910 


ti 


VM 


■li 


540653 


6-79 


45,347 


51 


10 


3i3Ji 


9i*57 


516394 




■li 


541061 




45»93, 


50 


li 


3J359 


9"*7 


9.516637 


&.ai 


9.975.8, 


■73 


9 6» 


6-78 


0-43S531 




li 


SiSitT 


9443d 


617010 


6-oi 


975.4! 


■ll 


75 


6-78 


458 ii5 






319U 


94438 


5i73a3 


6-04 


97iiOi 


-73 




5-77 


45771, 






3i9ii 


9441 a 


5i774> 




V,Sl 


■73 




tu 


457J13 


4a 


iJ 


3J09 


94409 


5iai07 




■73 


94 


416906 


45 


la 


33997 


94399 


5t8463 


6-01 


974969 


-74 


99 


6.76 


43630. 




17 


33oU 


94390 


5iai:ll9 


6bl 


97 493 J 


■74 


D) 


6.75 


450093 




li 


33o3. 


94330 


S19190 




974380 






6-75 


4536,0 






3307, 


94370 


5i9iji 




974836 




.5 


6-74 


455333 


41 




33id() 


'^^ 


519911 




91479' 




- "i 


6.74 


454331 


40 




3JiJ4 


9lJJi 


^30171 




,-974748 


■74' 


9.545514 


6.73 


iiT54476 




81 


33i6i 


9iJ43 


5.99 


974703 




1ST. 


6.73 


43407 J 




2.) 


s:s 


943J1 


510990 


5-99 


974659 




6.73 


45J66, 




£1 


3iJ33 


5) 1349 


5-9a 


9746.4 


■74 


546735 




453361 


38 




33344 


«3,3 


511707 


5.9a 


974570 


■74 


547. 38 


6-71 


453363 


S3 


sa 


3337' 


94J03 


511066 


5-97 


974515 


■74 


547540 


6.71 


4 5 3460 




!7 


3JJ93 


94193 


539434 


5.96 


974481 


■74 


S47943 


6.70 


■435o5j 




2i 


3J31& 


94Mi 


5337^1 


5-96 


974436 




548J45 




4J.63i 


S3 




33353 


9*374 


533133 


5-95 


9743,1 


■74 


548747 


6.69 


45.353 


31 


^ 


33331 
33403 


94364 
94 3 J* 


533495 
9-5i3oja 


S-gS 


_974347_ 
9-974303 


-,5 
■7J 


549 I49 


6-6; 


4io85i 

io-45o45o 




5.94 


9-54,45o 






3343S 


9«4i 


5l43o3 


5.9( 


974337 


■75 


54wii 




450049 


S3 




33463 


94335 


534364 


5.93 


9743.1 


■75 


5joJ5i 


6-67 


.U964J 


27 


81 


33490 


94335 


534910 


5.93 


974.67 


■li 


5J073l 


6-67 


449-'48 




3-, 


335ia 


9iii5 


51JI75 


5.91 


974113 


■75 


35ii53 


6-66 


443843 


2.^ 




33545 


94305 


5i56Jo 


5-9. 


974"77 
9740J1 


■P 


55i5J3 




448443 




87|l3J373 
33 JJ600 


94196 


515934 


5.9. 


■75 


55 1,53 




448048 




941 1>6 


53669? 


5.90 


973987 


■75 


; 55)33. 


6-65 


447649 




SU 336J7 


94'76 


5,90 


973941 


■75 


■ 553730 


6.t.5 


447350 




40li33i55 


94167 


537046 


5.B9 


__M^L 


-75 


1 533.49 


6.64 


44635. 




41 


"3J&J3 


94157 


^.Ti^ 


-5.«9 


9-,73SJ3 


■75 


9-75.-35^ 


6-64 


10 -446451 






1 33710 


94U7 


517743 


5.83 


973807 


■75 


553946 


6-63 


446oi4 




43 


3 737 


94.37 




5.93 


97376. 


■75 


1 554144 


6-63 


443656 






3 i-Ji 


94137 


S38458 


Ml 


9737.6 
973671 


■76 


! 55474. 




445359 






3 79= 


9*1 1 H 


538310 


i'd 


-76 


553. 3q 
SS3536 


6.63 


44486. 




4S 


3 J19 


9410B 


519161 


,73615 


■76 


6-6. 


444464 




*7 


33346 


91098 


5i95i3 


5.86 


973330 


-76 


555933 

i 53631, 


6-6. 


444067 






33314 


94oa3 


519S64 


5-85 


973533 


■ 76 




443671 






3390. 


ts& 


53rii! 


5-85 


,73489 


■76 


5557W 


6-6a 


44317J 




50 


33qJ9 


53o563 


J. 84 


,73444 


■76 


1 55711. 


6-59 


443S79 






3J9.6 


94o5j 


^09"T5 


i¥. 


9-973393 


■76 


9^5575.7 


6-5, 


.0-441483 






339S3 


94049 


531163 


5-63 


97335) 


.76 


ISSi 


t^. 


443087 




53 


3401 1 


9io39 


53.6U 


5-B3 


973307 


■76 


44.6,3 




54 


34033 


94039 


s;s 




97316. 


-76 


556701 


6-58 


4413,3 




s; 


iiobi 


94019 




973115 


■76 


559097 


6-57 


440903 






34b93 


94009 


531661 


5-Si 


973169 


.76 


53^5 


S:S 








341 JO 


93999 


533009 




973.34 


■76 






34147 


93989 


333357 


5-8o 


973078 


.76 


56^379 


6-56 


4397 J 1 






3417^ 


91919 


533704 


S.79 


973031 


■7" 


5(m67l 


6-55 


43,337 




» 


S 


9I969 


534053 


5-78 


973gS6 




j 56io66 


6-55 


438,34 





S.sloe. 


u». 


D.V 


"TTl^ 




L-ooL 


D-1" 


ITuiT 




1 



50 



TBIOONOMETBICAL FUNCTIONS. — aO'. 



Nat. FuHonoHt. 


LooABiTBxic Functions + 10. 1 


t 



N.slno. N. COS. 


L.sln«. 


D.l" 


L.eo8. ] 


D.1" 


L.tang. 


D.l" 


L.oot 


60 


34302 


93969 


9.534052 


5 


.78 


9.972986 


•77 


9.561066 


655 


10.438934 


1 


34220 


93939 


534390 


5. 


"77 


972940 


•77 


561459 


6.54 


438341 


59 


2 


'^^^ll 


93949 


534743 


5 


77 


972894 


•77 


56r85i 


6.54 


438149 


53 


8 


34284 


93939 


535oo2 
535433 


5 


V> 


972848 


•77 


562244 


6.53 


4377-6 


57 


4 


343 1 1 


93929 


5. 


972802 


•77 


562636 


6.53 


437364 


56 


5 


34339 
34366 


93919 


535783 


5. 


76 


972755 


•77 


563028 


6.53 


436972 


55 


6 


93909 


536129 


5- 


75 


972709 


•77 


563419 


6.52 


436381 


54 


7 


34393 


93899 


536474 


5. 


74 


972663 


•77 


563811 


6.52 


436189 


53 


8 


34421 


93889 


5368i8 


5. 


74 


972617 


•77 


564202 


6.5i 


433798 


52 


9 


34448 


93879 


537163 


5. 


73 


972570 


•77 


564592 


6.5i 


435408 


51 


10 
11 


34475 


93869 


537507 


5. 


73 


972524 


•77 


564983 
9 • 565373 


6.5o 


433017 
10.434627 


50 
49 


345o3 


93859 


9-537851 

533194 
533538 


5. 


72 


9.972478 
972431 


M 


6.5o 


12 


34530 


93849 


5. 


72 


565763 


6.49 


434237 


4S 


13 


34557 


93339 


5. 


7« 


972385 


.78 


566i53 


6.49 


433847 


47 


14 


34584 


93329 


533880 


5 


7< 


972333 


.78 


566342 


6.49 


433438 


46 


15 


34612 


93S19 


539323 


5. 


70 


972291 


.78 


* 566o32 
567320 


6.48 


433o63 


45 


16 


34639 
34666 


93809 


539565 


5. 


70 


972245 


.78 


6.48 


432680 


44 


17 


93799 


539907 


5 


69 


972198 
972i5i 


.78 


568098 


6.47 


432291 


43 


13 


34694 


93759 


540249 


5. 


69 


.78 


6-47 


431902 


42 


19 


34721 


93779 


540590 
5409 J 1 


5- 


68 


972105 


.78 


568486 


6.46 


43i3i4 


41 


20 
•Jl 


34748 

34775 


93769 


5. 
5' 


68 


972o58 


.78 


568873 


6.46 


431137 


40 
3U 


93759 
93748 


9*541272 


67 


9.972011 


.78 


9.569261 


6.43 


10*430739 


22 


34^303 


541613 


5 


u 


97*964 


.78 


569648 


6.45 


43o332 


83 


23 


3483o 


9373s 


541953 


5 


971917 


.73 


570035 


6.45 


429965 
429578 


87 


24 


34857 


93728 


542293 


5. 


66 


971870 


.78 


570422 


6.44 


36 


25 


34884 


93718 


542632 


5- 


65 


971823 


.78 


571581 


6-44 


429191 


35 


26 


34915* 


93708 


542971 
543310 


5. 


65 


971776 


.78 


6.43 


428do5 


84 


27 


34939 


93698 


D- 


64 


971729 


•79 


6.43 


428419 
428033 


83 


28 


34966 


93688 


543649 


5. 


64 


971682 


•79 


571967 


6.42 


82 


29 


34993 


93677 


543087 
544325 


5. 


63 


971635 


•79 


572352 


6.42 


427648 


81 


80 
31 


35o2i 


93667 


5. 

5" 


63 


971588 


•79 


572738 


6*42 
6.41 


42736a 
10*426877 


SO 
29 


35048 


93607 


9.544663 


62 


9.971540 


•79 


9.573123 


82 


35075 


93647 


545000 


5. 


62 


971493 


•79 


573507 


6*41 


426493 


28 


83 


35io2 


93637 
93620 


545338 


5. 


61 


971446 


•79 


573892 


6.40 


426108 


27 


84 


35i3o 


545674 


5. 


61 


9713^3 


•79 


574276 


6.40 


425724 


26 


85 


35i57 


93616 


5460 II 


5. 


60 


97i33i 


•79 


574660 


6-39 


425340 


25 


86 


35 184 


93606 


546347 


5 


60 


97i3o3 


•79 


575044 


6.39 


424956 


24 


87 


352II 


93596 
93585 


546683 


5 


.59 


971256 


•79 


575427 


6.39 


424373 


23 


88 


35239 


547019 


5 


M 


971208 


•79 


575s 10 


6-38 


424190 


22 


89 


35266 


93575 


547354 


5 


971161 


'79 


576193 


6-38 


423807 


21 


40 
41 


35293 


93565 


547689 


5 

5 


• 58 


971 1 13 


•79 


576376 
9.576938 


6.37 
6.37 


423424 


20 


35320 


93555 


9*548024 


•57 


9.971066 


.80 


10.423041 


19 


4i 


35347 
35375 


93544 


548359 
548693 


5 


t 


971018 


.80 


577341 


6.36 


422639 


13 


18 


93534 


5 


970970 


.80 


577723 


6. 36 


422277 


17 


44 


35402 


93524 


349027 


5 


56 


970922 


.80 


578104 


6-36 


421896 


16 


45 


35429 


93514 


549360 


5 


.55 


970874 


.80 


57S486 


6.35 


42l5i4 


15 


46 


35456 


935o3 


549693 


5 


.55 


970827 


.80 


578867 
57924B 


6.35 


42II33 


14 


47 


35484 


93493 
93483 


550026 


5 


•54 


970779 


.80 


6.34 


420752 


13 


43 


355II 


55o359 


5 


•54 


970731 


.80 


579629 


6.34 


420371 


12 


49 


35533 


93472 


550692 


5 


.53 


970683 


.80 


580009 


6-34 


419091 


11 


50 
51 


35565 


93462 


55 I 024 


5 


.53 


970635 


.80 


58o3S9 


6.33 


419611 


10 


35592 


93452 


9-551356 


5 


.52 


9.970586 


.80 


9.580769 , 


6.3i 


10*419231 


9 


52 


35619 


93441 


551687 
552oid 


5 


52 


970538 


.80 


581149 
58i528 


6.32 


4i835i 


8 


53 


35647 


93431 


5 


.52 


970490 


.80 


6.32 


418472 


7 


54 


35674 


93420 


552349 


5 


5i 


970442 


.80 


581907 


6.32 


418093 


6 


55 


35701 


93410 


552680 


5 


51 


970394 


.80 


582286 


6-31 


4i77ii 


5 


56 


35728 


93400 


553oio 


5 


50 


970345 


.81 


582665 


631 


417335 


4 


57 


35755 


93389 


553341 


5. 


So 


970297 


.81 


583o43 


6.30 


416957 


8 


58 


35782 


93370 


553670 


5. 


49 


970249 


.81 


583422 


6.3o 


416578 


2 


59 


358 10 


93368 


554000 


5. 


49 


970200 


.81 


583300 


6.29 


416200 


1 


60 


35837 


93858 


554329 


5.48 


970152 


.81 


584177 


6.29 


4i5823 





N. COS. 


N. sine. 


Ite COS. 


D.l" 


Urine. 




L. cot. 


D.l" 


L.tang. 


1 






69° 




1 



TRIGOSOMETRICAL FUNCTIONS. — 81*. 



61 



Nat. Fxtnctions. 


LOGARITHMIO FUNCTXONB + 10 


1 


» 



i 
2 
8 
4 
5 
6 
7 
8 
9 
10 

11 
12 
18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
80 

81 
82 
88 
84 
85 
86 
87 
8* 
89 
40 

41 
42 
48 
44 
4') 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


N.fltne. N. ooa. 


lysine. 


.D. 1" 


L.GOS. ] 


D.1" 


I* tang. 


D. 


1" 


L. cot 




35837 
35864 
35891 
35918 
35945 
33973 
36ooo 
36027 
36o54 
36o8i 
36 108 

36i35 
36162 
36190 
36217 

36244 
36271 
36298 
36323 
36352 
36379 

36406 

36434 
36461 
3648S 
365 1 5 
36542 
36569 
36396 
36623 
3665o 


93858 
93348 
93337 
93327 
933 16 
93306 
93295 
93285 
93274 
93264 
93253 

93243 
93232 
93222 
93211 
93201 
93190 
93180 
93169 
93i5q 
93148 


9*554329 
5J46jd 
554987 
555313 
555643 
553971 
556299 
556626 
636953 
557280 
557606 


5 

5. 

5 

5 

5. 

5. 

5 

5 

5 

5 

5 

5 
5 
5 
5 
5 
5 
5 
5 
5 
5 

5 
5 
5 
5 
5 
5 
5 
5 
5 
5 


.48 
48 

47 

47 
46 

46 
•45 
45 
•44 
•44 
•43 

•43 
•43 
•42 
•42 
•41 
•41 
.40 
Ao 

•39 
■39 

.33 
.38 

'V 

12 
• 36 
•36 
.35 
*35- 
■ 34 


9*9701 52 
970103 
970055 
970006 

• 9^9937 
969909 

969860 
9698 II 
969762 

969714 

969663 

9*969616 
969567 
969518 
969469 

969420 
969370 
969321 

969272 

969223 
969173 

9*969124 
969075 
969025 
968976 

968926 

968877 

968827 

968777 
968728 

968678 

9*968628 
968578 
968528 

968479 
968429 
968379 
96S329 

968278 
96S228 
968178 

9.968128 
968078 

968027 

967977 
967927 

967876 

967S26 

967775 

967725 

967674 


.81 

•81 

•81 

•81 

.81 

•81 

.81 

•81; 

•81 

•81 

•81 

*b2 
.82 

• 82 
.82 
.82 
.82 
.82 

*82 

.82 

*82 

•8a 

• 82 
.82 

• 82 
•83 
.83 
.83 
.83 
•83 
.83 

*bJ 
•83 
*83 
*83 

• 83 
*83 
•83 
*83 
•84 
*84 

.b4 

.84 

•84 

•84. 

*84 

•84 

•84 

.84 

*84 

*84 

•84 
.84 
•85 
.85 
.85 

• 85 
.85 
.85 
.85 
*85 


9-584177 
584555 
584932 
585309 
585686 
586062 
586439 
5868 1 5 
587190 
687306 
587941 


6. 
6* 
6- 
6* 
6- 
6' 
6' 
6. 
6- 
6. 
6. 


29 

29 
28 

23 

27 
27 

V. 

26 

25 
25 


10-415823 
415445 
4i5oo8 
41 469 I 

4i43i4 
413938 
41 3361 
4i3i85 
412810 

412434 
412059 


60 

tl 
56 
55 
54 
58 
52 
51 
50 

4'J 
48 
47 
46 
45 
44 
4) 
42 
41 
40 

8j 
08 
87 
36 
85 
84 
83 
32 
81 
80 

2 J 
28 
27 
26. 
25 
21 
28 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


9*557932 
558238 
558583 
558909 
559234 
559558 
559883 
560207 
56033 1 
56o855 


9. 5883 16 
588691 
589066 
589440 
689814. 
590188 
690562 
690935 
591308 
591681 

9*592054 
692426 
592798 
693171 
593542 

593914 
594285 
594656 
595027 
695398 

9*595768 
596138 
696508 
696878 

697247 
597616 

597985 

698354 

• 598722 

699091 


6. 

6. 

6- 

6. 

6. 

6- 

6 

6. 

6< 

6. 

6' 

6. 

6 

6. 

6. 

6. 

6. 

6< 

6- 

6. 

6- 
6. 
6- 
6. 
6. 
6. 
6. 
6. 
6. 
6 


23 
24 
24 
23 
23 
23 
22 
22 
22 
21 

21 
20 
20 

»9 

'*? 
18 

18 

18 

»7 
>7 

n 
16 

16 

16 

i5 
i5 
i5 
14 
14 
i3 


io*4ii684 
4ii3o9 

410034 

410300 

410186 
409812 
409438 
409065 
405692 
408319 

10-407946 
407374 
407202 
406829 
4o64j8 
406086 
405716 
405344 
404973 
404602 


93137 
93127 
93116 
93106 
93093 
93084 
93074 
93063 
93o52 
93042 


9*561178 
56i5oi 
56i82i 
562146 
562 J68 

. 562790 
563 1 1 2 
563433 
563755 
564075 


36677 
36704 
36731 
36758 
36785 
36812 
36839 
36367 
36894 
36921 


930 J 1 
93020 
93010 
92999 
92988 
92978 
92967 
92956 

92945 
92935 


9*564396 
564716 
565o36 
565336 
565676 
565995 

566314 
566632 
566951 
567269 


5 
5 
5 
5 
5 
5 
5 
5 
5 
5 

5 
5 
5 
5 
5 
5 
5 
5 
5 
5 


•34 
.33 
*33 
.32 

*32 

*3i 

*3i 

31 

*3o 

• 30 

*29 

29 

• 28 

*28 

28 
■27 

■XL 

■ 26 

.25 


10*404232 
403862 
403492 

403l22 

402753 
402384 
4o2oi5 
401646 
401278 
400909 

io*4oo54i 
400173 
399806 
399438 
3^9071 
39*3704 
398338 

397971 
397605 

397239 


36948 

1 36975 

' 37002 

' 37029 

1 37056 

37083 

37110 

37137 

137164 

37191 


92924 
92913 
92902 
92892 
92881 
92870 
92859 
92849 
92833 
92827 


9.567587 
567904 
5682 i 2 
568539 
568856 
56917a 
569488 

569804 
570120 
570435 


9*599439 
699827 

600194 
6oo5 .2 
600929 
601296 
601662 
602029 
602393 
602761 


6. 
6- 
6- 
6- 
6. 
6. 
6. 
6' 
6. 
6. 


i3 
i3 
12 
12 
11 
II 
II 
10 
10 
10 


137218 
37245 

37272 

37353 

37380 

i 37407 

1 37434 

37461 


92816 
92805 

9.2794 
92784 
92773 
92762 
92751 
92740 
92720 
92718 


9*570751 
571066 
571330 
571695 
572009 
572323 
572636 
572950 
573263 
57357O 


5 

5 

5 

5 

5 

5 

5 

5. 

5. 

5. 


.25 

•24 
.24 

23 
23 
23 
22 
22 
21 
•21 


9.967624 
967573 ■ 
967522 

967471 
967421 
967370 
967319 

967268 
967217 

967166 


9*6o3i27 
603493 
6o3858 
604223 
604538 
604953 
6o53i7 
6o5682 
606046 
606410 


6. 
6. 
6- 
6. 
6* 
6* 
6* 
6* 
6* 
6. 


09 
09 
09 
08 
o3 

07 

07 

07 
06 

06 


10.396873 
396507 
396142 
395777 
395412 
393047 
394683 
394318 

393954 
393390 


7 
9 
8 
6 
5 
' 4 
8 
2 
1 


4 


N. COS. N. sine. 

■ 


Jm OOfl. 


D.l" 


L. sine. 


L.cot 


D.l" 


Ite tajkg. 


68° ~ ~ 1 
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TRIGOXOMETRICAL FUNCTIONS.— 22^ 

• 








Kat, Functions. 


Logarithmic Functions + 1 . 1 







N.siae. N.cos. 


L.Bine. 


D.l" 


L.co«. D.." 


1 L. tang. 


D.1" 


L.eot 


60 




37461 '92718 


9.573575 


6'2I 


9*967166 


.85 


9*606410' 


6.06 


10*393590 




1 


3740^ '92707 


573888 


6-20 


967116 


.85 


606773 


606 


393227 
392863 


59 




2 


375 1 5 92097 


674200 


6*20 


967064 


• 85 


607137 


6*06 


58 




8 


37343 1 92686 


5745 1 2 


6<i9 


967013 


.86 


607600 


606 


392600 


57 




4 


37660 9267D 
37393 92664 


674824 


5.19 


96O961 


•85 


607863 
608226 


604 


392137 
391776 


56 




5 


576136 


6'19 


966910 


.85 


6'04 


55 




6 


37622 92633 


575447 


5.18 


966^69 


.85 


608688 


6*04 


391412 


54 




7 


37649 92042 


676768 


6.18 


966808 


•86 


608960 


6*o3 


391060 


53 




8 


' 37676 92031 


, 676069 


6.17 


966766 


.86 


609312 


6*o3 


390688 


52 




9 


, 37703 92620 


6'»6379 


6.17 
6.16 

5.16 


966706 


• 86 


609674 


6*o3 


390326 


51 




10 
11 


37730 \ 92609 
37737 i 92398 


676689 
9.576999 


900653 


• 86 
•86 


6ioo36 


602 

6*02 


389964 


50 




9*960002 


9»6io397 


10*389003 


49 




12 


■ 37784 ! 92687 

137811 1 92376 


577309 


6-i6 


966660 


.86 


610739 


6*02 


389241 


48 




la 


677618 


5.16 


966499 


.86 


611120 


6*01 


330880 


47 




14 


37833 1 92303 


577927 


6-i5 


966447 


• 86 


61 1480 


6*01 


3d852o 


46 




15 


37803 1 92334 


678230 


6-14 


966393 


.86 


611841 


6*01 


388169 


45 




16 


37892 ' 92343 


670646 


3-14 


966344 


.86 


612201 


6*00 


387799 


44 




17 


37919 '92JJ2 


678853 


6.i3 


9O6292 


.86 


612661 


6'00 


387439 


43 




18 


37946 19232 I 


679162 


5-13 


966240 


.86 


612921 


6*00 


387079 


42 




l^ 


37973 


92310 


679470 


6.i3 


966188 


.86 


613281 


D.99 


386719 
386369 


41 




20 
•Jl 


37999 

; 38026 


92499 
92488 


679777 


6-12 


966136 


• 86 
.87 


. 61 364 I 


5.99 
6.98 


40 

ad 




9'58oo83 


5-12 


9 '960085 


9*614000 


10.386000 




22 


1 38o33 


92406 


680392 


5.11 


966033 


.87 


614359 


5.98 


385641 


88 




23 


; 38080 


680O96 


5.11 


966981 


.87 


614718 


6.98 


385282 


87 




24 


1 38107 


92455 


681003 


6'ii 


966928 


.87 


616077 


6.97 


384923 


86 




25 


38i34 


92444 


68i3i2 


5'io 


966076 


.87 


616433 


5*97 


334->65 


85 


\ 


26 


38i6i 


92432 


681618 


6-10 


966824 


.87 


6167^3 


5 •96 


384207 


84 




27 


38i88 


92421 


681924 


6'09 


965772 


.87 


616131 


383849 


83 




28 


38213 


92410 


682229 


6'09 


966720 


.87 


616J09 


6.96 


383491 


82 




29 


38241 


92399 


682533 


5.09 


965668 


.87 


616867 


5*96 


383 1 33 


81 




80 

81 


38268 923a8 


682840 


6-08 
•5.08 


963616 


.87 
.87 


617224 


5.96 


382776 


80 
29 




38295 


92377 


9 -583 146 


9*963363 


9*617382 


5.95 


10*382418 




82 


38322 


92366 


683449 


6-07 


966311 


.87 


617939 


5.96 


332061 


28 




88 


38349 


92355 


683734 


6-07 


963468 


.87 


61829J 


5-94 


381705 


27 




84 


38376 


92343 


684068 


6.06 


966406 


.87 


618632 


6-94 


38 1348 


26 




85 


3840J 


923J2 


684361 


6.06 


963353 


.88 


619008 


5-94 


380992 


25 




86 


38430 


92321 


684666 


5'o6 


965301 


.88 


619364 


5.93 


380636 


24 




87 


38436 


9^3io 


684968 


6-o5 


966248 


.88 


619721 


6.93 


330279 


2;) 




88 


38483 


92299 


686272 


6-o5 


966196 


•88 


620076 
620432 


6.93 


379924 


22 




89 


385 10 


922f<7 


685574 


5.04 


963143 


•88 


6-92 


379368 


21 




40 
41 


38537 
38564 


92276 
92265 


686877 


5-04 
5-03 


966090 


.88 
*88 


620787 


3-92 
5.92 


379213 


20 




9-686179 


9.966037 


9*621142 


10.378868 


19 




42 


38391 


92254 


686482 


6.o3 


964984 


.88 


621497 


5'9i 


378603 


18 




48 


38617 


92243 


686783 


6o3 


9O4931 


.88 


621832 


5.91 


378148 


17 




44 


38644 


9223l 


687086 


6-02* 


964879 


.88 


62:207 


6-90 


377793 


16 


<h 


45 


38671 


92220 


687396 


6.02 


964826 


• 88 


622661 


6*90 


377439 


15 




46 


38698 


92209 


687688 


6-01 


964773 


*88 


622916 


6-90 


377086 


14 




47 


38725 


92198 


687989 


6*01 


964719 


• 88 


623269 
623623 


5.89 


376731 


13 




48 


38732 


92186 


688289 


5'0i 


964666 


*89 


6.89 


376377 


12 




49 


38778 


92175 


688390 


6 '00 


964613 


.89 


623976 


6.89 
6*88 


376024 


11 




50 
51 


388o5 
38^832 


92164 


688890 


6'00 


964560 


.89 
*89" 


624330 


376670 


10 




92152 


9*689190 


4.99 


9-964607 


9*624683 


5*88 


10*375317 


9 




52 


38859 


92I4I 


689489 


4.99 


964454 


.89 


625o36 


6*88 


374964 
374612 


8 




53 


38886 


92i3o 


689789 


4-99 


964400 


.89 


. 625388 


6*87 


7 




54 


33912 


92119 


690088 


•4.98 


964347 


*89 


623741 


6.87 


374269 


6 




55 


38939 


92107 


690387 


4.98 


964294 


.89 


626093 


6-87 
6*86 


?7?9?7 


5 




56 


38966 


92096 


690686 


4-97 


964240 


.89 


626445 


373336 


4 




57 


3:^993 


92085 


690984 


4-97 


964187 
964133 


.89 


626797 


6.86 


373203 


8 




58 


39020 


92073 


691282 


4-97 


*89 


627149 


5*86 


372861 


2 




59 


39046 


92062 


691680 


4.96 


964080 


.89 


627601 


6*86 


372490 
372148 


1 




60 


39073 


92o5o 


, 691878 


4.96 


964026 


.89 


627862 


6*85 









N. COS. ^. sine. 


1 L. COS. 


D.l" 


L. sine. 


L. cot 


D. 1" 




' 
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Nat. Functionb. 


LooARiTHMio Functions + 10 


1 


f 


1 
2 
8 

4 
6 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
28 
24 
25 
26 
27 
28 
29 
80 

81 
82 
83 
84 
35 
86 
87 
88 
89 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
60 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


N.8ii|e.N. COS. 


L. sine. 


D.l' 


L. COS. 


D.l" 

*89 
.89 
.89 
.90 
.90 
.90 
.90 
•90 
*90 
.90 
•90 


L. tang. 


D. 

6 
6 
6 
6 
6. 
6. 
6. 
6. 
.6. 
6. 


1" 

■85 
.86 
85 
.84 
84 
83 
83 
83 
83 
82 
82 


L.cot 




39073 
39100 
39127 
39153 
39180 
39207 
39234 
39260 
39287 
39314 
39341 


92060 
92039 
92020 
92016 
92003 
91994 
91982 
91971 
91969 

91948 
91936 


9*691878 
692176 
692473 
692770 
69)067 
693363 
693639 
693933 
694261 

694347 
694842 1 


4*96 
4*95 
4*93 
4*95 
4*94 
4.94 

4*93 
4.93 

4*93 
4*92 
4-92 


9*964026 
96J972. 

963663 
9638 II 
963767 
968704 
968660 
963396 
968642 
963488 


9*627832 
628203 
628664 
628906 
629266 
629606 
629966 
63o3o6 
63o656 
63 1006 
63 1 355 


10*872148 

371797 
371446 
871095 
370745 
870394 
370044 
869694 

869844 
J68996 
868646 


60 
59 
58 
57 
56 
55 
54 
53 
52 
5^ 
50 


39367 

39394 
139421 
1 39443 

39474 
39301 

89628 

1 39555 

39381 

39608 


91923 

91914 
91002 
91891 
91879 
91868 
91866 
91846 
91833 
91822 


9*693137 
693432 
696727 
69602 1 
696316 
696600 
696903 
697196 
697490 
6977^3 


4-91 
4*91 
4*91 
4.90 
4.90 

4*89 
4.89 

4*89 

4*88 

4*88 

4*87 
4*87 
4*87 
4*86 
4*86 
4*85 
4-85 
4*85 
4*84 
4.84 


9*963434 
963379 
9633^5 
968271 
963217 
9681 63 
968108 
968064 
962999 
962943 

9*962890 
962S36 
962781 
962727 
962672 
962617 
962662 
962608 
962453 
962898 


•90; 

*9o 

*90 

•90 

•90 

•90 
*9i 

.91 

*9i 

•91 

.91 

•9« 
.91 

.91 

*9i 

*9i 

*9i 

•91 

.91 

*92 

*92 
.92 

*92 

.92 
*92 
.92 
.92 

*92 
*92 

•92 

.92 

•92 
*92 

.93 

•93 
.93 

*93 

.93 

.93 

•93 

.93 
*93 
*93 
.93 
*93 
*93 

•93 
.94 

.94 
.94 


9-631704 
632o63 
682401 
682760 
688098 

633447 
688793 
634143 
634 /i90 
634838 


6. 
6. 
6. 
6. 
6. 
5. 
'6. 
5. 
5. 
5 


82 
81 
81 
81 
80 
80 
80 

79 
79 
79 


io-3.'j3296 

3.)7947 
367399 

867230 
366902 
366353 
366205 
365857 
365510 
365 162 


49 
4S 
47 
46 
45 
44 
43 
42 
41 
40 

89 
88 
87 
C6 
85 
34 
88 
32 
31 
80 

29 
28 
27 
26 
25 
24 
23 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

K 

8 
7 
6 
5 
4 
3 
2 
1 



39635 
89661 
39688 
39715 

39741 
39768 
39795 
39822 
39848 
3^873 


91810 

VI 799 
91787 
91776 

9*764 
9173: 

91741 

91720 
91718 
91706 


9*598075 
698368 
698660 
698932 

699244 
699336 
699827 
600118 
600409 
600700 


9-633183 
635632 
635879 
636226 
636572 
686919 
687263 
687611 
637956 
638302 


6 
6 
6 
6 
5. 

I 

5 
5 
6 


"7? 
78 

78 

•77 

77 

77 

■77 

^? 
.76 

76 


10-864816 
864468 
364121 

868774 
363428 
363o8i 
862735 
862889 

362044 
861698 


39902 
39928 
39966 
39982 
40008 
40035 
40062 
40088 
401 16 
40141 


91694 
9 1 663 
91671 
91660 
91648 
91636 
91626 
91613 
91601 
91690 


9 * 600900 
601280 
601670 
601860 
602 1 5o 
602430 
602728 
6o3oi8 
6o33o6 
608694 


4*84 
4*83 
4*83 
4*82 
4*82 
4.82 
4*8i 
4-8i 
4*8i 
4*8o 


9-962343 
962288 
962233 
962178 
962123 
962067 
962012 
961957 
961902 
961846 


9-638647 
688992 
639337 
689682 
640027 
640871 
640716 
641060 
641404 
641747 


6. 

5. 

6. 

5. 

6 

5. 

6. 

6. 

6. 

6. 

5. 
6. 
6. 
6- 
6. 
6. 
6. 
6. 
6- 
6. 


^? 
75 

74 

74 

74 

73 

73 

73 

72 

72 

72 

72 

71 

71 

71 
70 

70 

70 

69 


io*36i333 
861008 
36o663 
36o3i8 
369978 
869629 

350284 
358940 
868396 
368253 


40168 
40196 
40221 
40248 
40275 
4o3oi 
40328 
4o355 
4o38i 
40408 


91678 
91666 
91655 
91643 
9i53i 
91619 
91608 
91406 
91484 
91472 


9 -603882 
604170 
604437 
604743 
606082 
6o63iQ 
606600 
606892 
606179 
606466 


4*80 

4*79 
4*79 
4-79 
4.78 

4-78 
4*78 
4*77 
4-77 
4.76 


9*961791 
961783 
961680 
961624 
961669 
961613 
961469 
961402 
961846 
961290 


9-642091 
642434 

642777 
643 1 20 
643463 
648806 
644148 

644490 
6,14832 

646174 


10*357909 
357666 
357228 
366880 
356537 
356194 
355832 
3556io 
355i68 
364026 


40434 
40461 
40488 
40614 
40641 
40667 
40694 
4062I 

40647 
40674 


91461 
9«449 
91437 
91426 

9»4i4 
91402 
91390 
91378 
91366 
91356 


9 •60676 I 
607036 
607322 
607607 
607892 
608177 
608461 
608745 
609029 
609813 


4.76 
4*76 
4-75 
4*75 
4-74 
4*74 
4.74 
4*73 
4*73 
4*73 


9*961235 
961170 
961123 
961067 
9610 I 
96o9.>6 
960890 
960843 
960786 
960780 


9*6455i6 
645867 
646199 
646540 
646881 
647222 
647662 
647908 
648243 
648583 


6. 
6. 

6. 

5 

6 

6. 

6 

6 
5 


69 
69 

69 
68 
68 
68 

•67 
• 66 


10*8544-^4 
354143 
363801 
353460 
353119 
862778 
352438 
862097 
351757 
35.1 4n 


:N. cos. 'N. 8lne.j L. cos. D. 1" 


L. sine. 




L. cot 


D.l' 


L. tang. 


1 


66° 
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TRI00270METRICAL FCNCTI0X8. 





Nat. FiTNOTiom. 




lOQABrrOlIIO FUHCTIONS -I- 10. 


1 




/ 


N.iUie. 


'n.ooc 
9*355 


L.sine. 


D. 1" 


L.008. 


D.I" 


L. tang. 


Dl." 


L.oot 









40674 


9*60931 3 


4-73 


9*960730 


•94 


9*648583 


5*66 


io*35i4i7 


90 




1 


40700 


91343 


6098^0 


4-72 


960674 


•94 


648923 


5 


•66 


351077 


59 




s 


40727 9l33i 


4-72 


960618 


•9i 


649263 


5 


66 


350737 
350398 


58 




8 


40753 I91319 


610164 


4-72 


960561 


•94 


649602 


5 


66 


57 




4 40780 gi3o7 

5 40806 91295 


610447 


4-71 


96o5o5 


•94 


649942 


5 


65 


35ooo8 


56 




610729 


4-71 


960448 


•94 


65o28i 


5. 


65 


349719 


55 




« 


40833 91283 


611012 


4-70 


960392 


•9< 


65o62o 


5. 


65 


349380 


54 




7 


140860 


91212 
91I00 


611294 


4-70 


960335 


•9i 


650959 


5 


64 


349041 
348703 


53 




8 


40886 


611 5i6 


470 


960279 


•9i 


65 1 297 
65i636 


5 


64 


52 




y 


40913 


91243 


611808 


4-69 


960222 


•94 


5. 


64 


348364 


51 




ru 
li 


40939 


91236 


612140 


4-69 


960165 


•94 


651974 


5 


63 


348026 


50 




40966 


91224 


9*612421 


469 


9*960109 


.95 


9*6523i2 


5. 


63 


10*347688 


49 




12 


40992 


91212 


612702 


4-63 


960052 


*95 


65265o 


5 


63 


347350 


48 


. 


la 


41010 


91200 


612983 


4-68 


?^8 


*93 


652988 


5. 


63 


347012 


47 


1 


u 


41045 91188 


613264 


4-67 


.95 


653326 


5. 


62 


346674 
346337 


46 


t 

1 


15 


41072191176 


613545 


4-67 


9598S2 


*93 


653663 


5. 


62 


45 


1 


H 


41098 


91164 


6i3825 


4-67 


959825 


•95 


65400O 


5 


62 


346000 


44 




17 


44125 


9ii52 


6i4io5 


4-66 


959768 


•95 


654337 


5. 


61 


345663 


43 




li 


4n5i 91140 


614385 


4*66 


959711 


*90 


654674 


5. 


61 


345326 


43 




lU 


4117B 


91128 


614665 


4-66 


959654 


•95 


655oii 


5 


61 


344989 


41 




20 
21 


41204 


91116 


614944 


4*65 


909396 


.95 


655348 


5. 


61 


344652 


40 




412J1 91104 


9>6i5223 


4*65 


9*959039 


.95 


9*655684 


5. 


60 


io*3443i6 


80 




22 


41207 .91092 


6i55o2 


4*65 


959462 


.95 


656o2o 


5. 


60 


343980 


83 




2i 


41284.91080 


615781 


4-64 


959425 


.95 


656356 


5. 


60 


343644 


87 




24 


41310I91068 


616060 


4.64 


959368 


•95 


656692 


5. 


59 


343308 


86 




i"> 


4i33-7 9io56 
41363 91044 


6i63J8 


4-64 


959310 


*96 


65^028 


5. 


59 


342972 


85 




2tt 


616616 


4-63 


959253 


.96 


657364 


5. 


59 


342636 


84 




2/ 


1 41390 91032 


616894 


4-63 


959105 
959133 


.96 


657699 
65do34 


5. 




3423oi 


83 




2^ 


41416 91020 


617172 
6174^0 


4-62 


*96 


5 


5? 


341966 


82 




20 


41443^91008 


4*62 


959081 


*96 i 


658369 


5. 


58 


34i63i 


81 




80 
81 


41469 '90996 


617727 


4-62 
4-6i 


9O9O23 
9*958965 


.96 
*96 


658704 


'5 
5^ 


58 
58 


341296 


30 




41490190964 


9*6i8oo4 


9.659030 
659373 


10*340961 


20 




82 


4 1 522 190912 
41549^90960 
4157J! 90948 


618281 


4*61 


95^^908 


.96 


5. 


57 


340627 


28 




8:3 


6i8558 


4-6i 


95bo5o 


.96 


659708 


5. 


5-^ 


340292 
339958 


27 




81 


618834 


460 


958792 


.96 


660042 


5. 


57 


26 




8.) 


41602 909 J6 


619110 


4-6o 


958734 


.96 


660376 


5. 


57 


339624 


25 




8() 


416281 90924 


619386 


4.60 


958677 


.96 


660710 


5 


56 


339290 
338957 
338623 


24 




8/ 


41653,90911 


619662 


4.59 


956619 


.96 


661043 


5 


06 


23 




88 


416S1 1 90899 


619938 


4.59 


958561 


.96 


661377 


5. 


56 


22 




8j 


,41707 908b] 
141734 90875 


620213 


4.59 


958oo3 


•97 


661710 


5. 


55 


338200 

337907 


21 




40 
41 


620488 


4-58 
4-58 


958445 


•97 
•97 


662043 


5 


55 


20 
19 




41760 9orj63 


9*620703 


9*958387 


9*662376 


5. 


.55 


10*337624 




42 


1417^7 908JI 
4i8i3 90839 


621038 


4.57 


958329 


•97 


662709 


5. 


54 


337291 
336953 


18 




48 


62i3i3 


4-57 


958271 


•97 


663042 


5. 


54 


17 




44 


141840190826 


621587 


4-57 
4*56 


958213 


•97 


663375 


5 


54 


336625 


16 




4o 


41866 90814 


621861 


958154 


•97 


663707 


5 


54 


336293 
335961 


15 




4>i 


41892 90802 


622135 


4-56 


958096 
958o38 


•97 


664039 


5 


53 


14 




47 


;4i9«9 


90790 


622409 


4-56 


•97 


664371 


5 


.53 


335629 


18 




4H 


41940 


90778 


622682 


4.55 


957979 


•97 


664703 


5 


.53 


335297 
334965 


12 




4.) 


41972 


90766 


622906 


4*55 


957921 


•97 


665o35 


5 


53 


11 




50 
51 


141991 


907 :)3 


623229 


4-55 


957063 


•97 

■3 


665366 


5 


52 


334634 


10 




42024 


90741 


9 •623002 


4.54 


9*957804 


9*665697 


5 


52 


io*3343o3 


9 




62 


42o5i 


90729 


623774 


4-54 


957746 


666029 


5 


52 


333971 
333640 
333309 


8 




68 

64 


42077 
42104 


90717 
90704 


624047 
624319 


4.54 
4-53 


95762^ 


t 


666360 
666691 


5. 
5 


5i 

>5i 


7 
6 




55 


42i3o 90692 


624091 


4-53 


957570 


*98 


667021 


5 


5i 


332979 
332648 


5 




56 


42i56!9o6..'(o 


624863 


4-53 


95751 1 


*98 


667352 


5. 


5i 


4 




57 


42183 j 90668 


620135 


4*52 


957452 


*98 


667682 
66801 3 


5. 


So 


3323i8 


8 




6S 


42209 


90655 


625406 


4-52 


907393 


*98 


5. 


5o 


331987 


2 




bd 


42233 


90643 


625943 


4*52 


957335 


.98 


668343 


5. 


50 


331607 
33 1 3^8 


1 




60 


42262 9063 1 


4*5i 


957276 


*98 


668672 


5*5o 









N. eoflwN.Bine. 


L. C08. ID. 1" 


i L. sine. 


L.eot 


D.l" 


lu tang. ' 1 




CS^' 1 
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Nat. Fukctiohs. 


liOOABXTHlUO FUNCTXOltS -I- 10. 1 


/ 



1 

. 2 

8 

4 
5 
6 
7 
8 
9 
10 

11 
12 
18 
14 
1.3 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
80 

81" 

82 

83 

84 

83 

86 

87 

88 

89 

40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
i.7 
58 
59 
60 


N.tiiie. 


N. 00s. 


L.siJM. 


D.l" 


L.«ot. 


D.1" 


i;i.tlUI^ 

9*668673 
669002 
669882 
669661 
669991 
670820 
670649 
670977 
671806 
671634 
671968 


D 1" 


I^oot 




42262 

42288 
423 16 
42341 
42367 
42894 
42420 
42446 
42473 
42499 

42323 


906; I 
90618 
9u6o4 

90694 
90602 
90669 
90667 
90643 
90682 
90620 
90607 


9*626948 
626219 
626490 
626760 
627080 
627800 
627670 
627840 
628109 
628878 
628647 


4*6i 
4-6i 
4-6i 
4*60 
4-6o 
4-6o 
4.49 
4.49 
4.49 
4.48 
4.48 

4*47 
4-47 
4-47 
4.46 
4.46 
4-46 
446 
4-45 
4-43 
4-46 


9*967276 
96/217 
937168 
967099 
9J7040 
9J0901 
936921 
9J0662 
936803 
966744 
966684 

9 •960026 
966666 
966606 

966447 
966887 

966827 
966268 
966208 
966148 
966089 


.98 
•98 

*93 

•9^ 
•93 

*9J 

•99 
•99 
•99 
•99 
•99 

•9^ 

•99, 

•99 

'•99 

•99 

•99, 
I* 00 

I* 00' 

i-oo' 

1*00 
1*00! 

1*00 
1. 00' 
1*00 
1*00 

1*00 

1*00 
1*00 

1*00 

1*01 
1*01 
1*01 
1*01 
1*01 
1*01 
1*01 
1*01 
1 'Ol 
I-Ol 

1 'OI 
1*01 
1*01 
1*01 
1*01 
1*02 
1*02 
1-02 
1*02 
I '02 

1*02 
1*02 
1*02 
1*02 
1'02 
1*02 
1*02 
1*02 

i*o3 
i*o3 


5 
5 
5 
6 
5 
5 
6 
5 
5 
5 
6 

'5 

5. 

5 

6 

5. 

5 

5 

5. 

5. 

5 

6 

5. 

5 

5 

5 

5 

6. 

6 

6. 

5 

6. 

5. 

5. 

5. 

6 

5. 

5. 

5. 

6 

6 

5 

6 

5 

5 

5 

5. 

6 

5- 

6. 


.60 

.49 

49 

•49 

•48 
.48 
.43 
.48 

47 
47 

47 

U 

46 
46 
46 
45 
45 
46 
44 
44 

44 
44 
43 
43 
43 
43 
42 
•42 
42 
42 

41 
41 
41 
41 
40 
40 
40 
40 

39 
39 

39 
39 
38 
33 
38 
38 

•37 

37 


io*33i327 
330998 
330668 
330889 
800009 
329680 
329861 
829028 
326694 
828866 
828087 

io«327709 
827381 
327068 
326726 
326898 
326071 
326743 
326416 
826000 
324763 

10*324436 
824110 
828784 
823467 
323i3i 
822806 
822480 
822164 
821829 
321604 

10*821179 
820634 
820629 

320203 
319880 
319666 
819282 
816908 
818384 
818260 


60 
59 
58 
5/ 
56 
55 
54 
58 
5i 
51 
50 

4'^ 
48 
47 
46 
45 
44 
48 
42 
41 
40 

89 
38 
87 
86 
85 
84 
88 
82 
31 
30 

2'.) 
28 
27 
26 
25 
24 
28 
22 
21 
20 

19 
13 
17 
16 
15 
14 
18 
12 
11 
10 

9 
8 
7 
6 
5 
4 
8 
2 
1 



42332 

42678 
42604 

42631 
42667 
42683 

42786 

42762 
42788 


90493 
90483 
90470 
90468 
90446 
90433 
90421 
90408 
90896 
90888 


9*628916 
629183 
6294j3 
629721 
6299 S9 
63o2J7 
63oj24 
680792 
6810J9 
63i323 


9.672291 
672619 

672947 
673274 
678602 
678929 
674267 
674604 
674910 
676287 


42816 
42841 
42867 

42894 
42920 
42946 
42972 

42999 
48023 

43)31 


90371 
90838 
90846 
90334 
90821 
90809 
90296 
90284 
90271 
90269 

90246 
90233 
90221 
90208 
90196 
90183 
90171 
90138 
90146 
90133 

90120 
90108 
90096 
90062 
90070 
90067 
90043 
90082 
90019 
90007 


9*63 I 698 
681039 

632123 

682892 
6326j8 
682928 
633189 

633464 
633719 
633984 

9*684249 

684614 

63477^ 
686042 

6363o6 

686670 

636834 
686097 
636360 
636623 

9*636866 
687148 
68741 1 
687678 
687935 
638U97 
638468 
688720 
688981 
689242 


4.44 

4-44 
4.44 

4.43 

4-43 

4-43 

4-42 

4*42 

4-42 

4-41 

4*41 
4.40 

4.40 
4.40 
4-39 
4.39 
4-39 
4-38 
4*38 
4*38 


9*966029 
966969 
966909 
966849 
953769 

966669 
966609 
966648 
966488 

9*966428 
955368 
955307 

956247 
966186 

966126 

966065 

966006 

964944 
964888 


9*676664 
676690 
676216 
676643 

676809 

677194 
677620 
677846 

678171 
678496 


43077 
48104 
43i3o 
43i66 
48182 
48209 
43233 
43261 
48287 
433 1 3 

43340 
43366 
43392 
43418 
43446 
43471 

43323 
43549 
48673 


9.678621 
679146 
679471 

6^979.3 
680120 

680444 
680768 
681092 
681416 
681740 

9*682068 
682887 
682710 
683o33 
683366 
688679 
684001 
684824 
684646 
684968 


4-87 
4-37 

4-37 
4-87 

4-36 

4-36 

4-36 

4*36 

4-33 

4-33 


9*964823 
964762 
964701 
964640 
964679 
964618 

954467 
964896 
964335 
954274 

9*964218 
964162 
964090 
964029 
968968 
938906 
968846 
968783 
968722 
968660 


10*817937 
817618 
317290 
316967 

3 16644 
816821 

3I6676 

3 1 6364 
816082 


! 436o2 
1 43628 
43654 
4368o 
48706 
43733 
43769 
48783 
438ii 
48887 


89994 
89981 

89968 

89966 

8c;943 

89980 

89918 

89906 

89892 

89879 


9*689603 
689764 
640024 
640284 
640644 
640804 
641064 
641324 
641684 
641842 


4-34 
4-34 
4.34 
4-33 
4-33 
4-33 
4*32 
4-32 
4-32 
4*3i 


i 9*686290 
686612 

686984 
686266 

686677 
686898 
687219 
I 687640 
687861 
688182 


5. 

6. 

5. 

5. 

5. 

5. 

5. 

5. 

6 

5. 


36 
36 
36 
36 
36 
36 
36 
36 
34 
34 


io>3i47io 
314388 
3 14066 
318746 
318428 
3i3io2 
312781 
812460 
312189 
3ii8i8 


N. COS. N. Bine. 


L. 00s. 


D.l" 


Urine. 




L.oot 


D.l" 


L. tang. ' 1 
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TBIGOKOMETBICAL FUKCTIOKS. — 96*. 



Nat. FuvcnoHB. 


LOGABITHXIO FUHCTIOKS + 10. 

• 




/ 


N.Bine. 


N.006. 


lysine. 


D.1" 


L.eos. 


D.l" 




D.l" 


L.oot. 





1 
2 
8 

4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
IS 
19 
20 

21 

22 

23 

24 

25 

26 

27- 

28 

29 

80 

31 
32 
88 
.84 
85 
86 
07 
88 
89 
40 

41 
42 
48 
44 
45 
46 
47 
48 
49 
50 

61 
52 
58 
64 
55 
56 
57 
68 
59 
60 


: 43837 
43863 
43889 
43914 

'43942 

; 43968 
43994 
44020 

4io46 
44072 
44098 

44»24 
44161 

'44177 
44203 

44229 

44263 

4i^8i 

44307 

. 44333 

44369 

44386 

4441 1 
44437 

44464 
44490 
44616 
44642 
44668 
44694 
44620 


89879 

89867 
89864 
89841 
89828 
89816 
89803 
89790 

89777 
89764 

89762 


9.641842 
642 lOI 
642360 
642618 
642877 
643135 
643393 
643630 
643908 
644166 
644423 


4 

4 
4- 

4- 
4- 
4- 
4- 
4- 
4' 
4- 
4- 

4- 

4- 

4- 

4 

4- 

4- 

4 

4' 

4- 

4- 


.31' 

•3i 

3i 

3o 

3o 

3o 

3o 

29 

29 

28 


9.963660 
963699 
963537 
963473 
963413 
963362 
963290 
963228 
963166 
963104 
968042 


i.o3 

'•03; 
i.o3 

|.o3' 
i.o3 
i.o3 
1.03; 
i.o3 
i.o3' 
|.o3 
1. 03; 

1.04 
1.04 
1.04 
1.04' 
1-04; 
1.04 
1.04 
1.04 
1.04 
1.04' 

I -04; 
1.04 
1.04! 
1.06, 
1.06' 
,.o5i 

l.OD, 

i.o5, 
1.06, 
1.06; 

1.06, 
1.06; 
i.od; 

\:tl 

1*06 
1.06 
1.06 
1.06 
1.06' 

1*06, 
1.06; 
1.06 
1.06 
1.06 
1.06; 
1.06; 
|.o6l 
..06; 

"^1 
1.07, 
1.07 
1.07 
1.07 
1-07 
1.07, 
1.07 
1.07 
1.07 
1.07 


9*688182 
688602 
688823 
689143 
689463 
689783 
690103 
690423 
69074a 
691062 
691381 

9-691700 
692019 
692338 
692666 
692976 
693293 
693612 
693930 
694248 
694666 


5. 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 


.34 
34 
•34 
33 
.33 
•33 
■33 
■33 

-32 

32 

-32 


I0.31I8I8 
311498 

3I1IT7 
3108D7 
3 10687 
810217 

309897 

3092D8 
808988 
308619 

io*3o83oo 
807981 
307662 
307344 
307026 
306707 
3o638d 
806070 
306732 
306434 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 

4l» 
4^ 
47 
46 
45 
44 
43 
42 
41 
40 

89 
88 
87 
86 
85 
84 
83 
82 
81 
80 


89739 
89726 
89713 

89700 

89687 

89674 
89662 
89649 
89630 
.89623 

89610 

89697 
89684 

8^638 
89646 
89632 
89619 
89606 
89493 


9.644680 
644936 
646193 
646430 
646706 
646962 
646218 

646474 
646729 

646984 


28 
28 
27 

27 

il 

26 
26 
26 
26 


9.962980 
962918 
962666 
962703 
962731 
962669 
962606 

962644 
962481 
962419 


5 

5 
5 
5 
5 
5 
5 
5 
5 
5 


-3i 

-3i 

-3i 

3i 

-3i 

• 3o 

30 

30 

3o 

29 


9.647240 
647494 

647749 
648004 
648268 
648612 
648766 
649020 

649274 
649627 


4' 
4' 
4- 
4- 
4- 
4- 

t 

4' 
4- 

4' 

4' 

4- 

4- 

4- 

4- 

4- 

4 

4 

4 

4' 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


26 
24 
24 
24 
24 

23 
23 
23 
22 
22 

22 
22 
21 
21 
21 
20 
20 
20 

J9 

>9 

•18 
18 
18 
18 

•n 
■17 
•17 

• 16 

16 

16 
16 
16 
16 
16 
14 

• 14 
•14 

.i3 
• i3 


9«962366 
962294 
962231 
962168 
962106 
962043 
9619S0 
961917 
961634 
961791 


9.694883 
696201 
696618 
696836 
696163 
696470 
696787 
697103 
697420 
697786 


5. 

6. 

5 

5. 

5. 

5. 

5. 

5. 

5. 

5. 


29 
29 

29 

'2 
28 

28 

28 
28 

27 

27 


10.306117 

304799 
804482 

304164 
3o3847 
3o363o 
3o32i3 
302897 
802680 
802264 


44646 
44672 
44698 

44724 
1 44760 

44776 
' 44802 
1 44828 

44864 
• 44880 

44906 
44932 
44968 
44984 
46010 
46o36 
46062 
46088 

46114 
4^140 


89480 
89467 
89464 
89441 
89428 
89416 
89402 
89389 
89376 
89363 


9.649781 

66oo34 
6602^7 
660639 
660792 

66idii4 
661297 

661649 
661800 
662062 


9.961728 
961665 
961602 
961539 

» 961476 
9614121 
961349 
961286 
961222 
961169 

9.961096 
961032 
960968 
960906 

960841 
960778 

960714 
96<)66o 
960686 
960622 

9-960468 
960304 
960330 
960266 
960202 
960188 
960074 
960010 
949946 
949881 


9.698063 
698869 
698686 
699001 
699316 
699682 
699947 
700263 
700678 
700893 


5. 

5- 

5. 

5. 

5. 

5 

5. 

5. 

5. 

5. 


27 

11 

26 
26 
26 
26 
26 
26 
26 


10.301947 
3oi63i 
3oi3i5 
300999 

800684 
3oo368 
3ooo63 
299737 
299422 
299101 


2i) 
28 
27 
26 
25 
24 
28 
22 
21 
20 


89360 
89337 

89324 
89311 
89298 
89286 
89272 
89269 
89245 
89233 


Q.6523o4 
66-.*666 
662B06 
663067 
6633o8 
663668 
6638o8 
664069 
664309 
664668 


9.701208 
701623 

701887 
702162 
702466 
702780 
708096 
708400 
703723 
704086 

9.704860 
704663 

704977 
706290 

706603 
706916 
706228 
706641 
706864 
707166 


5 

5. 

5 

6 

5 

5 

6 

6 

5. 

5 

6. 

6. 

6. 

5. 

5. 

5 

6. 

5. 

5. 

5. 


24 
24 
•24 

•24 

•24 

23 
•23 
23 
23 
22 


10.298792 

298477 
298163 
297848 

297684 
297220 
296906 
296391 
296277 
296964 


19 
18 
17 
16 
15 
14 
18 
12 
11 
10 

9 
8 
7 
6 
5 
4 
8 
2 
1 



46166 
46192 
46218 
46243 
46260 
46296 
46321 

46347 
46373 
46399 

N. COS. 


89219 
89206 
89193 
89180 
89167 
89163 
89140 
89127 
89114 
89101 


9.664808 
666068 
666307 
666666 
666806 

666064 
6663o2 
666661 
666799 
667047 


22 
22 
22 
22 
21 
21 
21 
21 
21 
20 


to. 295660 
295337 
296023 
294710 

294397 
294084 
293772 
293469 
298146 
292834 


N. sine. 


L. 008. 


D. 1" \ L. sine. 




L.cot. 


D.l'' 


L.tasg. 


« 




63° 1 



I 
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Nat. Functions. 


Logarithmic Functionb -i- 10. 1 





N.sine. N.cue. 


Ifcidneb 


D.l" 


L.coe. 


DA" 

1 

1.07 


L. tang. 


D. 1" 
5-20 


L.oot 


60 


45399 ' 8910J 


9.657047 


4-i3 


9.949881 


9. 707 166 


10*292834 


1 


434 2 J 89067 


657293 


4*i3 


949816 


1-07 


707478 


5-20 


392323 


5» 


2 


1 43431 ,«9074 


637542 


41a 


94973a 


1-07 


707790 


5-io 


393310 


5o 


8 


43477 B9001 
435o3 89048 


657790 


4-ia 


949088 


l-o8 


708102 


5-20 


39 1898 


57 


4 


65oo37 


41a 


949633 


|.o8 


708414 


5-19 


391306 


66 


5 


43529 89035 


658284 


4-ia 


y* 949558 


I -08 


708726 


5-19 


291274 


55 


6 


43354 890.21 


658531 


411 


949494 


I -08 


709087 


3-19 


390963 


54 


7 


43580 89008 


658778 


411 


949429 


l-o8 


709349 


6-19 


390651 


53 


8 


43606 , 88993 


639023 


411 


949364 


I -08 


709660 


5-19 


S90340 


5J 


9 


'43632 8o9cii 


699271 


4-10 


949800 


r-08 


709971 


5-18 


* 390029 


5i 


10 
11 


45658 88968 
45684 ; 88935 


639317 


4-10 
4:10 


949235 


1.08 
1-08 


710202 


5-i8 


389718 


60 


9 '639763 


9-949170 


; 9'7I0393 


5-i8 


10.389407 
389096 


4 J 


12 


43710 88942 


660009 


4.09 


949103 


I -08 


710904 


5.18 


46 


13 


43736 ! 8S928 


66oa55 


4-09 


949040 


i-o8 


711213 


5-18 


388755 


47 


14 


43762 


88915 


66o5oi. 


409 


948973 


i-o8 


7IID25 


5-17 


388475 


46 


15 


43787 
4581 3 


88902 


660746 


4-09 


940910 


i-o8 


711636 


^•17 


388164 


45 


16 


SS66S 


660991 


4-o8 


948845 


1-08 


712146 


5-17 


387854 


44 


17 


45839 


88873 


661236 


408 


948^80 


1.09I 


712456 


5.n 
5.16 


387544 


43 


18 


45863 


88062 


661481 


4u8 


948715 


1-09 


712766 


387334 
386924 


42 


19 


43891 


88848 


661726 


4-07 


94S630 


1-09 


718076 


5.16 


41 


20 
;.l 


j 45917 


88835 


661970 


407 
4-07 


948384 


1-09 
1-09 


713386 


5-16 


386014 


40 


43942 ,'88823 


9.602214 


9.948319 


9-713696 


5-10 


io.2863o4 


Ij 


22 


'43968:88808 


662459 


407 


948454 


1-09 


714003 


5-16 


385995 


88 


23 


45994 1 88795 


662703 


4*06 


9483o8 


1-09 


714314 


5-i5 


385ob6 


hi 


24 


46020 1 8878a 


662946 


4-o6 


948323 


1-09 


714624 


5-i5 


335376 

385067 
384753 


86 


25 


46046 88768 


663190 


4*o6 


9482?7 


1.09 


7U933 


5-i5 


85 


26 


' 46072 


83733 


663433 


4-o5 


94819a 


1-09 


71524a 


5-13 


81 


27 


46097 


88741 


663677 


4-03 


948126 


1-09 


7i555i 


5-14 


384449 


»3 


23 


46123 


88728 


668920 


4*03 


948060 


1*09 


7i586o 


5-14 


384140 


82 


29 


46149 


88715 


664163 


4-03 


947995 


1-10 


716168 


5-14 


38383a 


81 


80 
81 


46173 
46201 


88701 
88688 


664406 

9.664648 


4-04 
4-04 


947929 
9*947863 


I-IO 
l-IO 


716477 


5-14 


383523 


80 


9-716783 


5-14 


lO-2032l3 


2J 


82 


46226 


88674 


664891 


4-04 


947797 


I'iO 


717093 


5-iJ 


282907 


28 


83 


46252 


83661 


665 1 33 


4*o3 


947731 


1. 10 


717401 


5-i3 


J'.2D99 


27 


34 


46278 


88647 


665375 


4o3 


947665 


1-10 


717709 


5-i3 


212291 


26 


35 


463o4 


88634 


665617 


4-o3 


947600 


I-IO 


718017 


5-13 


2 1983 


25 


i$ 


, 4633o 


88620 


665oJ9 


4*02 


947533 


1-10 


718323 


5.i3 


2-1675 


24 


37 


: 46355 


88607 


666100 


4 02 


947467 


1-10 


718633 


D-ia 


2Si3j7 


23 


38 


' 46381 


83593 


666342 


4-02 


947401 


l-io 


718940 


5-ia 


28 106 J 


22 


89 


46407 


88580 


666583 


4-02 


947335 


I'lO 


719248 


5-ia 


280702 


21 


40 
41 


46433 
46458 


86566 
88553 


666824 


401 
4-01 


947269 
9-947203 


I'IO 
l-IO 


719555 


5-12 
5-12 


280440 


20 
U 


9.667063 


9-719862 


to- 2801 38 


42 


464H4 


88539 


667805 


4*01 


947136 


l-ll 


720169 


5-11 


379881 


18 


43 


46310 


83526 


667546 


4-01 


947070 


I'll 


720476 


5-II 


279524 


17 


44 


46536 


88512 


667786 
668027 


4'00 


947004 


I-ll 


720703 


5-11 


279217 


16 


45 


46561 


88499 


4-00 


946937 


l-ll 


721089 


5-11 


278911 


15 


46 


46587 


88403 


668267 


4*00 


946871 


1*11 


721896 


5-11 


378604 


14 


47 


466i3 


88472 


6685o6 


3.99 


946804 


l-ll 


721702 


5-10 


278298 


13 


48 


46639 88453 


668746 


3.99 


946738 


l-ll 


722009 


5-10 


1]]% 


12 


49 


46664 88445 


668986 


3-99 


946671 


l-II 


722813 


5-10 


11 


50 
51 


1 46690 
1 46716 


88431 


669225 


3-99 
3.98 


946604 


l-II 


722621 


5-10 
5-10 


377379 


10 


88417 


9.669464 


9*946538 


9-722927 


10.277073 


9 


52 


'46742 88404 


669703 


3.98 


946471 


i-ii; 


•723232 


5-09 


376768 


8 


53 


146767 88390 
46793 88377 
46819 88363 


669942 


3.98 


946404 


III 


723538 


5-09 


376462 


7 


54 


670181 


3.97 


946337 


l-ll 


723844 


5-09 


376156 


6 


&5 


670419 


3.97 


946270 


1-12 


724149 


5-09 


275851 


5 


56 


! 46844 88349 


670658 


3-97. 


946208 


1-12 


724454 


5-09 


375546 


4 


57 


46870 


88336 


670896 


3.97 


9461 36 


I-I2 


724739 


5-08 


375a4i 


8 


58 


'46896 


83322 


671134 


3.96 


946069 


1-12 


7 2/1063 


5-o3 


374935 


2 


59 


46921 8S3o8| 


671872 3-96 


946002 


1-12 


725369 


5-o3 


374681 


1 


60 


46947 
N. cot. 


88295 1 


671609 3*96 


945q35 


1-12 


72567.4 


5.0S 


374326 





N. sinej 


L. COS. i D. 1" 


L. sine. 


L. ooL D. 1" 


Ij. tang. 
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/ 


N.riae. N.etM. 


L.8ilM. 


D.l" 


L. «ot. D.!"! 


L. tang. 


D.1" 


L.oot 


60 





,46947 88295 
46973 88281 


9*671609 


3.96 


9.945935 !i.i2 


9.726674 


5.08 


10-274326 


1 


671847 


3-96 


943568 :1.1a, 


726979 


5-08 


274021 


59 


8 


46999 88267 


672084 


3-96 


943800 ,1.12 


726284 


5-07 


273716 


56 


8 


47024 88254 


672321 


3'96 


946733 '1.12 


726688 


5.07 


273412 


57 


4 


|47o5o 88240 


672668 


3-95 


945666 ,1.12 


726892 


5.07 


273108 


56 


5 


■47076 88226 


672795 


3.94 


946698 ,1.12, 


727197 


5.07 


272803 


65 


6 


I47101 88213 

1 . MM 


6730J2 


3.94 


946531 ,i'i2 


727601 


5.07 
5.06 


272499 


54 


7 


147127 88190 
47 iw 881 8D 


673208 


i-94 
3.94 


946464 i*i3, 


727806 


272193 


53 


8 


673606 


946396 ;i.i3, 


728109 


5o6 


271891 


52 


9 


•47178 '88172 


673741 


3.93 


' 946328 i.i3 


728412 


5.06 


271608 


51 


10 
11 


47204 88i53 
;472?9 »8i44 


673977 
9-674213 


3.93 
3-93 


946261 'i.i3 


728716 


6.06 


271284 


50 
4U 


9.946193 i*i3 


9.729020 


5.06 


10.270980 


12 


47 23 J 881 30 


674448 


3-92 


946126 i.i3 


729323 


5.06 


270677 


48 


18 


.47281 88117 

147306 88io3 


674O84 


3-92 


946068 i*i3| 


729626 


5.06 


270374 


47 


14 


674919 


3*92 


944990 i.i3 


729929 


5.06 


270011 
269767 


46 


15 


47332:88089 
: 47353 188075 


67615J 


3*92 


944922 i-i3 


730233 


5.06 


45 


16 


675390 


3*91 


944864 I -13 


73o535 


5.06 


269463 


44 


17 


'47383 88062 


676624 


3*91 


944786 i-i3 


73o838 


5.04 


269162 


43 


18 


'474091 88048 


676869 


3>9i 


944718 i-i3 


731141 


5-04 


268869 


42 


m 


47434 j 88o34 


676094 


3*91 


944660 I'll, 


731444 


5-04 


268566 


41 


20 
21 


47460 , 88020 
47486 88006 


676328 


3*90 
3.90 


9446S2 1-14 


731746 


5-04 


26S264 


40 


9 •676602 


9.944514 1-14 


9-732048 


5-04 


10.267962 


22 


47511 87993 


676796 


3.90 


944446 1-14 


732361 


5-03 


267649 


88 


28 


47537 


87979 


677030 


3*90 
3.89 


944377 1-14; 


732663 


6-03 


267347 


87 


24 


; 47562 


87965 


677264 


944309 I" 1 4 


732965 


5.o3 


267043 


8ti 


25 


47588 


87961 


677498 


3.89 


944241 1-14; 


733267 . 


5-o3 


266743 


35 


26 


47614 


87937 
87923 


677731 


3-89 


944172 1-14 


733558 


5-03 


266442 


34 


27 


47639 


677964 
678197 


3.88 


944104 I '14 


733860 


6-02 


266140 


83 


2S 


1 47663 


87909 


3-88 


944o36 1.14 


734162 


5-02 


265833 


Zli 


29 


147690 


87896 


678430 


3-88 


943967 1.14 


734463 


5.02 


265637 


81 


80 
81 


47716 
4774"i 


87882 
87868 


678663 


3.88 
3.87 


943899 1-14 
9-943830 1.14 


734764 


5.02 


265236 


80 
29 


9 '678896 


9.736066 


5.02 


10.264934 
264633 


32 


47767 

4779J 
478 id 


87864 


679128 


3.87 


943761 1 ♦ 14 


735367 
736668 


5-02 


28 


88 


87840 


679360 


3.87 


943693 I -16 


5-01 


264332 


27 


84 


87826 


679692 


3.87 
3-86 


943624 i-i5 


735969 


5-01 


264031 


26 


So 


47844 


87812 


679824 


943565 1.16 


736269 


6-01 


263731 


25 


86 


47t>69 


87793 


680066 


3.86 


943486 11 6 


736670 


5.01 


263430 


24 


87 


4789J 


877J4 


680288 


3*86 


943417 i-i5| 


736871 


5-01 


263129 


2S 


8S 


47920 


87770 


680619 


3-86 


943348 i-i6j 


737171 


5.00 


262829 


22 


89 


47946 


87730 


680760 


3.85 


943279 1-16 


737471 


5.00 


262629 


21 


40 
41 


147971 


87743 


680982 


3-86 
3-86 


943210 1-13 
9.943141 1*13 


737771 
9.738071 


5-00 


262229 


20 
19 


47997 87729 


9*6)i2i3 


5.00 


10.261929 


42 


48022 87713 


681443 


3.84 


943072 1-16 


733371 


5-00 


261629 


18 


43 


48043 87701 


681674 


3.84 


943oo3 i'i5 


738671 


4-99 


261329 


17 


44 


48073 87687 


681906 


3-84 


942934 1-13 
942864 i-i5 


738971 


4-99 


261029 


16 


4-3 


48099 ' 8767J 


682136 


3.84 


739271 


4-99 


260729 


15 


46 


48124 


876D9 


682365 


3-83 


942796 |.i6 


739670 


4-99 


260430 


14 


47 


48160 


87643 


682696 


3-83 


942726 1.1 6 
942066 1-16 


739870 


4.99 


260 I 3o 


18 


4S 


48175 


87631 


682826 


3-83 


740169 


4-99 
4-93 


> 269S31 


12 


49 


4S201 


87617 


683o66 


3-83 


942687 i-i6 


740468 


269632 


11 


50 
51 


48226 87603 


683284 


3-82 
3.82 


942617 i-i6 
9.942448 1-16 


740767 
9.741066 


4-98 
4.98 


269233 


10 
9 


{48262 


87689 
87675 


9-6836i4 


10.268934 


52 


1 48277 


683743 


3.82 


942378 |.i6 


741 365 


4-98 


268635 


8 


b-i 


i 483oi 


87661 


683972 


3.82 


942308 1.16 


741664 


498 


258336 


7 


54 


148328 


87546 


684201 


3.81 


942239 1.16 


741962 


4-97 


268o38 


6 


55 


48354 


87532 


684430 


3.81 


942169 i.i6 


742261 


4-97 


267739 


5 


56 


148379 


87618 


6S4668 


3.81 


942099 1-16 


742659 


4-97 


« 267441 


4 


67 


! 48406 


87604 


684887 
686116 


3.80 


942029 l.l6 


742868 


4-97 


267142 
266844 


8 


58 


1 48430 


87490 


3.80 


941969 I -16 


743 1 56 


4-97 


2 


59 


48466 


87476 


686343 


3.80 


941889 1-17 


743454 


4-97 


266646 


1 


60 


48481 


87462 


686671 


3-8o 


941819 1.17 
li. Bine. 


743762 


4-96 


266248 





N. COS. 


N. sine. 


Ii.COS. 


D.l" 


L.eot 


D.l" 


L, tao^ 


« 
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Nat. Funotionh. 






LoeABiTHXio Fdhctionb -I- 


10. 


1 





N.tino.N. wa. 

1 


L.8in«. 


D.1'' 


L.coa. 


D.1" 


L. taiig. 


D.l" 


L. cot 




48481 


87462 


9*685571 


3 


• 80 


9-941819 


I«17 


9-743752 


4- 


.96 


10*256248 


60 


1 


4a5o6 87448 


683799 


3 


•79 


941749 


1-17 


744o5o 


4 


.96 


255950 


59 


» 


4853a 87434 


686027 


3 


•79 


941679 


1-17 


744348 


4 


.96 


255652 


58 


8 


48557 


87420 


686254 


3 


■79 


941609 


1-17 


744645 


4 


96 


255355 


57 


4 


48583 


87406 


686482 


3 


•79 


941539 


1-17 


744943 


4 


96 


255o57 


66 


5 


i4S6o8 


87391 


686709 
686936 


3 


•78 


941469 


1-17 


745240 


A- 


96 


254760 


55 


6 


1 48634 


87377 


3 


•78 


941398 


1-17 


745538 


4- 


93 


254462 


64 


7 


! 48639 873631 


687163 


3 


.78 


941328 


1-17 


745835 


4 


95 


2541 65 


63 


S 


48684 


87349 
87335 


687389 
687616 


3 


.78 


941258 


1-1*7 


746i32 


4 


93 


233868 


62 


9 


48710 


3 


•77 


941187 


117 


746439 
746726 


4- 


93 


253571 


61 


10 
11 


48735 


87321 


687843 


3 


•77 


941117 


1-17 


4 


95 


253274 


50 


48761 


87306 


9-688069 


3 


•77 


9.941046 


9-747023 


4' 


•94 


10-252977 


49 


12 


148786 


87292 


688293 


3 


']l 


940975 


1-18 


747319 
747616 


4 


■94 


. 252681 


4S 


13 


;488ii 


87278 


688321 


3 


940903 


1-18 


4 


•94 


352384 


47 


U 


4S837: 872641 


688747 


3 


.76 


940834 


1-18 


74791 3 


4 


94 


252087 


46 


15 
16 


48S62 
48888 


87250 
87235 


688972 
689198 


3 
3 


.76 


940763 
940693 


i-i8 
118 


748200 
748jo5 


4 
4 


94 
.93 


251791 
951495 


45 
44 


17 


48913 


87221 


689413 


3 


.75 


940622 


118 


748801 


4 


.93 


231199 
a 50903 


43 


13 


48938 


87207 
87193 


689648 


3 


■7? 


94055 I 


1*18 


749097 
749393 


4 


93 


42 


19 


48964 


689873 


3 


•7? 


940480 


i-i8 


4 


'^i 


a 50607 


41 


20 
:il 


48989 


87178 


690098 


3 
3" 


•74 


940409 


im8 


749689 


4 


•93 


a5o3ii 


40 
89 


49014 


87164 


9*690323 


9-940338 


i-i8 


9.749985 


4 


•93 


io-25ooi5 


22 


49040 


87150 


690348 


3 


•74 


940267 
940190 


»-»S 


750281 


4 


•92 


249719 


88 


23 


49363 


87136 


690772 


•3 


•74 


i-i8j 


750576 


4 


•92 


2494a4 


87 


24 


49090 


87121 


690996 


^3 


•74 


940125 


1-19 


750872 


4 


92 


349128 


86 


25 


49116 


87107 


691220 


3 


•73 


940054 


1.19 


751167 


4 


.92 


248833 


85 


26 


49141 


87093 


691444 


3 


•73 


939982 


1.19' 


751462 


4 


92 


248538 


84 


27 


4vi66 


87079 


691668 


3 


•73 


93991 ' 


1.19 


751757 


4 


•92 


248243 


88 


28 


49192 


87064 


691892 


3 


•72 


939040 


1-19 


752052 


4 


91 


347948 


82 


29 


49217 


87030 


692115 


3 


•72 


939768 


1-19I 


752347 


4 


•91 


247053 


81 


80 
81 


49242 


87036 


692339 


3 
3 


■72 
•72 


939697 


1-19' 
.•19I 


732642 


4 
4' 


91 


347358 


80 
29 


49268 


87021 


9*692362 


9-939625 


9.732937 


.91 


10-347063 


82 


49293 


87007 

86993 


692785 


3 


•71 


939354 


I-IO 


753231 


4 


91 


246769 


28 


88 


49318 


693008 


3 


•71 


939482 


1.19 


753526 


4" 


.91 


3464-74 
246180 


27 


84 


49344 


86978 


693231 


3 


•71 


939410 


1-19 


753820 


4 


90 


26 


85 


49369 


86964 


693453 


3 


•71 


9J9339 


1.19 


754115 


4 


90 


345885 


25 


86 


49394 


86949 


693676 


3 


•70 


939267 
939193 


1.20| 


754409 


4 


90 


245391 


24 


87 


49419 
49445 


86933 


693898 


3 


•70 


1-20 


754703 


4 


.90 


343397 


2} 


88 


86921 


694120 


3 


.70 


939123 


1-20 


754997 


4 


90 


345oo3 


22 


39 


49470 


86906 


69434a 


3 


.70 


939052 


1-20 


753291 
755585 


4 


.90 


244709 
344415 


21 


40 
41 


49493 


86^92 


694364 


3 
3 


.69 
.69 


938980 


1-20 

1 

1-20; 


4 
'4 


.89 
.89 


20 
19 


49521 


86878 


9* 6947^6 


9-938908 


9.755878 


10-244122 


42 


49546 


86863 


693007 


3 


•69 


938836 


1-20; 


756172 


4 


89 


243828 


18 


4;) 


49571 


86849 


. 693229 


3 


.69 


938763 


1*20' 


756465 


4 


2^ 


243535 


17 


44 


49596 


86834 


693430 


3 


•68 


938691 


|.2o; 


736739 


4 


^ 


343241 


16 


45 


49622 


86820 


693671 


3 


.68 


938619 


1-20 


737032 


4 


•89 


342948 


15 


46 


49647 


868o5 


695892 


3 


•68 


938547 


1-20 


757345 


4 


.88 


342655 


14 


47 


49672 


86791 


696113 


3 


•68 


938475 


1-20 


757638 


4 


88 


342362 


13 


48 


49697 


86777 


696334 


3 


•67 


938402 


I-2I 


737931 


4 


88 


242069 


12 


49 


49723 


86762 


696534 


3 


•67 


938330 


l-2l! 


758224 


4 


.88 


341776 
241483 


11 


50 
51 


49>4« 


86748 


696775 


3 


•67 


938258 


1-21 
1-21 


758517 


4 
4 


• 88 
"88 


10 
9 


49773 


86733 


9.696995 


3 


9-938i85 


9.758810 


10-241 190 


52 


49798 


86719 


697215 


3 


938113 


I-2Ii 


759102 


4 


27 


240898 


8 


58 


49824 


86704 
86690 


697435 


3 


•66 


938040 


I-2I 


739393 


4 


^7 


34o6o5 


7 


54 


49849 


697654 


3 


• 66 


937895 


1-21 


759687 


4- 


27 


34o3i3 


6 


55 


49874 


86675 


697874 
698094 


3 


66 


1-21 


759979 


4 


87 


340021 


6 


56 


49899 


86661 


3 


•65 


937822 


I-2I 


760272 


4 


■27 


239728 


4 


67 


49924 


86646 


698313 


3 


•65 


937749 
937676 


1-21 


760564 


4 


t 


839436 


8 


58 


49950 


86632 


698532 


3 


•65 


i-ai 


760856 


4 


339144 


2 


59 


49973 


86617 


698731 


3 


•65 


937604 


1-21 


761148 


4 


86 


338853 


1 


60 


5oooo 


866o3 


698970 


3-64 


937531 


1-21 

1 


761439 


4-86 


238561 





N. COB. 


N.slQe. 


L.coe. 


D. 1" 


LBine. 




L.oot. 


D.l' 


L.taDg. 


1 








OO^" 








1 
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Nat. FuncTioM. 


LOQABITHXIC FUNCTIONB + 10. 1 




1 

2 . 
8 . 

4 

6; 

6 , 

7 i 
8 

1? 

11 
12 
13 
14 
15 
16 
17 
IS 
19 
20 


N.dne. 


N.coe. 


L.8iBe. 


D. 


1" 


L.0OS. 


D.I" 

1-21 
122 
1 -22, 
1-22. 
1 -22' 
1. 22, 
1.22 
1-22. 

..«, 

1-22 
1.23 

i~22 
1.23 
1.23 
1.23 
1-23 
1-23 
123 
1-23 
123 
1.23 


L. tanj^ 


DL" 


L.oot 


60 
69 

:»7 

56 
55 
54 

63 
62 
61 
60 

49 
43 

47 
46 
45 
44 

43 
42 
41 

40 

dj 

88 
87 
86 
85 
81 
83 
32 
81 
80 


5oooo 
5oo35 
5oo5o 
50076 
5oioi 
5oi26 
5oi5i 
50176 

5020I 
50327 
90353 


866o3 
86588 
86573 
86559 

86544 
86530 
865i5 
865oi 
86486 

86471 
86457 

86443 
86427 
86413 
86398 
86384 
86369 
86354 
86340 
86325 
863 10 


9-698970 
699189 
699407 
699626 

699844 
700062 
700280 
700498 
700716 
700933 

701 i5i 


3 

3 

3 

3 

3 

3- 

3 

3 

3 

3 

3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


64 

■64 

•64 

64 

63 

63 

63 

63 

63 

62 

.62 


9-937531 
937468 
937385 
937312 
937233 
937165 
937093 
937019 
936946 
936873 
936799 


9*761439 

' 761731 

762023 
762314 
763606 

762897 

763 I bd 

763479 
763770 

764061 

76^352 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


.86 

.86 

86 

.86 

85 

85 

■85 

86 

.85 

.85 

.84 


10 -238561 
338269 

237?S 
237394 
237 ro3 
236812 
236621 
33623o 
236939 
236648 


5o3o3 
50337 
5o353 
5o377 
5o4o3 
50438 
5o453 
50478 
5o5o3 


9 .701 368 
701585 
701802 
702010 
703336 
702453 
702669 
702885 
703 101 
703317 


■63 

.62 

61 

•61 

•61 

•61 

•60 

-60 

60 

60 


9.936723 
936653 
936678 
9365o5 
936431 
936357 
9362S4 
936310 
9361 36 
936063 


9.764643 
764933 
766224 

765514 

766805 

766095 
766385 
766675 
766965 
767255 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


84 
.84 
•84 
.84 
.84 
•84 
.63 
83 
83 
.83 


10.235357 
235067 
234776 
234486 
234196 
233906 
23361 5 
233325 
233o35 
232745 


22 
2i 
24 
ijo 
26 
27 
28 
29 
80 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
4S 
49 
50 

61 
52 
53 
54 
55 
56 
57 
53 
59 
60 


5o538 
5o553 
50378 
5060.3 
50628 
5o654 
50679 
50704 

50754 


86295 
86281 
86266 
86251 
86237 
86222 
86207 
86193 
86178 
86163 


Q. 703533 

703749 
703964 

704179 
704393 
704610 
704825 

7o5o4o 

705354 
705469 


3 
3 

3 

3 

3. 

3 

3- 

3. 

3 

3 

3. 

3. 

3. 

3. 

3 

3 

3 

3 

3 

3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


59 
'^ 

59 

58 

58 
58 

53 

57 

57" 

57 

57 
56 

56 

.f6 

■ 56 

55 

55 

.55 

55 
54 
54 
54 
54 
53 
53 
53 
53 
■53 

02 

.52 
.52 
.52 

■Si 
■51 
•5i 
•51 
.50 
.50 


9-93J988 
936914 
935840 
935766 
936693 
935618 
935643 
935460 
9ij395 
933320 

9-933246 
936171 
935097 
936023 
934948 
934873 

934798 
934723 

934649 
934674 


123, 

1-23; 

1.23| 

1. 34 

1.24 
1.24 
1.34 
1. 24 

1-24 
1-2', 

124 

1.24 

1-24 

1.24 
1.24 

1-24 

1.25 
1-33 
1-25 
1.25 

"'^ 

1.26 

|.25 

1.25 

1.26 
1.26 

1.25 
1.25 

1.26 
1.26 

1.26 
1.26 
1.26 
1.26 

1.26 

1.26 

1-26 

1-26! 

1.26, 

1.26 


9.767645 

- 767834 
J68124 
768413 
768703 
768993 
769281 
769670 
769860 
770148 


4 

4 

4 

4 

4 

4- 

4 

4 

4 

4 


• 83 
83 
.82 
82 
82 
82 
82 
82 
81 
81 


10-232465 
232166 
231876 
231687 
231297 
23 1008 
230719 
23o43o 
23oi4o 
229862 


5o779 
30804 
50829 

5o854 
50879 
50904 
50929 
50954 
50979 
5 1004 


86148 
86 1 33 
861 19 
86104 
86089 

86074 
86059 
86043 
86o3o 
8601 5 


9-705683 
706898 
706112 
706326 
706539 
706753 
706967 
707180 
707393 
, 707606 


9.770437 
770720 
771015 
77i3o3 

771593 
77I8^o 
772168 
772457 
772745 
773o33 


4 

4 

4- 

4- 

^ 

4- 

4- 

4- 

4- 

4 

4- 

4' 

4' 

4' 

4- 

4- 

4 

4- 

4 

4 

4- 

4' 

4- 

4- 

4' 

4' 

4- 

4' 

4 

4' 


81 
81 
81 
81 
81 
80 
80 
80 
80 
80 

80 

79 
79 

79 
79 

79 
79 

78 
"73 

78 
77 
77 
77 
77 
77 


10*229563 
229274 
228985 
228697 
228408 
228120 
227832 
227643 
227255 
226967 


2j 
28 
27 
26 
25 
21 
23 
22 
21 
20 

19 
18 
17 
16 
15 
14 
18 
12 
11 
10 


51029 
5io54 
5 1 079 
5iio4 
5ii39 
5ii54 
51179 

31204 
31229 

5i254 


86000 
85985 
H5970 
859:6 
85941 
85926 
8591 1 
85896 
85881 
85F66 

8585 r 

85836 

85821 

858o6 

85792 

85777 

85762 

85747 
85732 
85717 


9.707819 
708032 
708245 
708453 
70S670 
708882 

709094 
709306 
709518 
700730 


9-934499 
934424 
934349 

» 934274 
9I41Q9 
934123 
934048 
933973 
933398 
933322 

9.933747 
933671 
933596 
933520 
933445 
933360 
93 3 29 J 
933217 
933141 
933066 


9.773321 
773608 
773396 
774184 
774471 
774759 
773046 
775333 
776621 - 
776908 


10- 226679 
226392 
226104 
226816 
226629 
226241 
224964 
224667 
224379 
224092 


5k279 
5i3o4 
5i329 
5 1 354 
5 1 379 
51404 
51429 
5 1 434 

51479 
5 1 304 

N. COS. 


9.709941 
710153 
710364 
710675 
710786 
710997 
7 1 1 2o3 

71MI9 
7II629 

7II839 


3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


9.776196 
776482 
776769 
777063 
777342 
777628 

777915 
778201 
778487 
778774 


io.223t;o5 
2235i8 

2 23 23 I 

222946 
322668 
222372 
222086 

221799 

22l5l2 

221326 


9 
8 
7 
6 
5 
4 
8 
2 
1 



N. sine. 


L. COS. 


D.l" 


L. sine. 




Loot. 


D.l" 


L. tan^ 


t 


590 1 
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Nat. Functions. 




LooABrriiMic Fitnctions^ 


10. 


1 


« 


|N.8lne. N. G06. 


L. sine. 


D.l" 


L-coo. 


D.l"' 
1-26 


L.taiig. 

9-778774 


D.1" 


L.eot. 

10-331326 


60 





5i5o4 85717 


9'7ii839 


3 


■5o 


9-933066 


4-77 


1 


5i529 185703 


712000 


3 


• 5o 


932990 


1.37 


779000 


4-76 


330940 


69 


2 


5i554 


8568"» 


713260 


3 


• 5o 


932914 


1-37 


779346 


320654 


58 


8 


5 1579 


85673 


712469 


3 


■49 


9328J8 


1-37 


779632 


4-76 


320368 


,67 


4 


1 5i6o4 


85637 


712679 


3 


49 


93276} 


1-37 


779918 


4.76 


330083 


56 


5 


; 51628 


80642 


7i38c;9 


3 


49 


932680 


1.37 


780203 


i4-76 


319797 1 65 1 


6 


; 5i653 


85637 


713098 


3 


49 


933609 


1-27 


780489 


.4-76 


319011 


64 


7 


; 51678 


85613 


7i33u8 


1 


'49 


9320J3 


1.37 


780773 


476 


319230 


53 


8 


' 51703 


8o5o7 


713517 


•4S 


932457 


1.37 


781060 


4-76 


318940 


62 


9 


01723 


85583 


713736 


3 


.48 


ghiio 


••27 


78 1 346 


475 


318654 


61 


10 
11 


51753 

'51778 


85567 


713935 


3 
3 


•48 


932Joi 


137 

1.27 


78i63i 
9<7<::>i9i6 


475 
4-75 


318369 
10- 318084 


4J 


8003 1 


9'7»4i44 


•43 


9-932328 


1-2 


; 5i8o3 


85536 


714353 


3 


47 


9J2151 


1-27 


7S2201 


4.75 


217799 


48 


1^ 


51828 


85o3i 


714061 


3. 


"47 


933075 


1-28 


783486 


4-73 


217J14 


A! 


14 


5i852 


85oo6 


714769 


3- 


47 


931998 


1-23 


782771 


475 


317229 


46 


15 


51877 


80491 


71497^* 


3 


47 


931931 


1-23 


783o56 


475 


316944 


45 


16 


, 01902 


854-6 


7i5i86 


3. 


47 


93ib4o 


1.38 


783341 


4-75 


316609 


44 


17 


51927 


85461 


715394 


3. 


46 


931-63 


i.:8 


733626 


4-74 


316374 


A\ 


18 


, 51932 


85446 


7i5^)o3 


3 


46 


931691 


1-33 


783910 


4-74 


316090 


42 


19 


31977 


85431 


713809 


3 


46 


931614 


1.33 


784195 


4-74 


310805 


41 


20 
21 


32002 


85416 


716017 


3 
3. 


46 
45 


931537 
9-931460 


i-38 

1-38 


734479 
9-734"!64 


4-74 


310021 
10-213336 


40 
Id 


52026 


85401 


9-716224 


4-74 


22 


5205l 


85335 


716433 


3 


45 


931 383 


1-23 


780048 


4-74 


314903 


IS 


28 


j 52076 


35370 
85353 


716639 


3. 


45 


93i3o6 


1-33 


78333a 


4-73 


314663 


87 


24 


1 52IOI 


716846 


3' 


45 


931339 


1-39 


780616 


4-73 


314384 


86 


2) j 52126 


85340 


7170^ 


3 


45 


93 1 1 53 


1.39 


786900 


4-73 


314100 


85 


26 


52i5i 


85335 


717359 


3. 


44 


931075 


1-39 


786184 


4-73 


313:^16 


84 


27 


52175 


85310 


717466 


3. 


44 


930993 


1-39 


786468 


473 


2i3o32 


83 


28 I; 52200 


35394 


717673 


3 


44 


930921 


1-39 


786753 


473 


213248 


82 


29 ! 52225 


85379 


718080 
9-718391 


3 


44 


930843 


1.39 


787036 


4-73 


2 1 2964 


31 


80 i 5225o 
SI j 52275 


85364 


3 
3^ 


43 

43 


930766 
9 -930688 


1-39 
1.29 


787319 
9-737603 


4-72 
472 


212681 

10-212397 


SO 

2J 


85349 


82 52299 85234 


718497 


3 


43 


930611 


1-29' 


787886 
788170 
788453 


4-72 


212114 


28 


83 ,'523241 85218 


718703 


3. 


43 


93oo33 


1-29' 


4-72 


2ii83o 


27 


84 i 


; 52349 1 852o3 


718909 


3 


43 


930436 


1-29 


4-72 


2ii547 


26 


8o 


32374 85iS8 


7«9"4 


3. 


42 


930378 


1.29 


788736 


4-72 


2 1 1 264 


2.) 


86 


52399 85i73 
52423 '85i57 


719320 


3. 


42 


93o3oo 


i-3o 


789019 


4-72 


2109S1 


24 


8V 


719525 


3 


42 


930333 


i-3o 


789303 


4-71 


210698 


23 


8S 


5244S'85i42 


719730 


3 


42 


930145 


i-3o 


789535 


4-71 


2 104 10 


22 


89 


52473 85i'>7 


719935 


3 


41 


930067 


1 -30| 


789868 


4-7i 


2lOl32 


21 


40 


152493.80112 


730140 


3 


•41 


929989 


..3oj 


790i5i 


4-71 


209849 


20 


41 ' 52322 ■ 85096 


9« 720345 


3 


41 


9-929011 
929333 


I -30: 


9.790433 


4-71 


10-209567 


l.» 


42 


52547 ;85o8i 


720549 


3 


41 


i-3o 


1 79^716 


4-7» 


20(;2'>4 


13 


43 


52172 [ 80066 


720754 


3 


40 


929755 


i-3o 


790999 


4-71 


209001 


17 


44 


52597 85o5! 


720953 


3 


.40 


929677 


i.3o 


791381 


4-71 


208719 


16 


4-. 


52621 


85o33 


721162 


3 


40 


929199 


130 
i-3o' 


1 791563 


470 


208437 


l.i 


46 


52646 


85o3o 


721 366 


3 


.40 


929 J2I 


! 791846 


4-70 


208154 


14 


47 


5267 1 ! 85oo5 


721070 


3 


.40 


929442 


i-3o| 


793138 


4-70 


207872 


13 


48 


52696 ! 84989 


721774 


3 


l"^ 


929364 


i-3r 


792410 


4-70 


207590 


13 


49 


52720 ! 84974 


• 721978 


3 


•^9 


939286 


i-3i 


. 792692 


4-70 


207308 


11 


50 
51 


52745 1 84959 


723181 


3 

-• - 

3 


.39 
39 


929207 
9-929129 


i-3i 
i-3i 


793974 
9-7933)6 


4-70 


207026 
10-206744 


10 
9 


52770 84943 


9-722385 


4-70 


^i 


52794 84928 


722388 


3 


?9 


929050 


i-3i 


793538 


4.69. 


206462 


8 


58 


52319,84913 

52844 84897 
52869 ^4882 
52893 84866 


722791 


3 


38 


9289-3 


1-31 


793819 


4-69 


•206181 


7 


54 


722994 


3 


3^ 


92^^693 


|.3i| 


794101 


4-69 


205899 


6 


65 


723197 


3. 


33 


92H815 


1-31 


794383 


4.69 


2o56i7 


5 


66 


723400 


3. 


3i 


928736 


|.3i 


794664 


4-69 


2o5336 


4 


67 


52918; 84851 


7236o3 


3. 


37 


928657 


i-3i 


794945 


469 


2o5o55 


8 


6S 


53943 ' 84836 


7238o5 


3. 


37 


938578 


i-3i 


790337 


4 -60 
4-68 


204773 


2 


69 


52967 1 84820 


724007 


3- 


37 


928499 


i-3i 


793508 


204492 


1 


60 


53993 i 
N. COS. 


848o5 


734310 


3.37 
D.l" 


938420 


i-3i 


795789 


4-68 


20421 1 





N. sine. 


L. 008. 


L.8lne. 


L.oot 


D.l" 


L. Ung: 


t 


• 


- 


58^ 








1 
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Nat. Fumctxonb. 


LoeARiTBMic Functions -i- 10. 


1 


1 
2 
8 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
23 
29 
80 

81 
82 
83 
84 
85 
86 
87 
88 
89 
40 

41 
42 
43 
44 
45 
4»i 
J7 
43 
49 
50 

51 
'52 
53 
54 
55 
56 
57 
58 
59 
€0 


N.alne. 


N. GOO. 


L.8iiie. 


D.l" 


L.008. 


D.1" 

1*32 
1-32 
1-32 
1-32 
1-32 
1-32 
1-33 
1-33 
1-32 
1-32 
1-32 

1-32 

1*33 
1-33 
1-33 
1*33 
1-33 
1-33 
1-33 
1*33 
1-33 

1-33 
1-33 
1-33 
1.34 
1-34 
1-34 
1-34 
1-34 
1-34 
1-34 

1-34 
1.34 
1.34 
1-34 
1*34 
1-35 
1-35 
1-35 
1-35 
1-35 

1-35 
1-351 
1-35 
1-35 
1-35 
1-36 
1-36 
1-36 
1-36 
1-36 

1-36 
1-36 
1-36 
1-36 
1-36 
1-36 
1-36 
1.37 
1-37 
1.37 


L-Ung. 


D.1" 


L.oot 




52992 
53017 
53o4i 
53o66 
53091 
53ii5 
53 140 
53164 
53189 

53214 
53338 

53263 
53288 
53312 
53337 
5336 1 
53386 
53411 
53435 
53460 
53434 


84805 

84789 
84774 
84759 
84743 
84728 
84712 
84697 
84681 
84666 
84660 


9*724310 
734413 
724614 
724816 
726017 
726219 
726420 
726622 
725823 

726024 
726226 


3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3. 

"3. 
3. 
3 
3 
3. 
3- 
3 
3. 
3- 
3. 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


t 
36 
36 
36 
35 
35 
35 
35 
35 

34 
34 
34 
34 
34 
33 
33 
33 
33 
33 

'32 
32 
32 
32 

3) 
3i 
3i 
3i 
3o 
3o 


9-938430 
938343 
928263 
928183 
928104 
928025 
937946 

937867 
927787 

937708 
927629 

9-927649 
927470 
927390 

927310 
927231 
927I6I 

927071 
. 926991 

9269 1 1 

926831 

9-926761 
926671 
926691 
926611 
926431 

926351 
926270 
926190 
926110 
926029 

9-920949 
926868 
923788 
926707 
926626 
926645 
926466 
925334 
9253o3 
926222 

9-926141 
926060 

924079 
924897 
924816 

924735 
924664 
924672 

924491 
924409 

9-924328 
924246 
924164 
9240^3 
924001 
923919 
923837 
923755 
923673 
923591 


9.796789 
796070 
796351 
796632 
796913 
797194 
797473 

798036 
798316 
798696 

9.798877 
7991 D7 

799437 
799717 

799997 
800277 

800667 

8ooS36 

801 116 

801396 

9-801676 
801906 
802234 
8026 I 3 
802792 
803072 
8o335i 
8o363o 
803908 
804187 

9-804466- 
804745 
806023 
8o53o2 
8o558o 
806869 
806137 
806416 
806693 
806971 

9-807249 
807J27 
807806 
808083 
8o836i 
8o8633 
808916 
809193 
809471 
809743 

9-810 '25 
8io3o2 
810680 
810867 

8iii34 
811410 
811687 
811964 
812241 
812617 


4 

4- 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

A- 

A' 

A 

A 

A 

A 

A 

A- 

A 


68 

68 

68 

68 

68 

■68 

68 

•68 

.67 

.67 

67 

67 
1? 

66 
66 
66 
66 
66 


10* 20431 1 
203930 
S03649 
203368 
2o3ob7 
202806 
202626 
202245 
201964 
2oi6b4 
201404 

10-201123 

200843 
2oo563 

200283 

2oooo3 
199723 

199443 
199164 
198884 
198604 


60 
59 
53 
57 
56 
55 
54 
53 
52 
51 
50 

49 
4^ 
47 
46 
45 
44 
43 
42 
41 
40 


84635 
84619 

84604 
84688 
84673 
84557 
84643 
84626 
84611 
84496 


9*726426 
726626 
726827 
727027 
727228 
727428 
727628 
727828 
728027 
728227 


53509 

53534 
53558 
63583 
53607 
53632 
53656 
53681 
53705 
53730 

53764 

53804 

53828 
53853 
53877 
53902 
63926 
53961 
53975 

54000 
64024 
54049 
54073 
54097 
54122 
54146 
64171 
64196 
54220 


84480 

84464 
84448 
84433 

84417 
84402 

84386 

84370 

84355 

84339 

84324" 

84308 

84292 

84277 

84261 

84245 

84230 

84214 

84198 

84182 


9^728427 
728626 
728825 
739034 
739223 
729422 
729621 
729820 
730018 
730216 

9-730416 
7306 I 3 
730811 
731009 
731206 
t3i4o4 
7Q1602 

731799 
731996 
732193 


A- 
A- 
4" 
A- 
A- 
A- 
A' 
4- 
4- 
A- 

4- 
4- 
4- 
A- 
4- 
4- 
4- 
4« 
4- 
A' 

A- 
A- 
4- 
4- 
4- 
A- 
A- 
A' 
A- 
4- 


66 
66 
65 
65 
65 
65 
65 
65 
65 
65 

64 
64 
64 
64 
64 
64 
64 
63 
63 
63 

63" 

63 

63 

63 

63 

62 

62 

62 

62 

62 


10*198326 
198045 

197766 
197487 
197208 
196928 
196649 
196370 
196092 
19S813 

10* 195534 
196255 

194977 

194698 
194420 

194141 
I93S03 

193:35 

193307 
193029 

10-192761 

192473 

192196 

191917 

19I039 
I9I362 

I9I084 
190807 
190J29 
190202 

189430 
189143 
188866 
188690 

i883i3 
i88o36 
187760 
187483 


83 
87 
86 
35 
84 
83 
82 
81 
80 

liU 
28 
27 
28 
25 
2"4 
23 
22 
21 
20 

ly 

IS 
17 
16 
15 
14 
13 
12 
11 
10 

9 
8 

1 

6 
5 
4 
3 
2 
1 



3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


.30 

.30 

■ 3o 

29 

•29 
•29 
■29 

:^§ 

-28 


84167 
84161 
841 35 
84120 
84104 
84088 
84072 
84067 
84041 
84026 


9-732390 
. 732687 

732784 
732980 

733177 
733373 
733569 
733765 
733961 
734167 


3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


.28 
.28 

38 

•37 
.27 

'37 

•37 
37 
26 

26 


54244 
54269 
54293 
54317 
5434a 
54366 
54391 
64416 
54440 
54464 


84009 

83994 
83978 
83962 
83946 
83930 
83915 
83899 
83883 
83867 


9-734353 

•734649 
734744 
734939 
736i35 
735330 
735525 
735719 

735914 
736109 


3 

3 

3. 

3 

3 

3. 

3 

3. 

3 

3. 


26 
26 

25 
25 
25 

26 

25 

34 
24 
■24 


A- 
A- 
A- 
A- 
A- 
A- 
A- 
A- 
A' 
A- 


62 
62 
62 
62 
61 
61 
61 
61 
61 
61 


N. COS. N. sine.l L. cos. 


D. 1" 


L. siDe. 




L.cot 


D. r' 


L. tang: 


1 


57° 1 



TRIOOXOMETRICAL FUNCTIONS. — 38*. 



63 



Nat. Functions. 


LouARiTHXio Functions + 10. 1 




1 

s 

8 
4 
5 
6 

I 

9 
10 

Hi 

12 

18 

14 

15 

16 

17 

18 

19 

20 

21 
22 

23 
24 

25 

26 
27 
28 
29 
30 

81 
82 
88 
84 
85 
86 
87 
88 
89 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
60 

51 
52 
58 
54 
55 
56 
67 
58 
69 
60 


N.ii]ie.'N.eoa. 


lysine. 


D.l" 


L.oofl. ] 


XI" 


L.tAiig. D. 


1" 


L.oot 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 

49 
43 
47 
46 
45 
44 
48 
42 
41 
40 

8'J 
83 
87 
86 
85 
84 
83 
82 
SI 
80 

29 
28 
27 
26 
io 
24 
23 
22 
21 
20 

19 
18 
17 
16 
15 
14 
18 
12 
11 
1" 

9 

8 

»• 
( 

6 

« 

4 

8 

2 

1 




54464 

54488 

545i3 

54537 

54561 

54586 

j 54610 

1 54635 

.54659 

1 54683 

, 54708 

54732 
154756 
54781 
54805 
54829 
54854 
54878 
54902 

54927 
54951 

54975 
i 54999 

' 53024 

1 55048 
55072 
55097 
55i2i 
55145 
55169 

i 55194 

55218 
55242 
55266 
55291 
553 1 5 
55339 
55363 
1 55388 

; 55412 

1 55436 

55460 
55484 
55509 
55533 
55557 
55581 
556o5 
55630 
55654 
55678 


83867 
83851 
83835 
83819 
838o4 
88788 

88766 
88740 
83724 
83708 


736498 
736692 
786886 
787080 
737274 
737467 
787661 
787855 
788048 


3.24 
3-24 
3-24 
3'23 
3.23 
3. 23 
3. 23 
3'23 

3'22 
8-22 
3-22 

3 22" 

3-22 
8-21 
3-21 
3'2i 

3.21 
3.21 

3-20 
3'20 
3-20 

3-20 
3'20 

3*19 
3'i9 
3'i9 
3.19 
3-19 
3.18 
3.18 
3.18 

3.18 
3.18 
3.17 
3.17 
3.17 

3;|7 

3.1^ 
3.16 
3.16 

3.16 

3.)6 
3'i5 
3.i5 
3.i5 
3.i5 
3.i5 
3.14 
3>i4 
3.14 

3.14 
3.14 
3.i3 
3.13 
3.i3 
3.i3 
3'i3 
3.12 

3'I2 
3'I2 


9'92359i 1 
923569 1 
928427 1 
928845 1 
923263 1 
923181 1 
928098 1 
928016 1 
923933 1 

922»5l ] 

932768 1 


.37 
•37 
•37 
.37 
.37 
•37 

.37 

.38 

.38 

.38 

.38 

f.38 

[-38 

[.38 

['38 

'38 

.38 

• 39 
.39 

1.39 

[•39 

[.39 

•89 

• 89 
.39 

• 39 

• 39 

•39 
'40 

• 40 
.40 
.40 
.40 
.40 
'40 
.40 
.40 

.40! 

•40: 

•4oj 

•41 

•41 

•41 

•41 

•41 

•41 

.41I 

•41 

•41 

•41 

•41 

.41 

•42, 

•42, 

•42' 
[.42 
1.42 


9.812617 
812794 
818070 
813347 
818623 
818890 
8i4ip 
814452 
81472S 
816004 
816279 


4- 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

4 

4 

4 

4 

4 

4 

4 

4 

4- 

4- 

4- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 

4- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 


61 

61 

61 

60 

•60 

60 

60 

60 

60 

-60 

• 60 

.59 


10*187483 
187206 
186930 
186653 
186877 
186101 
186825 
186648 
186272 

184996 
184721 


83692 
88676 
83660 
83645 
83629 
836i3 
83507 
8358i 
83565 
83549 

83533 
83517 
83501 
83485 
83469 
83453 
83437 
83421 
834o5 
83389 

83373 
83356 
83340 

83324 
833o8 
88292 
83276 
83260 

83244 
83228 


9.788241 
788434 
788627 
738820 
739018 
789206 
739398 

789975 


9.922686 1 
922603 ] 
922520 1 
922488 1 
922355 1 
922272 1 
922189 1 
922106 1 
922028 1 
921940 1 


9.815555 
8i583i 
816107 
816882 
8i6658 
816933 
817209 
8r7484 

81^3^ 


10.184445 
184169 
18389: 
i836i8 
188842 
188067 
182791 
182616 
182241 
181966 


9.740167 
740839 

74o55o 
740742 ^ 
740934 
741 1 25 
741816 
74i5od 

741889 


9.921837 1 

921774 I 

92I69I ] 
921607 ] 
92x524 1 
921441 1 
921357 1 

921274 1 
921 190 ] 
921 107 1 


9.818810 
81 8585 
818860 
819135 
819410 
819684 
819959 
820234 
820608 
820788 


.58 
.58 
.58 
.58 
.58 
.58 
68 
.58 

•57 

'P 

'P 

P 

P 

P 

'P 
.67 

66 

66 

56 

56" 

56 

56 

56 

56 

56 

55 

56 

55 

55 

55' 
55 
55 
55 
55 
54 
54 
54 
54 
54 


10.181690 
181416 
181140 
180866 
180690 
i8o3i6 
I 8004 I 
179766 

179492 
179217 


9.742080 
742271 
742462 
742652 
742842 
743o33 
748228 
743413 
748602 

743792 


9.921028 ] 
920989 1 
920856 1 
920772 1 
920688 1 
920604 1 
920520 1 
920486 1 
920352 1 
920268 1 


9.821037 
•821882 
821606 
821880 
822164 
822420 
82270J 

tutu 

823624 


10-178943 

178668 
178394 
178120 
177846 

I 7757 I 
177297 

177023 

176730 

176476 


83212 

88195 
83 1 79 
83i63 
83i47 
83i3i 
83ii5 
88098 
88082 
83o66 


9.743982 

744171 
744361 

744550 
744739 
744928 
745117 
745306 

745494 
745683 


9'920i84 1 
920099 1 
920015 1 

919846 I 
919762 I 
919677 1 
919393 I 
919508 1 
919424 I 


9.828798 
824072 
824345 
824619 
8348Qi 
826166 
826480 
82671J 
826986 
836269 


10.176202 
175028 
175635 
175381 
176107 
174884 
174561 
174287 
174014 
173741 


55702 
55726 
55750 
55775 

llm 

55847 
55871 
55895 
55919 

N. COS. 


83o5o 

83o34 
88017 
83ooi 
82985 
82969 
82953 
82986 
82920 
82904 


9 •7458] I 
746030 
746248 
746436 
746624 
74681a 
746909 

747187 
747374 
747562 


9.919339 1 
919254 1 
919160 1 
919085 1 
910000 1 
9i8qi5 1 
,918830 1 
918745 ] 
918659 1 
918674 1 


9.826332 
826806 
827078 
827351 
827634 
827897 
828170 

828442 
828716 
828987 


10.173468 
173195 
172922 
172649 
172876 
172103 
171880 
171658 
171285 
171018 


N.sine. 


L. COS. D. 1" 


L. Bine. 


L.cot 


D. 


1" 


L. tang: 


1 56° I 



Gi 



TRIOOKOMETBICAL FUNCTIONS. — ^84*. 



Nat. Functionb. 


LOGABITHMIC FUHCTIONB + 10. 1 





N.stne. 

' 55910 
5594J 


N.eoe. 


1 

L. sine. 


D.t" 


L. 008. 


D.1" 
1. 42 


L. tang. 


D.l" 


L-oot 




82904 


9 -747562 


3 


12 


9-918574 

918489 


9-828987 


4 


54 


10*171013 


60 


1 


82887 


747749 
747936 


3 


•12 


1.42 


829260 


4 


54 


170740 


59 


2 


35q68 


82871 


3 


12 


918404 


1.42 


829332 


4 


54 


170468 


58 


8 


55993 


82855 


748123 


3 


•11 


918318 


1.42 


829805 


4 


54 


170195 


57 


4 


56oi6 


82839 


7483 10 


3 


•11 


918233 


1-421 


83oo77 


4- 


54 


169923 


56 


5 


56o4o 


82822 


748497 
748683 


3 


•11 


918147 


1.42 


83o349 


4 


53 


169651 


55 


6 


56064 


82806 


3 


-11 


918063 


1.42 


83o62i 


4 


53 


169379 


54 


7 


56o88 


82790 


748870 


3 


11 


917976 


1.43 


830893 


4 


53 


169107 


53 


8 


56iia 


82773 


7490D6 


3 


•10 


917891 


i.43; 


83ii65 


4 


•53 


16883d 


52 


9 


56 1 36 


82757 


749243 


J 


10 


917805 


1.43 


«3i437 


\^ 


•53 


168563 


51 


10 
11 


56 160 


82741 
82724 


749429 
9-74015 


3. 
3" 


10 
10 


917719 


1-43 
1.43 


831709 
9-831981 


4 

4 


.53 
53' 


I 6829 I 


50 
49 


561 84 


9917634 


10*168019 


12 


56?o8 


82708 


749801 


3 


10 


917548 


1.43 


832253 


4 


53 


167747 
167475 


4S 


VI 


56232 


82692 


749987 


3 


09 


917462 


1.43 


832525 


4- 


53 


47 


14 


56256 


82675 
82659 
8264J 


750172 


3 


09 


917376 


1-43 


832796 


4 


53 


167204 
166932 


46 


lo 


56280 


75o358 


3. 


09 


. 917290 


1.43 


833o68 


4- 


52 


45 


16 


563o5 


75o543 


3 


09 


917204 


1-43 


833339 


4- 


52 


16666 I 


44 


17 


56329 


82626 


750729 


3 


09 
08 


917118 


1-44 


83361 1 


4- 


52 


l6638o 
166118 


43 


IS 


56353 


82610 


730914 


3. 


917032 

916946 


1-44 


833882 


4- 


52 


42 


19 


56377 


82593 


751099 


3. 


08 


1-44 


834154 


4- 


52 


165846 


41 


20 


56401 


82577 


7512S4 


3- 
3. 


08 

08 


916859 


1-44 
1-44 


834425 


4- 
4- 


52 
"52 


165575 


40 


56425 


82561 


9-751469 


9.916773 
916687 


0*834696 


io*i653o4 


22 . 


56440 
56474 


82544 


751 654 


3. 


08 


1-44 


834967 
835238 


4- 


52 


l65o33 


3"? 


2:J 


8252S 


75iS3(x 


3. 


08 


916600 


1-44 


4' 


52 


164762 


87 


24 


56497 


825ii 


752023 


3 


07 


916514 


1-44 


8355o9 


4- 


52 


164491 


86 


25 


56521 


82495 


752208 


3 


07 


916427 


1-44 


835780 


4- 


5i 


164220 


85 


•j6 


56545 


82478 


752392 


3 


07 


91634 I 


1-44 


836o5i 


4- 


5i 


163949 
163678 


84 


27 


56569 
56593 


82462 


7525]6 
752760 


3 


07 


916234 


1-44 


836322 


4- 


5i 


83 


28 1 


82446 


3. 


07 


916167 


1.45 


836593 


4- 


5i 


163407 


82 


29 i 


56617 


82429 


752944 


3 


06 


91 6081 


1-45 


836864 


4- 


5i 


l63i36 


81 


8«.i ' 
81 


56641 
56665 


82413 
82396 


753 1 28 
9-753312 


3 

3 


06 
06 


915994 
9-915907 


1-45 
1-45 


837134 


4- 


5i 


162866 


30 
19 


9 -837405 


4 


5i 


10*162595 


82 


56689 
5671 3 


82380 


753495 


3 


06 


915820 


1-45 


637675 


4- 


5i 


162325 


23 


Ji3 


82363 


753679 


3 


06 


915733 


..45 


837946 
83d2i6 


4- 


5i 


162054 


27 


34 


56736 


82347 


753862 


3 


05 


915646 


1-45 


4 


5i 


1617S4 


26 


8') 


56760 


82330 


734046 


3 


•03 


915559 


1-45 


838487 


4 


• So 


i6i5i3 


25 


86 


56784 
56do8 


82314 


73^29 


3 


•o5 


915472 


1-45 


838757 


4 


5o 


161 243 


24 


87 


82297 


754412 


3 


• o5 


915385 


1-45 


839027 


4 


• So 


160973 


23 


88 


56832 


82281 


75439 "J 


3 


• o5 


915297 


i.45 


839297 
839568 


4 


5o 


160703 


22 


89 


56856 


82264 


754778 


3 


04 


9i52io 


1.45 


4 


5o 


160432 


21 


40 

41 ' 


5688o 


82248 
82231' 


754960 
9-755143 


3 
3 


• 04 
04 


9i5i23 
9 -915035 


1-46 
1-46 


839838 


4- 


5o 


160162 


20 
19 


56904 


9-840108 


4 


• 5o 


10*159892 


42 : 


56928 


82214 


753326 


3 


.04 


9149^*8 


1-46 


840378 


4 


5o 


159622 


IS 


43 • 


^6952 


82198 


755308 


3 


•04 


914^60 


1-46 


840647 


4 


• So 


l593r;3 


17 


44 


56976 


82181 


755690 


3 


04 


9M773 


1-46 


840917 


4 


.49 


159083 
l58Bi3 


16 


45 


57000 


82165 


755822 


3 


03 


9I46S5 


1-46 


841 187 


4 


.49 


15 


4) 


57024 


821 43 


756oD4 


3 


•o3 


914598 


1-46 


841457 


4 


.49 


158543 


14 


i7 


57047 


82132 


756236 


3 


-o3 


9U5io 


1.46 


841726 


4 


.49 


158274 


13 


4S 


57071 


82115 


736418 


3 


03 


914^22 


1-46 


841996 


4 


.49 


I 58004 


12 


4:) 


57095 


82098 


756600 


3 


•o3 


914334 


1.46 


842266 


4 


.49 


157734 


11 


oO 
61 


i 571 19 
,57143 


82082 
82065 


736782 


3 
3 


• 02 
■ 02 


914246 
9-914158 


1-47 
1-47 


842535 
9*842805 


4 
4 


•49 
.49 


I 57465 


10 
9 


9-736963 


10*157193 


r>2 


51167 


82048 


757144 


3 


02 


914070 


1.47 


843074 


4 


49 


166926 


8 


53 


57I9> 


82032 


757326 


3 


02 


9139^2 


f-47 


843343 


4 


•49 


156657 
156388 


7 


M 


1 57215 


82015 


75i5o7 


3 


02 


913894 


1-47 


843612 


4 


•49 


6 


55 


57238 


81999 


757688 


3 


01 


9i38o6 


1-47 


843882 


4 


.48 


i56ii8 


5 


?6 


57262 


81982 


757869 


3 


01 


913718 


1-47 


844 1 5i 


4 


•48 


155849 


4 


57 


57286' 


81965 


758o5o 


3 


01 


9i363o 


1-47 


844420 


4- 


48 


1 55580 


8 


58 


57310 


81949 


75823o 


3 


01 


913541 


1-47 


8446H9 
' 844938 


4 


48 


i553ii 


2 


59 


57334 


81932 


75841 1 


3 


01 


913453 


1-47 


4 


.48 


1 5504a 


1 


60 


57358 


81915 


753591 


3-01 


913365 


1-47 


843227 


4.48 
D. V 


154773 
L. tang. 



f 


ir.cos. 


N. sine. 


li. COfl. 


D. 1" 


L. Bine. 


i L.cot. 








55° 






1 
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Nat. Pukctions. 


LoQABiTHXic Functions + 10» 


1 


JN.siBe. 

t 


N. COS. 


Hsine. 


D.l" 


Lb 06s. 


D.l" 
1-47 

Itl 

1.48 
1.48 
1.48 

1.48I 
1.48 
1.48 
1.48 

1.48 

1-49 
i.49 
1.49I 

1-49; 
1-49' 
1-49 
1-49 
1-49 
1-49 

1-49 

1.49 
i*6o 

1.60 

1.60 

1.60 

1.60 

|.6o 

1.60 

i.5o 

1.60 
1.60 

i.5o; 

1.6li 
I.5|i 

i.5i 
i.5i 
i.5i 
i.5i 
1.5. 

iSi 
i.6i! 

1.5.1 
i.5i 

152 

1-52 

1.62 
1.52 

1.52 
1-52 

1.52 

1.62 

1.52 

1.62 
1.53 

1.53 
1.53 
1.53 
1.53 


Utang: 


D.l" 


L.eot 





1 
2 
8 

4 
5 
6 
7 
8 
9 
10 

11 
14 

13 
14 
15 
16 
17 
IS 
19 
20 

21 
22 
23 
24 
25 
26 
27 

29 
30 

31 
32 
33 
34 
85 
36 
37 
3d 
89 
40 

41 
4*2 
43 
44 
4.-) 
46 
47 
4S 
'49 
50 

51 
52 
53 
54 
|55 
'56 
57 
58 
59 
60 


57358 
57381 
67406 
67420 
57463 

57477 
57601 

67634 
67648 
67673 
67696 

67619 
67643 
57667 

67716 
57738 
67763 
57786 
57810 
57833 


81916 
81899 
81883 
81866 
81848 
81833 
81816 
81798 
81782 
81766 
81748 


9- 768691 

768963 
769133 
769313 

769492 
769673 
769863 
> 760031 
760211 
760390 


3 
3 
3 
3 
3 
3 
2 
2 
3 
2 

3 

3 

3 

3 

3 

3< 

3< 

3< 

2 

2- 

2 


•01 

00 
•00 
00 

00 

00 

•99 

99 

99 

'99 

"99 

98 

9? 

9? 
98 

•97 
97 
97 
97 


9 .91 3366 
913276 
913187 
913099 
9i3oio 
912922 
912833 

912744 
912655 
912666 

9*2477 


9.846237 
846496 
846764 
846033 
846302 
846670 
846839 
847107 
847376 
847644 
847913 


4 

4- 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4- 

4 

4 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4« 


48 
48 
48 
48 
48 
•47 
47 
47 

1^ 
47 

47 

47 
47 
47 
47 
47 

ii 

46 
46 

46 

•46 
•46 
•46 
.46 
•46 
46 
.46 
45 
45 
46 


io> 164773 
164604 
164236 
163967 
163698 
i534io 
i63i6i 
162893 
162624 
162356 
162087 

lO' 161819 
161661 
i5i28i 
161014 
160746 
160478 
160210 
149942 
149676 
149407 


60 
59 
5S 
67 
56 
65 
54 
63 
52 
51 
50 

4J 
48 
47 
46 
45 
44 
43 
42 
41 
40 

38 
87 
86 
85 
84 
83 
82 
81 
80 

2i) 
28 
27 
26 
25 
24 
23 
22 
21 
20 

ly 

18 
17 
16 
15 
14 
13 
12 
11 
10 


8i73i 

81714 
81698 
81681 
81664 
81647 
8i63i 

81614 
81697 
8i58o 

8 1 563 
81646 
8i63o 
81613 
81496 

81479 
81462 

81445 

81428 

81412 

81396 
81378 
8i36i 

8 1 344 
8i327 
8i3io 
81293 

81276 
81259 
81242 


9*760660 
760748 
760937 
761106 
761386 
761464 
761643 
761831 
761999 
762177 


9.912388 
912299 
912210 
912121 
9i2o3i 
911942 
911853 
91 I 763 
91 1674 
911684 

9-911496 
911406 
9ii3i6 
91 1236 
9iii36 
91 1046 
910966 
910866 
910776 
9io6d6 


9-848181 

848449 
848717 
848986 

849264 
849622 

849790 
860068 

860326 

860693 


67867 
57881 
57904 
67938 
57953 
57976 

5do23 
58047 
68070 

68094 
68118 

68141 
68i65 
58189 
68212 
58236 
68260 
58283 
583o7 


9.762366 
763634 
763712 
762889 
763067 
763245 
763432 
763600 

763777 
7639D4 

9.764131 
764308 
764486 
764663 
764838 
766016 
766191 
766367 

766644 
766730 


2< 
2< 
2< 
2< 
2' 
2' 
2- 
2< 
2< 
2< 

2' 

2' 

2< 

2' 

2< 

2- 

2 

2 

2 

2 

2 

2- 

2 

2 

2 

2- 

2< 

2 

2 

2 

2 

2< 

2 

2' 

2' 

2- 

2- 

2- 

7 

2 


9?_ 

95 

95 

94 

94 

94 

94 

94 

94 

9J 

93 

93 
93 
93 
92 
02 
92 

92 
92 

9« 

9< 
91 
9* 
91 
90 

90 
90 
90 
90 
90 


9.860861 
861139 
861396 
861664 
861931 
862199 
863466 
862733 
863001 
863268 


10*149139 
14887 I 
148604 
148336 
148069 
147801 

147534 
147267 

146732 


9-910696 
910606 
910416 
910335 
910236 

910144 
910064 

909963 
909873 
909782 

9.909691 
909601 
909610 
909410 
909320 
909337 
909146 
909055 
908964 
908873 

9.908781 
908690 
908699 
908607 
908416 
908334 
908333 
908141 
908040 
907968 


9.853535 
8538o2 
864069 
854336 
864603 
864870 
855i37 
865404 
860671 
866939 

9 '856204 
866471 
866737 
867004 
637270 
867537 
867803 
868069 
858336 
858602 

9.868868 

869134 
869400 
839666 
869932 
860198 

860404 
860730 
860996 
861261 


4- 

i 

4- 

4- 

4- 
4- 
4- 
4- 
4 

4 
4- 
4 
4. 

4 

4- 

4- 

4- 

4- 

4- 

4" 

4- 

4- 

4- 

4 

4 

4 


46 
46 
46 
46 
46 
46 
45 
45 
44 

44 

4i 
44 
44 
44 
44 
44 
44 
44 
44 
43 

43 
43 
43 
43 
43 
43 
43 
43 
.43 
43 


10' 146466 
146198 
1469 J 1 
146664 
l463o7 
146130 
144863 
144696 
144329 
144062 

10.143796 
143620 
143263 
14290 
142730 
142463 
142197 
141931 
141664 
141398 


58330 
58354 
58378 
58401 
58423 

38449 
58472 
58496 
58519 
58543 

58567 
68690 
586i^ 
58637 
58661 
58684 
68708 
68731 
68755 

68779 


8l223 
81308 
81191 

81 174 
81167 
81140 
81123 
81106 
81089 
81072 

8io55 
8io33 
81021 
81004 
80987 
80970 
80953 
80936 
80919 
80902 


9-765896 
766073 

766347 
766433 
766398 
766774 
766949 
767124 
767300 
767475 

9.767649 
767824 
767990 
768173 

768348 
768622 
768697 
768871 
769045 
769319 


io*i4ii32 
140866 
140600 
140334 
140068 
. 139802 
139636 
139370 
139006 
138739 


9 
8 
7 
6 
5 
4 
8 
2 
1 



N. ooa.'N.Blne. 


L. COS. 


D.l" 


L. sine. 




I* cot. 


D.l" 


L. tang. 








M° [ 
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TRIOONOMETBICAL FUNCTIONS. — ae*. 



Nat. FuKcnoNS. 


LoeARiTHXio Functions -i- 10. 


* 


1 
2 
8 

4 
6 
6 
7 
8 
9 
10 

11 
12 
18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
28 
24 
25 
26 
27 
28 
29 
80 

81 
82 
88 
84 
85 
86 
87 
88 
89 
40 

41 
42 
48 
44 
45 
46 
47 
48 
49 
50 

51 
52 
58 
54 
55 
56 
57 
,68 
59 
60 


N.dne. 


N. OOA. 


Li sine. 


D.r' 


L.60S. ] 


D,V' 


Ifc tang. 


DL" 


L.eot 


60 

.'7 
56 
5,) 
h\ 
53 
52 
51 
60 

4^ 
4^ 
47 
4'i 
4'» 
44 
4J 
4J 
41. 
4.1 

Lj 
S3 
87 
&<> 
£5 
81 
83 
82 
81 
80 


58do2 
58826 
58849 
58873 
58896 
58930 
58943 
58967 
58990 
59014 


80902 

80885 
80867 

8o85o 
8o833 
80816 

80765 
80748 
80730 


769740 
769913 
770087 
770260 
770433 
770606 

770779 
770952 


3.90 
3.89 
2.89 
2.89 
2.89 
2.80 
3.88 
3.88 

3.88 
3.88 
2.83 


'X?2S ! 

907682 1 
907590 1 

907498 1 
907406 1 

907314 1 
907222 1 
907129 1 
907037 1 


.53 

.53 

.53 

.53 

[.53 

[.53 

.53 

1.54 

1.54 

• 54 
•54 

•54 

1.54 

.54 

•54 

•54 

• 55 
.55 
.55 
.55 

.55 
.55 
.55 
.55 
.55 
.55 
.55 
.56 

• 56 
.56 


0*861261 

86i527 
861792 
862038 
862323 
863589 
863854 
863119 
863385 
863650 
863915 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

4 

4 

4 

4 

4 

4 

4 

4' 

4 

4 

A- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 


.43 
•43 
•42 
•42 
•42 
•42 
•42 
•42 
•42 
•42 
•42 

•42 

43 

•42 
41 
41 
41 
41 
•41 
41 
41 

41 
41 
41 
41 
41 
40 
40 
40 
40 
40 


10- 138739 
I3847J 
l382o8 
13794a 

137677 
1874 II 
1371 46 
l3688i 
i366i5 
l3635o 
l36o85 


59061 
59084 
59108 
59131 
59154 
59178 
59201 
59225 
59248 


80713 
80696 
80679 
80662 

80644 
80627 
80610 
80593 
80576 
8o558 


9»77ii25 
771298 
77U70 
77 » 643 
771815 

771987 
772159 

772331 

7725o3 

772675 


2.88 
2.87 
2-87 
2.87 
2.87 
2.87 
2.87 
2-86 
2.86 
2.86 

2^86 
2-86 
2.86 
2.85 
2.85 
2-85 
2.85 
2.85 
385 
2.84 

2.84 
2.84 
284 
2.84 
2.84 
2.83 
2.83 
'3.83 
2.83 
2.83 


906760 1 
906667 1 
906573 1 
906482 1 
9o638q ] 
906296 1 
906304 1 
906111 1 


9.864180 
864445 
864710 
864975 
865240 
8655o5 
865770 
866035 
866300 
866564 


I0'i35820 
135555 
135290 
l35o25 
134760 

134495 
234230 
133965 
133700 
133436 


59272 
59295 
59318 

5934a 
5o365 
5^89 
59412 
59436 
59459 
59482 


8o54t 
8o52.< 
8o5o7 
80489 
80472 
80455 
80438 
80420 
8o4o3 
8o386 


773361 
773533 

774046 

774217 
774388 


9.906018 1 
9o5o25 1 
9o5832 1 
905739 1 
905645 1 
905552 1 
905459 1 
9o5366 1 
905272 1 
9o5i79 1 


9.866829 

867004 
867358 
867623 
867887 
868i52 
868416 
868680 
868945 
869209 


io*i33i7i 
132906 
132642 
132377 
i32ii3 
i3i848 

l3i584 
l3i32o 
23io55 
130791 


59506 
59529 
59552 
59576' 
59599 
159622 
59646 

P. 

59716 


8o368 
8o35i 

8o334 
8o3i6 
80299 
80282 
80264 
80247 
8o23o 
80212 


9.774558 
774729 

774899 
775070 

775240 

775410 

775580 

775750 

775920 

776090 


9>9o5o85 1 
904092 1 
904898 1 
904804 1 

9047 1 1 1 
904617 1 

90452J 1 
904420 1 
904335 1 
904241 1 


.56 
.56 
.56 
.56 
.56 
:56 
.56 

•57 


9.869473 
869737 
870001 
870265 
870520 
870793 
871037 
871321 
871585 
871849 


4- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 
4- 
4' 

4' 
4- 
A- 
A' 
A- 
A- 
A- 
4- 
4- 
4 


40 
Ao 
40 
40 
40 
40 
40 
40 
40 

39 


io.i3o527 
l3o263 

129909 
129735 

129471 

I20207 
I 2894 J 
128679 
128415 

I23i5i 


23 
27 
26 
25 
21 
23 
22 
21 
21 


59832 
59856 
59879 
59902 
59926 

59949 


80195 
80178 
80160 
80143 
80125 
80108 
80091 
80073 
8oo56 
8oo38 


9.776259 
776420 

776768 
776937 
777106 
T77275 
777444 
777613 
777781 


2-83 
2-82 
2-82 
282 
2.82 
2^82 
2.81 
281 
3.81 

2-8l 

2.81 

2-8l 

280 

3 •So 

2.80 

2 .80 
2-80 

2-80 

2-79 
2.79 


9.904I47 1 
904053 1 
903959 1 
903864 1 

&,l \ 

9o358i 1 
903487 1 
903392 1 
903298 1 


.57 

.58 
.58 


9*872112 
872376 
872640 
872903 
873167 
873430 
873694 
873967 
874220 
874484 


39 
39 
39 
39 
39 
39 

39 
39 
39 
39 


10.127888 
127624 
127360 
127097 
126833 
126570 
X263o6 
126043 
125780 
I255i6 


ly 

13 
17 
IG 
13 
14 
13 
12 
U 
10 


59972 
59995 
60019 
60042 
6oo65 
60089 
601 1 2 
6oi35 
6oi58 
60182 


80021 
8ooo3 
79986 
79968 
79951 
79934 
799«6 

79864 


9-777950 
7781 19 

778287 
778455 

778624 
778792 
778960 
779128 
779205 
779463 


9.903203 1 
903 108 1 
9o3oi4 1 
902019 1 
902824 ] 
902729 1 

992634 1 
902539 1 

902444 1 
902349 ] 


.58 
.58 
.58 
.58 
.58 
• 58 
[.58 

[.59 


9.874747 
875010 
875273 
875536 
875800 
876063 
876326 
876589 
876831 
8771 14 


4 
4- 
4 
4 
4 
4 
4 
4 
4 
4 


39 

• 38 
38 
38 

• 38 
.38 
.38 
■38 


10.125253 
124990 
1*4727 
134464 
124200 
l23o37 
123674 
I334I1 
I23i49 
122886 


9 
8 
7 
6 
5 
4 
8 
2 
1 



N. ooft. 


N. BiBe.| L. COS. 


D.l" 


L.8ine. 




L. oot. 1 D. 1" L. tans. 


/ 
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Nat. FuNOTiONH. 

» 


LoGARiTuino Functions -i- 13. 1 



1 
2 
8 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

•Jl 
22 
28 
24 
25 
26 
'j7 
'28 
29 
80 

JJl 
82 
88 
84 
85 
86 
87 
88 
89 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
65 
56 
57 
58 
59 
60 


N.slne. 


N. COB. 


L. sine. 


D. 1" 


L.COA. 


D.1" 

1.59 

1.59; 
1.59 
1.55' 

1.59 

|.6o 

|.6o 
1.60 
1.60 
1.60 
1.60 
1.60 
1.60 
1.60 
1.60 
1.61 

1.61 
1.61 
1. 61 
|.6i 
1.61 
1.61 
1.61 
1. 61 
1.61 
1.62 

1.62 
1.62 
1.62 
1.62 
1.62 
1.62 
1.62 
1.62 
I.. 62 
1.63 

1.63, 
1.63 
1.63 
1.63 
1-63 
163 
1.63 
1 .63 
1.63 
..63' 

1.64 
1.64 
1.64 
1.64 
1.64 
1.64 
1.64 
1.64 
1-64 
1.64 


L. tang. 


D.l" 


L. cot. 




1 60182 
6o2o5 
60228 

i6o25i 

60274 
60298 
6o32i 

6o344 
60367 
60390 
60414 


79864 
79846 
79829 
79811 

79793 
79776 

7v758 

79741 
79723 
79706 
79688 


9-779463 
77031 

779798 
779966 

780133 
780300 
780467 

780634 
780801 
780968 
781134 


2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 


'79 
•79 
•79 

•79 

■78_ 

■77 
•77 
•77 
•77 
•77 

.76 

.75 

.75 
•75 
•74 
•74 

■74 
•74 
•74 
.74 

.73 

•73 

•72 
•72 
•72 
•72 
■72 
.72 

•71 
.71 

.71 

•7» 


9.902340 
902253 
9021 58 
902063 
901967 
901872 

•901776 
901681 
901. 085 
901490 
901394 


98771 14 

877377 
877640 

877903 

878165 

878428 

87S691 

878953 

879216 

879478 

879741 


4*38 
4-38 
4-38 
4-38 
4.3s 
4.38 
4-38 
4.37 
4-37 
4-37 
4-37 


10.122886 
122623 

122360 

122097 
I2I835 
121672 
i2i3o9 

121047 
120784 
120622 
120269 


60 
6b 
68 
67 
56 
65 
64 
63 
62 
61 
50 

4» 
4S 
47 
46 
45 
44 
43 
42 
41 
40 

~W 
8S 
87 
86 
85 
8( 
83 
82 
81 
80 

29 
28 
27 
26 
25 
24 
2", 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
8 
2 
1 


1 


60437 

60460 

1 60483 

' 6o5o6 

60529 

6o553 

60576 

160599 

160622 

: 60645 


79671 
79653 
79635 
79618 
79600 
79583 
79565 

79547 
79530 
79512 

79494 
79477 
79459 

79441 
79424 
79406 
79388 

79371 
793d3 
79335 

"79378 
79300 
79282 
79264 

79247 
79229 
79211 
79193 
79176 
79.58 


9.781301 
781468 
781634 
781800 
781966 
782132 
782298 
762464 
782630 
782796 


9.901298 
901202 
901 106 
901010 

900914 
900818 
900722 
900626 
900520 
900433 


9 . h8uoo3 
880265 
88o528 
880700 
88io52 

88i3i4 
881676 
881839 
882101 
882363 


4-37 
4-37 
4-37 
4-37 
4-37 
4-37 
4-37 
4-37 
4-37 
4.36 


10.119997 
119472 

IIQ2I0 
118048 

118424 
• I18161 

117809 
117637 


1 60668 
160691 
1 60714 

; 60738 
60761 
60784 
60807 

6o83o 
6o853 
60876 


9.782961 
783127 
183292 
783458 
783623 
783788 
783953 
7841 18 
784282 
784447 


9.900337 
900240 
900144 

899^54 

§99757 
899660 

899664 
899467 

9-899370 
899273 
899176 

898951 
898884 
898787 
898689 
898692 
898494 


9.882625 
882887 
883 1 4d 
883410 
883672 

883934 
884196 
884457 
884719 
884^80 


4.36 
4-36 
4-36 
4-36 
4-36 
4-36 
4-36 
4-36 
4-36 
4-36 


10.117376 
117113 
116862 
II 6690 

II6328 
116066 
II 6804 
116643 
116281 
116020 


60899 
60922 
60945 
60968 
60991 
6ioi5 
6io38 
61061 
61084 
61107 


9.784612 
784776 
784941 
785 io5 
785269 
785433 
785597 
783761 
785925 
786089 


0.886242 
8855o3 
885765 
886026 
886288 
886649 
886810 
887072 
887333 
887594 


4-36 
4. 36 
4-36 
4-36 
4-36 
4-35 
4-35 
4-35 
4.35 
4-35 


10.114768 

1 14497 
114236 

I I 3974 
1137.2 
Ii345i 
113190 
112928 
1 1 2667 
112406 


<6ii3V) 
6ii53 
61176 
61199 
61222 
61245 
6126S 

161291 
6i3i4 
6i337 


79 '40 
79122 
79105 
79087 
79069 
7905 1 
79033 
79016 
78098 
78980 


9.786252 
786416 
786579 
786742 
786906 
787069 
787232 
787395 
787557 
787729 


9.898397 
898299 
898202 
898104 
898006 
897908 
897810 
897712 

897614 
897616 


9.887855 
888116 
888377 
888639 
888900 
889160 
889421 
889682 
889943 
890204 


4-35 
4.35 
4-35 
4.33 
4.35 
4-35 
4-35 
4-35 
4.35 
4.34 


10. 112.43 

II 1884 
1 11623 
iii36i 
II 1100 
I 10840 
II 0670 
Iio3id 
110067 
109796 


6i36o 
6 1 383 
61406 
61429 
6i45i 
61474 
61497 
6i52o 
61 543 
6i566 


78962 

78944 
78926 
78908 

78891 
78873 

78855 

78837 

78819 

78801 

N. sine. 


9.787883 
788045 
788208 
788370 
788532 
788694 
788856 
789018 
789180 
789342 


2 
2 
2 
2 
2 
2 
2 
2 
2 
2 


•71 
■71 
•71 
.70 
.70 
.70 
.70 
.70 
.70 
69 


9.897418 
897320 
897222 
897123 
897025 

• 896926 
896828 
896729 
896631 
896532 


9.890466 
890726 
890986 

891247 
891607 
891766 
892028 
892289 
892649 
892810 


4-34 
t'34 
4-34 
4-34 
4.34 
4-34 
4.34 
4.34 
4-34 
4.34 


10.109535 
109276 

109014 
108753 

108493 
108232 
107972 
1077.1 
107461 
107.90 


N. OCA. 


L. COS. 


D.l" 


L. sine. 


L.cot. 


D.l" 


L. tang. 





68 



TSiaONOMBTItlCAL FPNCTIOKS. — 88'. 



Nat. PuNcrnoNs. 1 




LouAJUTHXio Functions + 10. 


1 





N.ilne. N.ooaJ 


Lskne. 


D.1" 


L.ooib 


D.r 


L. tang. 


D.l" 


L.eot 


60 


'6i566 


78801 


9-789342 


a 


69 


9-896632 


1-64 


9-892810 


4 


■34 


10-107190 
106930 


1 


61689 


78783 


789604 


2 


69 


896433 


1-66 


893070 


4 


•34 


59 


8 


161612 


78766 


789666 


2 


69 


896335 


1-65 


893331 


4 


•34 


106669 


5S 


8 


I6i635 


78747 


789827 
789988 


2 


69 


Q96236 


1.66 


893591 


4 


•34 


106409 


57 


4 


,6i658 


78729 


2 


•69 


896137 
89bo38 


1.65 


893801 


4 


•34 


106149 


56 


5 


61681 


787 II 


790 « 49 


2 


69 


1-65 


8941 11 


4 


•34 


106889 


55 


6 


,61704 


78694 


79o3io 


2 


68 


896939^ 


1-66 


894371 


4 


■34 


106629 


54 


7 


61726 


78676 


790471 


2 


■68 


896840 


1.65 


894632 


4 


■33 


io6368 


bS 


8 


61749 


78658 


790632 


2 


•68 


89 ml 


1-65 


894802 


4 


.33 


1061 08 


52 


9 


61772 78640 1 


790703 
. 790964 


2 


•68 


89^641 


1.65 


896162 ] 


4 


■33 


104848 


51 


10^ 
11 


61796 
61818 


7862a 


a 

a 


68 
^68 


89554a 
9-895443 


1-65 
r.'66 


896412 


4 
4 


.33 
■33 


104688 
10-104328 


60 
AM 


78604 


9'79iii6 


9-896672 


12 


61841 


78686 


791276 


2 


•67 


895343 


1-66 


896932 


4 


.33 


104068 


48 


la 


61864 


78668 


791436 


2 


•67 


89''244 


1.66 


896192 


4 


■33 


io3So8 


4T 


u 


,61887 


7865o 


791696 


2 


67 


896146 


1-66 


896402 


4 


■ 33 


103648 


46 


15 


61909 


78632 


79»757 


2 


.67 


895045 


1-66 


896712 


4 


•33 


103288 


45 


16 


61932 


78614 


791917 


2 


■67 


894945 


1-66 


896971 


4 


.33 


io3o29 


44 


17 


61966 


78496 


792077 


2 


•67 


894846 


1-66 


897231 


4 


.33 


102769 


43 


18 


61978 


7«478 


792237 


2 


•66 


894746 


1-66 


89749 u 


4 


.33 


102609 


42 


19 


,62001 


78460 


792397 


2 


•66 


894646 


1.66 


897761 


4 


■33 


102249 


41 


20 

21 


62024 
62046^ 


78442 
78424' 


792667 


2 
2 


•66 
•66 


894646 


1-66 

1-67 


898010 


4 
4 


•33 

:33" 


101990 


40 


9-792716 


9*894446 


9-89.^270 


io-ioi73o 


2:2 


62069 


78406 


7928-6 


2 


66 


894346 


1-67 


89S530 


4 


.33 


101470 


8S 


28 


62092 


78387 


793o36 


2 


66 


894246 


1-67 


898789 


4 


•33 


101211 


87 


24 


; 62116 


78369 


&. 


2 


66 


894146 


1.67 


899049 


4 


•32 


100901 


86 


25 


,62138 


78351 


2 


-66 


894046 


1-67 


89930S 


4 


•32 


100692 
ioo4i2 


85 


26 


62160 


78333 


793514 


a 


66 


893946 


1.67 


899568 


4 


•32 


84 


27 


62183 


783i5 


793673 


2- 


66 


893846 


1.67 


899827 


4 


•32 


100173 


83 


23 


! 62206 


78297 


793832 


2' 


65 


893746 


1.67 


900086 


4 


•32 


099914 


82 


29 


62229 


78279 


793901 
794160 


2 


66 


893646 


1.67 


900346 


4 


■32 


099664 


81 


80 
81 


62261 

62274 


78261 
78243 


2 


64 


893644 


1.67 
1-68 


900606 
9-900S64 


.4 
4 


32 
32 


099396 


30 
29 


9.794308 


a- 


64 


9-893444 


10-099136 

098876 


82 


62297 


78726 


794467 


2- 


64 


893343 


1-68 


901124 


4 


32 


SfS 


88 


62320 


78206 


794626 


2- 


64 


893243 


1-68 


90i3c3 


4- 


32 


098617 


27 


84 


62342 


78188 


794784 


2' 


64 


893142 


1.68 


901642 


4 


32 


09S358 


26 


85 


62365 


78170 


794942 


2< 


64 


893041 


1-68 


901901 


4- 


32 


098099 


25 


86 


62388 


78162 


796101 


2- 


64 


892040 


1-68 


902160 


4- 


32 


097840 


24 


S7 


6241 1 


78134 


793269 


2 


63 


892839 


1-68 


^02419 


4 


32 


097681 


23 


88 


62433 


78116 


795576 


2. 


63 


892739 


1-68 


902679 


4- 


32 


097321 


22 


89 


' 62466 


78098 


2- 


63 


892638 


1-68 


902938 


4- 


32 


097062 


21 


40 
41 


62479 

625o2 


78079 
78061 


796733 


2- 


63 
63 


892536 


168 
1-69 


903197 


4- 
4- 


3i 
3i 


096803 


20 
19 


9.796891 


9-892435 


9.903466 


io«096546 


42 


62624 


78043 


796049 
796206 


2 


63 


892334 


1-69I 


903714 


4- 


3i 


096286 


18 


43 


62647 


78026 


2 


63 


892233 


1.691 


903973 


4- 


3i 


096027 


17 


44 


62670 


78007 
7798S 


796364 


2 


6> 


892132 


1.69: 


904232 


4- 


3i 


093768 


16 


45 


62692 


796621 


2 


62 


892030 


1-69 


904491 
904730 


4- 


3i 


090009 


15 


46 


62616 


77970 


796679 


2 


6a 


891929 


1-69 


4- 


3i 


090200 


14 


47 


62638 


77962 


796836 


2 


62 


891827 


1.69 


9o5oo8 


4- 


3i 


094992 


13 


48 


62660 


77934 


796993 


2 


62 


891726 


1-69 


906267 


4- 


3i 


094733 


12 


49 


62683 


77016 
77897 


797160 


2 


.61 


891624 


1-69 


905526 


4- 


3i 


094474 


11 


50 
5J 


62706 
62728 


797307 


2 


61 


891623 


..70' 
1-70 


• 905784 


4- 


3i 


094216 


10 
9 


77879 


0-797464 
• 797621 


2 


61 


9-891421 


9-906043 


4- 


3i 


10-093907 


52 


62761 


77861 


2 


•61 


891319 


1-70; 


9o63o2 


4- 


3i 


093698 


8 


53 


62774 


77843 


797777 


2 


61 


891217 


i«70j 


906660 


4- 


3i 


093440 


7 


54 


62796 
62819 


77824 


797934 


2 


•61 


891116 


1-70' 


906819 


4« 


3i 


093181 


6 


55 


77806 


798091 


2 


•61 


891013 


1-70 


907077 


4- 


3i 


092923 


5 


56 


62842 


77788 


798247 


2 


-61 


890911 


K-70 


907336 


•4 


31 


092664 


4 


57 


62864 


77769 


798403 


2 


•60 


890809 


1-70 


907694 


4 


-3i 


092406 


8 


5S 


62887 


77761 


798660 


2 


.60 


890707 


1-70 


907862 


4 


31 


092148 


2 


59 


62909 


77733 


798716 


2 


•60 


890606 


1-70 


9081 II 


4 


'3o 


091889 


1 


60 


62932 


77716 


798872 


2 
D 


.60 


89o5o3 


1-70 


908369 


4 


• 30 


09!63i 







N. COS. 


N.slne. 


L.oofl. 


.1" 


L. sine. 


L. cot D. 


1" 


L. tai^ 


1 




51° 






1 



TRIGONOMETRICAL FUNCTIONS. — 3©' 



C9 



Nat. Functions. 


LooABiTHMic Functions + 10. 1 





N.sino. N. eoo. 


L. sine. 


D. 


1" 


L. COBb 


D.I" 
1.70 


I4. tang. 


Dl." 


L.cot 


60 


62932 


777'5 


9.798872 


2< 


60 


9.890503 


9-908360 
908628 


4-3o 


10-091631 


1 


62955 


77696 


79902S 


2 


60 


890400 


171 


4-3o 


091372 


59 


^ 


62977 


77678 


799184 


2 


-60 


890298 


1-71 


908886 


4-3o 


091114 


58 


8 


63ooo 


77660 


799330 
799495 


2 


.59 


8^0193 


1.71 


909144 


4-3o 


090856 


57 


4 


63022 


77641 


2 


.59 


890093 


1. 71 


909402 


4 -30 


090398 


56 


5 


63o45 


77623 


799631 


2 


.59 


oo9'^oo 


1.7; 


909660 


4-3o 


090340 


55 


6 


63o68 


77605 


799806 


2 


.59 


I.71 


909918 


4-3o 


090082 


54 


7 


63090 


77686 


799962 
800117 


2 


.59 


8S9785 


1-71 


910177 


4-3o 


089823 


53 


8 


63ii3 


77568 


2 


it 


8S9682 


1.71 


910433 


4-3o 


0^^9565 


52 


9 


63i35 


77550 


800272 


2 


889579 


1.71 


910693 


4-3o 


089307 


51 


10 
11 


63i58 


77531 


800427 


2 


58 


889477 


171 
I.72 


910931 


4-3o 


089049 


50 
49 


63 180 


775i3 


9.800582 


2 


58 


9-889374 


9-911209 


4-3o 


10-088791 
088533 


12 


63ao1 


77494 


800737 . 


2 


■ 58 


889271 


1-72 


• 911467 


4-3o 


43 


18 


63225 


77476 
77458 


800S92 


2 


• 58 


889168 


1-72 


911724 


4-3o 


0:58276 


47 


14 


63248 


801047 


2 


58 


889064' 


1. 72 


91 1982 


4-3o 


088018 


4(? 


15 


63271 


77439 


801201 


2 


.58 


888961 


1.72 


912240 


4*3o 


087760 


45 


16 


63293 


77421 


8oi356 


2 


•57 


888858 


1.72 


912408 


4-3o 


087302 


44 


17 


633i6 


77402 


8oi5ii 


2 


57 


888755 


172 


912736 


4-3o 


087214 


4 5 


18 


63333 


77334 


8oi665 


2 


57 


88S651 


1-72 


9i3oi4 


4-29 


0869S6 


4J 


19 


63361 


77366 


801810 
80 I 97 J 


2 


.57 


83S548 


1-72 


913271 


4-29 


086729 


41 


20 
'^1 


63383 
63406 


77347 


2< 

2^' 


57 
'57" 


8S8444 


1-73 

i-73 


913329 


4-29 


086471 


4U 
8.) 


77329 


g. 802128 


9-bob34i 


9-913707 


4-29 


io-oS62i3 


22 


63428 


77310 


802282 


2- 


56 


8SS237 


1.73 


914044 


4-29 


OS5956 


33 


2-3 


63431 


77292 


802436 


2- 


56 


883i34 


1.73 


914302 


4-29 


083698 


87 


24 


63473 


77273 


8o258o 

80274J 

802897 


2- 


56 


8S8o3o 


1.73 


914560 


4-29 


o3')44o 


8(5 


25 


634q6 


77233 


2< 


56 


887926 


1.73 


914817 


4-29 


o83i83 


85 


26 


635 1 8 


77236 


2- 


56 


887^^22 


1.73 


915075 


4-29 


084925 


34 


27 


63540 


77218, 


8o3o3o 


2' 


56 


887718 


i-73 


915332 


4-29 


084068 


83 


28 


63563 


77»99 


8o32o4 


2- 


56 


887614 


1.73 


915590 


4-29 


0S4410 


82 


29 


63585 


77181 


803357 


2- 


55 


8S7510 


i-73 
i-74| 

••741 


i 9 15847 


4-29 


084153 


81 


SO 

Hi 


636o8 


77162 


8o35ii 


2- 
2- 


55 
55" 


887406 


916104 


4-29 
4-29 


0S3396 


30 
2y 


63630 


77»44 


9 -803664 


9 -807302 


9-9i63o2 


10-0^3638 


32 


63653. 


7712D 


8o38i7 


2< 


55 


887198 


1-741 


1 916619 


4-29 


oS338i 


28 


83 


63675 


77088 


803970 


2- 


55 


r 8S7093 
886089 


1-74 


916877 


4-29 


oS3i23 


27 


34 


63698 


804123 


2< 


55 


1-74 


9«7i34 


429 


0S2S66 


26 


35 


63720 


77070 
77031 


804276 


2- 


54 


886883 


1-74 


917391 


4-29 


082609 


2.-> 


86 


63742 


804438 , 


2< 


54 


886780 


1-74 


917648 


4-20 


082352 


21 


87 


63765 


77033 


804581 ; 


2 


54 


886676 


1-74 


917905 
918163 


4-29 


0S2095 


23 


88 


63787 


770U 


804734 , 
804886 


2< 


54 


886571 


1-74 


4-28 


081C37 


22 


89 


638 10 


76996 


2 


•54 


836466 


1-74 


918420 


4-28 


o3i5So 


21 


40 
41 


63832 


76977 


X 8o5o39 


2 


-54 


836362 


1-75 
1.75 


918677 


4-28 


oSi323 


20^ 


63354 


76959 


9.805191 


2 


54 


9-806257 


9-918934 


4-23 


10 -001066 


42 


63S77 


76940 


8o5343 


2 


53 


8S6i52 


1.75 


919191 


4-28 


080809 


13' 


43 


63899 


76921 


805495 


2 


53 


8S6047 


1.75 


919448 


4-28 


o3o552 


17 


44 


63922 


769^3 
76884 


8o5647 


2 


53 


88'94a 


1.75 


919705 


4-28 


080295 


16 


45 


63944 


805931 


2 


53 


835837 


1.75 


919962 


4-28 


o3oo33 


15 


46 


63966 


76866 


2 


53 


885732 


1.75 


92021Q 
920476 


4-28 


079781 


14 


47 


63989 


76847 
76828 


806 I o3 


2 


53 


885627 


1.75 


4-28 


079324 


13 


48 


64011 


806254 


2 


53 


885522 


1.75 


920733 


4-23 


079267 


12 


49 


' 64033 


76810 


806406 


2 


.52 


885416 


1.75 


920990 


4-28 


079010 


11 


50 
51 


1 64o56 


76791 


806557 


2 


.52 


885311 


1.76 
1.76 


; 921247 


4-28 


073753 


10 
9 


1 64076 


76772 
76754 


'•ffi 


2 


52 


9-885205 


9-92i5o3 


4-28 


10-0713497 


52 


1 64100 


2 


52 


885 iQo 


1.76 


921760 


4-23 


07S240 


8 


53 


! 641 23 


76735 


80701 I 


2 


■52 


884994 


1-76 


922017 


4-28 


0779S3 


7 


54 


64145 


76717 


807163 


2 


52 


884889 


1.76 


922274 


4-23 


077726 


(i 


55 64167 


76698 


807314 


2 


52 


884783 


1.76 


922530 


4-28 


077470 


5 


56 


64190 


76679 


' 807465 


2 


51 


884677 


1.76 


922787 


'4-23 


077213 


4 


57 


164212 


76661 


807615 


2 


■ 5i 


884572 


1.76 


923044 


4-23 


076956 


3 


58 


[64234 


76642 


807766 


2 


.5i 


834466 


1.76 


9233oo 


4-23 


076700 


2 


59 


164256 


76623 


807917 
808067 


2 


.5i 


884360 


1.76 


923557 


4-27 


076443 


1 


60 


164279 


76604 


2 .51 


884254 


1-77 

1 
- 1 


9238i3 


4-27 


076187 





... ,_ 1 
jN. cos.iN.«inc. 


< - 
L. COS. 


D.1" 


L. sine. 


X* cot. 


D.l" 


L. tang. 




50° 




• 


1 
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TBiaOKOMETBICAL PCNCTIONS. — 40*. 



Nat. Fuhctiohs. 




LooARiTBMio Functions -i- 10. 


1 





N.sine. 


N. eoa. 


L.illM. 


D.l" 


L.coa. 


D.1" 



1-77 


L. tang. 


D.l" 


Loot 




64279 


76604 


9-808067 
808216 


2 


•5i 


9*884254 


9-9238i3 


427 


10.076187 


00 


1 


64301 


76586 


2 


-5i 


884148 


1*77 


924070 


4-27 


075930 


59 


2 


64323 


76567 
76548 


8o8368 


2 


• 5i 


884042 


«*77l 


924327 
924583 


4-27 


075673 


68 


8 


64346 


8od5i9 


2 


• 5o 


883936 


I-77I 


4-27 


075417 


57 


4 


64368 


7653o 


808669 


2 


50 


883829 
883723 


1-771 


924840 


4-27 


075160 


56 


5 


64390 


765 II 


808819 


2 


.5o 


i-77| 


925096 


4-27 


074904 


55 


6 


64412 


76492 


808969 


2 


.5o 


883617 


••77 


925332 


4-27 


074648 


54 


7 


64435 


76473 


809119 


2 


50 


883510 


1-77 


925609 
925865 


4-27 


074301 
074105 


53 


8 


64457 


76455 


809269 


2 


50 


883404 


»'77; 


4-27 


52 


^ 


64479 


76436 


809419 


2 


•49 


883297 


1.78 


92612a 


4-27 


073878 


51 


10 
11 


645oi 


76417 


809569 


2 


.49 


883191 


1.78 
1*78 


926378 


4-37 


073622 


60 
49 


64524 


76398 
7638o 


9*809718 


2 


.49 


9.883084 


9*926634 


4.27 


10*073366 


12 


64546 


809868 


a 


.49 


22^277 
882871 


1.78 


926890 


4-27 


073110 


48 


18 


64568 


76361 


810017 


2 


•49 


1.78 


927147 
927403 


4-27 


072853 


47 


U 


64590 


76342 


810167 


2 


■■it 


882764 


1.78 


4-27 


072597 


46 


15 


64612 


76323 


8io3i6 


2 


882657 


1.78 


927659 
927915 
928171 


4-27 


072341 


45 


16 


64635 


76304 


810465 


3 


.48 


882550 


1.78 


4-27 


072085 


44 


17 


64657 


76286 


810614 


2 


.48 


882443 


1*78 


4-27 


071820 
07 157 J 
071317 


43 


18 
19 


64679 
1 64701 


76267 
76248 


810763 
810912 


2 
2 


.48 
•48 


892336 
8S2229 


1-79 
«-79 


928427 
928683 


4-27 
4-27 


42 

41 


•JO 1 


1 64723 


76229 


811061 


2 
2 


.48 


882121 


1-79: 

I -79; 


928940 


4-27 


071060 


40 
89 


•Jl 


1 64746 


76210 


9-811210 


9*882014 


9-9291^6 


4-27 


10-070804 


•J2 


64768 


76192 


811 358 


2 


•47 


881907 


1-79 


929432 


4-27 


070548 


88 


23 


64790 
64^12 


76154 


8ii5o7 


2 


•47 


881799 


1*79 


929708 


4-27 


070202 
0700J6 


87 


'j4 


8ii655 


2 


•47 


881692 


1-79 


929964 


426 


86 


25 


64834 


76135 


811804 


a 


'47 


881 584 


1.79' 


930220 


4-26 


069780 


85 


26 


64856 


761 16 


811952 


2 


■47 


881477 


«-79; 


930475 


4-26 


069525 


8^ 


1^7 


64878 


76059 


812100 


2 


•47 


881369 


::??! 


930731 


426 


069269 
069013 

068757 


83 


28 


64901 


812248 


2 


■47 


881261 


930987 


426 


82 


29 


64923 


812396 


2 


.46 


881 i53 


i.8o| 


931243 


4-26 


81 


•SO 
;il 


64945 


76041 


812544 


2 
2 


.46 
.46 


881046 


i*8ol 
i-bo 


931499 


4-26 


o685oi 


80 

29 


64967 


76022 


9*812692 


9-880933 


9*931755 


4-26 


10*068245 


82 


64989 


76003 


812840 


2 


.46 


88oS3o 


1-80 


932010 


426 


067990 
067734 


28 


33 


65oii 


75984 


812988 


2 


.46 


880722 


1.80' 


932266 


4-26 


27 


'.\A 


65o33 


75965 


8i3i35 


2 


.46 


880613 


1-80; 


932522 


4-26 


067478 


26 


85 1 


65o55 


75946 


8i3283 


2 


.46 


88o5o5 


i-8oi 


932778 


4-26 


067222 


25 


86 ! 


65o77 


75927 


8i343o 


2 


•45 


880397 


1*80' 


933o33 


4-26 


066967 


24 


87 


65ioo 




813578 


2 


'45 


880289 


1-81 


933280 
933545 


4-26 


066711 


2i 


88 


!65i22 


75889 


813725 


2 


•45 


880180 


1.81 


426 


066455 


22 


89 i,65i44 


75870 


813872 


2 


•45 


880072 


1*81 


933800 


4*26 


066200 


21 


40 


j65i66 7585i| 


814019 


2 


■45 


879963 


1*81 
1*81. 


934o56 


4-26 


065944 


20 
19 


41 


<i5i88 


75832 


9*814166 


2 


■45 


9*879855 


9*934311 


4*26 


10*065680 
065433 


42 


652 10 


758i3 


8i43i3 


2 


■45 


879746 


i-8i| 


934567 
934823 


4*26 


18 


48 


1 65232 


75794 


814460 


2 


■44 


879637 


1.81! 


4- 26 


o65i77 


17 


44 


65254 


75775 


814607 


2 


•44 


879529 


"^J\ 


935078 


4-26 


064922 


16 


45 


65276 


75756 


814753 


2 


•44 


879420 


"S' 


935333 


4*26 


064667 


15 


46 


65298 


75738 


814900 


2 


•44 


8793 1 1 


i-8i' 


9355''9 


4*26 


06441 1 


14 


47 


65320 


75719 


81D046 


2 


•44 


879202 


1-82 


935844 


4-26 


0641 56 


13 


48 


65342 


75700 


815193 
815339 
81 5485 


2 


•44 


879093 
878984 


1.82 


936100 


4-26 


o63ooo 
063645 


12 


49 


65364 


75680 


2 


•44 


1.82 


936355 


•4-26 


11 


50 

;>i 


65386 
65408 


75661 


2 
2 


•43 
•43 


878875 


1-82 

1.82 


936610 


4*26 


063390 


10 
9 


75642 


9*8i563i 


9*878766 


9*936866 


4*25 


io.o63i34 


52 


65430 


75623 


815778 


2 


■43 


878656 


1-82 


937121 


4-25 

4*23 


062879 


8 


53 


65452 


75604 


815924 


2 


■43 


878547 


1.82 


9373' 6 


062624 


7 


54 


65474 


75585 


816069 
8i62i5 


2 


•43 


878438 


1-82J 


937632 


4«25 


062368 


6 


55 


65496 


75566 


2 


•43 


878328 


1-82' 


937887 


4*25 


062113 


5 


56 


655id 


75547 
75528 


,8i636i 


2 


•43 


878219 


1-83 


938142 


4-25 


o6i858 


4 


57 


65540 


8i65o7 


2 


■42 


878109 


1-83' 


933398 
938653 


4*25 


061602 


8 


58 


65562 


75509 


8i6652 


2 


•42 


877999 
877800 

877780 


1-83 


4-25 


061347 


2 


59 


65584 


75490 


816798 


2 


■42 


1-83, 


938908 


4-25 


061092 


1 


60 


656o6 


75471 


816943 


2-42 

D.l" 


1*83, 


939163 


4*25 


060837 





N.coft. 


N. sine. 


L. COS. 


L. sine. 


L. cot 


D.l" 


L.tang. 


1 


i 
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1 



TRIGONOMETRICAL FUNCTIOITS. — 41*. 
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Nat. Functions. 


LOOABXTHMIO FUNCTIONS -1- 10. 1 



1 
2 
8 
4 
5 
6 
7 
8 
9 
10 

ir 

12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 

24 
25 
26 
27 
28 
29 
80 

81 
82 
83 
84 
85 
86 
87 
88 
89 
40 

41 
42 
43 
44 
45 
4'i 
17 
4S 
49 
50 

51 
52 
53 
U 
55 
5« 
57 
58 
59 
60 


N.Bine. N. coa. 


L.sine. 


D.l" 


L.C08. 


D.1" 

1.83 
1.83 
1.83 
1.83 
1.83 
1.84 
1.84 
1.84 
1.84 
1.84 
1.84 

1.84 
1.84 
1.84 
1.86 
1.86 
1.85 
1.86 
1.86 
1.86 
1.86 

1.85 
1.85 
1.86 
1.86 
1-86 
1.86 
186 
1.86 
1.86 
1-86 

1-86 
1-87 
1.87 
1-87 
1-87 
1-87 
1.87 
1.87 
1.87 
1.87 

1.88 
1.88 
1.88 
1-88 
1-88 
1.88 
1-88 
1.88 
1.88 

1.89 
1-89 
1-89 
1.89 
1.89 
1.89 
1.89 
1.89 
1.89 
1.90 


L.Uiig. 


D.l" 


IhOOt. 




1 66606 
66628 
66660 
66672 
66694 
66716 
66738 
66769 
66781 
66do3 
66826 


76471 
76462 
76433 
75414 
76396 
75375 
76356 
75337 
753id 
76209 
76280 


o<8i6943 
817088 
817233 

817379 
817624 
817668 
817813 
817968 
8i8io3 
818247 
81839a 


2 

2 
2 
2 
2 
2 
2 

2 

2 

2< 
2< 


■42 
•42 
■42 
•42 

41 
•41 
•41 

41 

•41 
41 
41 


9.877780 
877670 
877660 
877460 
877340 
877230 
877120 
877010 

876899 

.876789 
876678 

9.876668 

876467 

, 876347 
876236 
8761T26 
876014 
876904 
876793 
876682 
876671 


9.939163 
939418 
939673 
939928 
940183 
940438 
940694 

940949 
941204 
941468 

941714 
9.941968 
942223 
942478 
942733 
942988 
943243 
943498 
943732 
944007 
944262 

; 9.944617 

944771 
946026 

946281 

946636 
946790 
946046 
946209 

9466)4 
946808 

9.947063 
947318 
947672 
947826 
948081 
948336 
948690 

948844 
94900Q 
949353 

9-949607 
949862 
960116 
960370 
960626 
960870 
961133 
961388 
961642 
961896 

9.962160 
962406 
962660 
96291J 
953167 
963421 
963676 
963929 
964183 
964437 


4. 26 
4.26 
4-26 
4-26 
4.26 
4-26 
4. 25 
4-26 
4.26 
4.26 
4.26 


10.060837 
0606H2 
060327 
060072 
069817 
069662 
069306 
069061 
068796 
068642 
068286 

io.o68o32 
067777 
067622 
067267 
067012 
066767 
066602 
066248 
066993 
066738 

10.066483 
066229 
064974 
064719 
064466 
064210 
063966 
063701 
053446 
063192 

10.062937 
062682 
062428 

062174 
061919 
061664 
061410 
061 166 
060901 
060647 

10.060393 
060 I 38 
049884 
049630 
049376 
049121 
048867 
048612 
048368 
048104 

10-047860 
047696 
047341 
047087 
046833 
046679 
046326 
046071 
045817 
046663 


60 
69 
58 
67 
56 
55 
64 
53 
62 
51 
60 

49 
48 
47 
46 
45 
44 
48 
42 
41 
40 

89 
88 
87 
86 
85 
84 
83 
82 
81 
80 

29 
28 
27 
26 
25 
24 
28 
22 
21 
20 

19 
18 
17 
16 
16 
14 
18 
12 
11 
10 

9 
8 
7 
6 
5 
4 
8 
2 
1 



66847 
66869 
66891 
66913 
66935 
66966 
66978 
66000 
66022 
66044 


76261 
76241 
76222 
76203 
76184 
76166 
76146 
76126 
76107 
76088 


9.818636 
818681 
818826 
818969 
81911J 
819267 
819401 
819646 
819689 
819832 


2- 
2< 
2- 
2' 
2- 
2' 
2< 
2< 
2- 
2< 


40 
40 
40 
40 
40 
40 
40 
39 
39 
39 


4. 26 
4.26 
4.26 
4-25 
4.26 
4.26 
4.26 
4.26 
4. 26 
4-26 

4.26 
4-24 
4. 24 
4.24 
4.24 
4-24 
4-24 
4.24 
4. 24 
4.24 


66066 
66088 
66109 
66i3i 
66163 
66176 
66197 
66218 
66240 
66262 


76069 
76060 
76030 
76011 

7499; 
74973 
74963 

74934 
74916 
74896 

74876 
748^7 
7483d 
74818 

74799 
74780 

74760 

'74741 
74722 
74703 

74683 
74664 

74644 
74626 
74606 
74586 
74667 
74648 
74628 
74609 


9-819976 
820120 
820263 
620406 
820660 
820693 
82o836 
820979 
821122 
821266 

9-821407 
821660 
821693 
821836 

821977 
822120 

822262 
822404 
822646 
822688 

9-822830 
822972 
823ii4 
823266 
823397 
823539 
823680 
823821 
823963 
824104 


2- 

2 

2< 

2> 

2 

2 

2< 

2 

2< 

2 

2< 

2< 

2< 

2< 

2< 

2- 

2 

2 

2' 

2 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

2 

2< 

2 

2 

2 

2 

2 

2 

2 

2 


39 
39 
39 

ll 
38 
38 
38 
38 
38 

38' 
38 

?7 

37 

37 
37 

^7 

l'^ 

ll 


9.876469 

876348 
876237 
876126 

876014 
874903 

87479* 

874680 

874668 
874466 

9-874344 
874232 
874121 
874009 
873896 
873784 
873672 
873660 
873448 
873336 


66284 
663o6 
66327 
66349 
66371 
66393 

66414 

66436 

66468 

1 66480 


4-24 
4. 24 
4-24 
4. 24 
4-24 
4-24 
4-24 
4.24 
4-24 
4-24 

4-24 
4. 24 
4.24 
4-24 
4-24 
4-24 
4-24 
4.24 
4-24 
4-24 

4.24 
4-24 
4-24 
4-24 
4.23 
4.23 
4-23 
4.23 
4.23 
4.23 


665oi 
66623 
66646 
66666 
66688 
66610 
66632 
66663 
66676 
66697 


36 
36 
36 
36 
36 
36 
36 
36 
35 
36 

36" 

36 

36 

34 
•34 
34 
34 
34 
34 
.34 


9-873223 
873110 
872998 
872886 
872772 
872669 
872647 
872434 
872321 
872208 

871668 
871766 
871641 
871628 
871414 

87I30I 

87II87 

871073 


66718 
66740 
66762 
66783 
66806 
66827 
66S48 
66870 
6689! 
66913 


74489 
74470 
74461 
74431 
74412 

74392 
74373 
74353 
74334 
74314 


9.824246 
824386 
824627 
82466S 
824808 

824949 
826090 

8262J0 

826371 

826611 


N.cos. 


N.slne, 


L. coa. 


D.l" 


L.si]ie. 


L.cot 


D.l" 


L-tang. 


48<' 1 



TRiaoyOUETBICAL FXTNCnOKS. — 49". 



NiT. FmcnoKt. 






N.llH. 


M.(« 


LdM. 


».!" 


L.*«. 


D.1' 


l-UBg. 


D.1" 


Loot. 






66^ 


743 1< 


9-835S1I 


1-34 


9-871073 


"^ 


9' 95443 r 


4 )3 


,0.045563 


ao 




bbaii 


7419s 
14376 


8»565i 
815791 


3-33 

1-33 


w 


■|J 


954691 
934945 


4-33 
4 13 


:gi? 


58 




66978 


74356 




870731 
870618 


■90 


955300 


4-»3 


044800 


67 




66.^ 


74 a 37 


836671 


a -33 


■90 


955454 


4-13 


044346 


£6 




6101. 


7431- 


8161. t 


3-33 


8io5o4 




,55107 


4-i3 


044193 






670*3 


7419! 


836331 


3.33 


810390 


■90 


555^; 


4-l3 






6io6i 


74178 


a; 

836170 


3-33 


810176 


-90 


956ii5 


4*3 




S8 




(>:o86 


!::S 


1-33 


8io.6i 
B10047 


.90 
-91 


» 


4)3 

4-)3 


04353. 
043317 


62 
61 


if 


61. iq 
6711. 




8769.0 


i-3j 


869933 




956917 
9-957331 


4-i3 


O43033 


■?7 




9-817049 


1 3i 


9-8698.8 


10.041769 




67,72 


74080 


817.89 
81731S 


l-3i 


86^704 




957485 


4-33 


o4iii5 






67.94 


74061 


3 -31 


86?S89 






4-33 


041361 






611.5 

6igj7 




iffl 


9 -31 

3-33 


869474 
869360 


-91 
-91 


4-13 
4-i3 


041001 


1» 
4o 




673^8 




a; 


3-3l 


86914S 




oSB5oo 


i-i3 






671BD 


73983 


i-3i 


86^.30 




95B734 


4-33 


041346 






67301 


73963 


818033 


9'3. 


869015 




959<U 


4-33 








673j3 


739-14 


81816) 


1-3. 


868900 




9^363 


433 


04oiiB 




Su 


6-'3ii 


739« 


eiB3oi 


i-3i 


868iB5 


■93 


95,5.6 


TiT 


040484 
.0.04033. 


40 


~sr 


6^ 


7390 i 






9-868610 


■93 


^& 


23 


673?! 


73885 


3-3. 


868)55 




4-33 


039917 




SS 


674") 


73865 


818716 


3-3l 


868440 


-91 


^W. 


4-3J 


o391i3 


B7 


2i 


67j3o 


73846 


818855 


3.3o 


868314 


.93 


4-13 


039460 
03^963 


80 


Si 

at 


6145J 
67i73 




a; 


i-3o 


868100 
868093 


■91 


960784 
961038 


4)3 
4-13 


BS 
84 


S7 


674g5 


73787 


8J9369 


i.3o 


W 


.93 


961391 


4-33 


ffis 




sg 


675.6 


13761 


8 39407 


l-3o 


-93 


96.545 


4.33 


88 




61:33 


73741 


81954* 


a-3o 


857747 


-93 


96.799 


4-13 


o3Siat 


81 


il 


67S59 
6l5bo 


73138 
73708 


819683 


3 19 


867631 
T8675TS- 


.93 ;■ 963053 


4.)3 
4-)3 


037948 


80 


■^ 


9-96j3o6 


O.o3i694 


2» 


at 


6160J 


736S8 


819959 


3 39 


» 


96356a 


4-13 


037440 


£8 




6-.ti3 


7366, 


IS! 


1.39 




963S.3 


4-13 


o3l.87 


27 




67645 


73649 


1>19 


867167 




963067 




036933 
o3668o 




8S 


67666 


13639 


83o371 


3-39 


86705i 


.93 


95333; 


4- 13 






6i6BS 
6llo« 


7I610 
73590 


S3 


1..19 


866^9 
866703 




963574 
963831 


4-J3 
4-i3 


036416 
o36[i3 




ts 


67130 


13570 


83-.784 


B 


■94 


954081 


4)3 


0339.9 






67i5a 


73Wi 


830931 


866586 


■q4 


^64335 


4-13 


033665 




"ir 


6ni3 


73531 


83i3i8 


3-lS 


866470 
9-866353 


^4 
-94 


964588 
9-964843 




0354.3 


■T7 


735-i7 


-;r83TT^ 






"^35758" 


4S 


73491 


B3i3Ji 




866137 


-94 


965095 




o349o5 






6783' 


734U 


831460 
.B3.6o6 




8661 W 


•94 


965349 




o3465. 






6785q 


7345» 


3-18 


866004 


-95 


?656ol 




034393 






678B0 


73431 


83.141 


3-38 


|65B87 




965855 




034U5 




« 


6190. 


7341 3 


3-38 






966109 




03389. 
033638 




47 


67933 


73393 


3-37 


8656^3 


■9 


966363 






48 


6l9i4 


11373 


B3i.5i 




865536 


■9 


966616 




0333S4 






67965 


733^3 


833188 




8654.9 


■9 


96Tii3 




o33r3i 






67987 


73333 


831415 


_?;'L 


865301 
TS65.85- 


-9 
T5 




033871 


-^ 




68008 


Wu 


"P3i56r 


9.9* 6 




0-033634 




68o5q 


13394 


^831597 
83i833 




86io68 


■95 


9( 

9( ;j 




033371 








73 174 


3.11 


864950 


.95 








M 


6%11 


l3i54 


SSS 


3.16 


864833 


.^ 


5 ,6 




o3i864 




65 


68093 


l3i34 




864116 


-^ 


t S 




■ o3i6ii 




M 


b^U 


731.S 


83314 1 


3.36 


zx 


.0 




o3.35i 






68i36 


73.95 


833377 




-96 


9t 16 








68 


6BiS7 


73.75 


833511 




864363 


-96 


9< ig 




o3a85i 




69 


68179 


73.45 


833648 


3-36 


864145 


-96 


9- .J 


413 


030597 




80 


683M 


73i3S 


833783 


1.16 


864117 


^ 


9( * 




o3o344 







N. wtN-rins. 


L.»». 


D.1" 


L.rtn«. 




L-Mt. 


D-l" 


I-i««. 












47= 


1 



TEWONOICETKICAL FUNCTIOXa — 48*. 



73 



Nat. Functions. 


LouAJUTHXic Functions + 10. 


1 


/ ! 



1 

2 
8 
4 
6 
6 
7 
8 
9 
10 

11 
12 

13 
14 
15 

16 
17 
Id 
19 
2'> 

21 
22 
23 
2'4 
25 
26 
27 
28 
29 
80 

81 
82 
88 
84 
85 
86 
87 
88 
89 
40 

41 
42 
48 
44 
45 
46 
47 
48 
49 
50 

51 
62 
58 
54 
55 
66 
57 
58 
59 
60 


N.sine.lN.cos.1 


L. rine. 


D.l" 


L.C08. I 


XI" 


L. tang. 


D. 


1" 


L.oot 


60 
69 
5» 
67 
66 
65 
64 
53 
62 
61 
60 

49 
4» 
47 
46 
46 
44 
43 
42 
41 
40 

8l« 
88 
87 
86 
85 
84 
83 
82 
81 
80 

29 
28 
27 
26 
25 
24 
23 
22 
21 
20 

19 
18 
17 
16 
16 
14 
18 
12 
11 
10 

9 
8 
7 
6 
6 
4 
8 
2 
1 



,68200 
68221 

; 68242 
168264 

! 682b6 
i683o6 
! 68327 
68349 
68370 
68391 
68412 

68434 
' 68456 
.' 68476 

68497 
: 68618 

1 68539 

! 68661 

i 68582 

686o3 

68624 

68646 
68666 
68688 
68709 
68730 
68761 
68772 
68793 

68814 
68835 


73i36 

73116 
73096 
73076 
73o56 
73o36 
73016 
72996 
72976 
72937 
72937 

72017 
72897 

72S77 
72867 

72837 
72817 
72797 
72777 
72767 

72737 

72717 
72697 
72677 
72667 
72637 
72617 
72597 

72577 
72637 
72537 

72617 

72/197 

72477 
72467 

72437 

72417 
72397 

72377 
72367 

72337 

72317 
72297 
72277 
72267 
72236 
72216 
72196 
72176 
72166 
72136 


9-833783 
833919 
834064 
834189 
834323 
834460 
834306 
834730 
834865 

834999 
83Ji34 

9.835269. 
835403 
835538 
835672 
835807 
835941 
836o75 
836209 
836343 
836477 


3-26 
2-25 
2-26 
2-35 
2-26 
2-25 
2-25 
2-25 
2-25 
2-24 
2-24 

3-24 
2-24 
2-34 
2-24 
2-24 
2*24 
2-23 
2-23 
223 
2-23 

2-23 
2-23 
2-23 
2-22 
2-22 
2-22 
2-22 
2-22 
2-22 
2-22 

2-22 
2-21 
2-21 
2-21 
2-21 
2-21 
2-21 
2-21 
2-21 
2 -20 


-9-864137 I 
864010 1 
863892 1 

863656 1 
863538 1 
863419 1 
86330I 1 
663i83 1 
863o64 1 
863946 1 


-96 
-96 

•97 
•97 
•97 
•97 
•97 
•97 
•97 

•98 

.98 
.98 
.98 
.98 
.98 
.98 
.98 
.98 
.98 
^99 

•99 
1-99 

•99 
'•99 
•99 
•99 
•99 
•99 
(•00 

J-OO 

I'OO 
J-OO 
J .00 

t.oo 

1-00 
J-OO 
(-01 
J-OI 
5-01 
t-OI 

t-01 
l-OI 
l-OI 
l-Ol 
1-02 
1-02 
'-02 
I-02 
I-02 
(•02 

1-02 
t-02 
t-02 

to3 
[-o3 
!.o3 
to3 
i-o3 
i.o3 
r.o3 


1 9-969666 
969909 
970162 
970416 
970669 
970922 
971175 

971429 
971682 
971935 
972188 


A- 

4- 

4' 

4< 

4- 

4 

4 

4 

4 

4 

4 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


22 

22 

22 

22 

22' 

22 

•22 

•22 

•22 

•22 

•22 

• 22 

•22 
•22 
•22 
-22 
•22 
•22 
•33 
•33 
•32 


lo>o3o344 
030091 
0298J8 
039684 
039331 
029078 
028826 
028671 

' 0283 18 
028066 
027812 


9.863837 I 
863700 1 
863690 1 

863471 ' 
862353 1 
863234 1 
863115 1 
861996 1 
fi6i877 1 
861768 I 


9^972441 
972694 
972948 
973301 

973454 
973707 
973960 
974213 
974466 

974719 


10-027559 
027306 
027062 
026799 
026646 
026293 
026040 
026787 

026634 
026281 


9-83661 1 
836746 
836378 
837012 
837146 

837279 
837412 

837346 
8376* 
837812 


9-861638 1 
861619 1 
861400 1 
861280 1 
861161 1 
861041 1 
860922 1 
860802 \ 
860682 : 
860662 : 


9 974973 
976336 

975479 
975733 
976986 
976338 
976491 
976744 
976997 
977230 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


-22 
•22 
•22 
•22 
•22 
•22 
•22 
•22 
•22 
•22 


10-026027 

024774 
024621 
024268 
024016 
023762 
023609 
023266 
O23oo3 
022760 


68867 
68878 
68899 
68920 

68941 
68962 
68983 
69004 
69026 
69046 

69067 
6908b 
69109 
69130 
69161 

^'^ 
69193 

69214 

69235 

69266 

69277 
69298 
69319 
69340 
69361 
69382 
69403 
69424 
j 69445 
1 69466 

iN.cos. 


9-837946 
838078 
8382 M 
838344 
838477 
838610 
838742 
838876 
839007 
839140 


9-860442 : 
86o322 : 
860202 s 
860082 : 
869962 : 
869843 : 
869721 3 
869601 : 
869486 3 
869360 : 


9.977603 

977756 
978009 
978262 
97861 5 
978768 
979021 
979274 

979527 
979780 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


■22 

22 

23 

22 

22 

•22 

•22 

•22 

•23 

•33 


10-022497 
022244 
021991 
021738 
021486 

021232 

020979 
020726 
020473 

030220 


9.839272 
839404 
839636 
839668 
839800 
839933 
840064 
640196 
840328 , 
840469 . 


2-20 

2-20 

2.90 

3-30 

3-20 

2 -20 

3-19 

3-19 

3-19 < 

3.19 


9-869239 s 
8691 19 2 
868998 2 

868877 2 
868766 2 
858636 2 
868614 2 
868393 2 
868272 2 
8681 5i 2 


9-980033 
980286 
980538 
980791 
981044 

981660 
981803 
982066 
982309 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


•33 

33 

•33 

•21 

21 

•21 

•21 

•31 

31 

•31 


10-019967 
019714 
019462 
010209 
018966 
018703 
018460 
018197 

017044 
017691 


72116 
72096 

72076 
72063 
72035 
7201 5 
71996 
71974 
71954 
71934 

N. sine. 


9-840691 
840722 
840864 
840986 
841 116 

841247 
841378 
841609 
84\64o 
84177' 


3-19 
3-19 
3-19 
3.19 
3-18 
3'l8 
3-18 
3. 18 
3-18 
318 


9-868039 2 
867908 2 

867786 2 
867666 2 
867643 2 
867433 2 
867300 2 
867178 : 
867066 '2 
866934 J 


9-982662 

982814 
983067 
983320 
983673 
983826 
984079 
984331 
984684 
984837 


4 

4 

4 

4 

4 

4 

4 

4 

4- 

4- 


•3] 
•31 
•31 
31 
31 
31 
31 
31 
31 
31 


10.017438 
017186 
016933 
016680 
016427 
016174 
016921 
016669 
016416 

oi6i63 


L.COS. 


D.l" 


L. sine. 


1 L.eot 


D. 


1" 


lb tang, j 


40° 






1 



u 



TRIGONOMETRICAL FUNCTIONS. — 44,*- 



Nat. Fumotxons. 


LoeABXTBXlC FUMCnOMB -1- 10. 




1 
2 
8 

4 
5 
6 
7 
8 
9 
10 

U 
•12 
18 
14 
15 
16 
17 
18 
19 
20 

21 
22 
28 
24 

25 
26 
27 
28 
29 
80 

81 
82 
88 
84 
85 
86 
87 
88 
89 
40 

41 
42 
43 
44 
4.5 
46 
47 
48 
49 
50 

51 
52 
53 
r>4 
55 
56 
57 
58 
59 
60 


N.Bliie. 


N.coa. 


L.slne. 


D. 1" 


L.oot. I 


).l" 


L. tang. 


Dl." 


L.eot 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 

49 
48 
47 
46 
45 
44 
48 
42 
41 
40 

89 
88 
87 
86 
85 
84 
83 
82 
81 
80 

29 
28 
27 
26 
25 
24 
25 
23 
21 
20 

l\t 
18 
17 
16 
15 
14 
18 
12 
11 
10 

9 
8 
7 
6 

5 

4 
8 
S 
1 



69466 

69482 
69608 
69629 
69649 
69670 
69691 
69612 
69633 
69664 
69675 


71934 
71014 
71894 
7^873 
71853 
7^833 
71813 

71792 
71772 
71762 
71732 


9-841771 
841902 

842033 
842163 
842294 
842424 
842666 
8426S6 
842816 
842946 
843076 


2-18 
2-18 
218 
2.17 
2.17 
a. 17 

2-17 

2-17 

2.17 
2.17 
2.17 


9*866934 3 
866812 2 
866690 2 

866668 2 
866446 2 
866323 2 
866201 '2 
866078 2 
866966 '2 
865633 I2 
866711 2 


-o3 
•o3 
-04 
.04 
04 
•04 
.04; 
.04 

-04 
•04 
.06 

• 06, 
.06, 
.05] 

• o5| 
.o6| 
•06 
.06 
.06' 
.06 
.06 


9*984837 
986090 
086343 
986696 
986848 
086101 
986364 
986607 
986860 
987112 
987366 


4' 

4- 

4- 

4- 

4- 

4- 

4- 

4- 

4 

4' 

4 


31 

21 
21 

31 

21 
21 
21 
21 

31 

31 

•21 


10-016163 
014910 
014667 
014404 
014162 
013899 
01 3646 
013393 

oi3i4o 
012K88 
01 2636 


69696 

69800 
69831 
69842 
69862 
69883 


71711 
71691 
71671 
71660 
7i63o 
71610 
71690 
71669 

7i549 
71629 


9 '843206 
843336 
843466 
843696 
843726 
843865 
843984 
8441 14 
844243 
844372 


2. 16 
2-l6 
2-l6 

a-i6 

2-16 
2-l6 
2-l6 

2-16 

2*l6 

3.16 


9-8656::>8 2 
865465 2 
866342 12 
866219 ia 
866096 2 

864973 2 
854ii3o 2 
864727 2 
864603 2 
864480 2 


9.987618 

988376 
988629 
988882 

989134 
989387 
989640 
989893 


4- 
4 
4 
4 
4 
4 
4 
4 
4 
4 


21 
21 
-21 
>2I 
•21 
•21 
•21 
•31 
■21 
•21 


10 012382 
012129 
011877 
011624 
011371 
01 II 18 
010866 
oio6i3 
oio36o 
010107 


69904 
69926 
69946 
69966 

69987 
70008 
70029 
70049 
70070 
70091 


71608 

71488 
71468 

71447 
7>427 
71407 
71386 
71366 
71345 
71325 


9 •844502 
844631 
'844760 
844880 
846018 
846147 
846276 
846405 

■ 846633 
846662 


216 

2*i6 
2>l6 
215 
3-15 
2-l6 
314 

214 
2-14 
3. 14 


9.864366 2 
664233 2 
864109 2 
863986 2 
863862 2 
853738 2 
863614 2 
863490 2 
863366 a 
863242 a 


.06 

.06 

06 

.06 
.06' 
.06I 

•07I 
.07! 

•07, 
•07; 

-07, 

• 07' 
•07 

•07| 
.07, 

■08, 

.08 

.08 

-08 

.08 

-08 
.08 
•o8| 

•09 

•09 
.09' 

•09, 

•09 

• 09' 

.09 

•09, 

-10 

.10 
.10 
•10' 
•10 
-10 

• 10 
•10 
•10 


9*990146 
99o3o8 
990661 
990903 
991166 
991409 
991662 
9^914 
992167 
992420 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


•21 
•21 
•31 
•21 
•21 
•21 
•21 
•21 
•31 
•31 


10-009866 
009602 

009349 
000097 

008844 
008691 

008338 
008086 
007833 
007680 


70112 
70132 
70163 

70174 
70196 
70216 
70235 
70267 

70277 
70298 

70319 
70339 
7o36o 
7o38i 
70401 
70422 
70443 
70463 
70484 
70606 


7i3oj 

71284 
71264 
71243 
71223 
7iao3 
71182 
71162 

71141 
71121 


9*846790 
846919 
846047 
846175 
846304 
846432 
846660 
846688 
846816 
846944 


214 

2-14 

3. 14 
214 
214 

2-l3 
3t3 
313 
213 
213 


9-863ii8 a 
862994 2 
862869 2 
862745 2 
862620 2 
862496 2 
862371 2 
862247 2 
862122 ,2 
861997 2 


9.992672 
992925 
993178 
993430 
993683 
993936 
994189 
994441 
994694 
994947 


4 
4 
4 
4 

4 
4 
4 
4 
4 
4 


'21 
•31 
•31 
•31 
•31 
•31 
•21 
•21 
•31 
•31 


10-007328 
007076 
006822 
006670 
oo63i7 
006064 
006811 
oo656o 
oo53o6 
006063 


71100 
71080 
71069 
71039 
71019 
70998 
70978 
70967 
70937 
70916 


9.847071 
847199 
847327 
847454 
847682 

84783? 

847964 
848091 
84S218 


2l3 
213 
213 
2-12 
2-12 
2-12 
2-12 
2-12 
2-12 
2-12 


9-851872 2 
861747 2 
861622 2 
861497 2 
861372 2 

861246 12 
861121 '2 
860996 I2 
860870 2 
860746 2 


9.995109 
996462 
996706 
996967 
996210 
996463 
996715 
996968 

^)9722I 

997473 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


•21 
•21 
•21 
•31 
•31 
31 
•31 
•31 
•31 
•21 


10-004801 
004648 
004296 
004043 
003700 
oo36j7 
003286 
oo3o32 
002779 
002627 


70626 
70646 
70667 
70681 
70608 
70628 
70649 
70670 
70690 
70711 


70896 
70876 
70866 
70834 
70813 
70793 
70772 
70762 
70731 
70711 


9-848345 
848472 
848699 
84S726 
848862 
848970 
849106 
849232 
849359 
849486 


2-12 
2-11 
311 
2-II 
2-II 
2-II 
2-II 
2-11 
2-II 
2*11 


9-860619 la 
860493 a 
86o368 '2 
860242 '2 
860116 2 
849990 2 
849S64 2 
849738 2 
84961 1 2 
849486 2 


9.997726 

997979 
998231 

998484 
998737 

998989 
999242 
999496 

999747 

lO-OOOOOO 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


•21 
21 
•21 
•21 
•21 
•21 
•21 
21 
•21 
•21 


10.002274 
002021 
001760 
001616 
00 1 263 

OOIOII 

000768 
000606 
000263 

lO'OOOOOO 


N. 00s. 


N.Blne. 


L. oca. 


D.l" 


Lslne. 




L.oot. 


D.l" 


L. tang. 


• 


45« 1 
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TABLE III 



roB 



PRECISE OALCULATIOH" 



ov 



FUNCTIONS NEAR THEIR LIMITS, 



^m^m^^^^t ^^ 1 
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THE NATURAL TANGENTS AND COTANGENTS. 



log. sin. x"=i 4.685575 + log. x - diff. 



FOR THE SINES OF SMALL ANGLES. 



Anj; 


les. 


.?■' 


o" 


5o" 


20' 


20" 


23' 


5o" 


'n' 




29' 
32' 


5o" 
3o" 


35' 




'■% 


20" 

3o" 



Seconds. 



4!'>o" 
43' 2o" 
45' lo" 

47' 
48' 4o" 

5o' 2o" 

52' 

53' 3o" 
55' 
56' 3o" 

58' 

59' 20" 
i°oo'4o" 
a' 

3' 20" 

4' 46" 
5' 3o" 



I 



10" 

9' 20" 

10' 3o" 
n ao" 
12' 60" 

14' 
i5' 

i6' 10" 

17' 10' 
18' 10' 
19 20 
20' 20" 

21' 20" 

22' 20" 

23' 20" 
24' 20" 

25' 10 " 

26' 10" 

27' 10" 
2d' 10" 

29' 

29' 5o" 



o 

540 

q5o 

1220 

i43o 

1620 

1790 
1930 
2100 
2240 
2370 

2490 
2600 
2710 
2820 
2920 

3o2o 

3l20 
3210 

33oo 
3390 

3480 
356o 
3640 
3720 
38oo 

388o 
3930 
4020 
4090 
4160 

423o 
43oo 
4370 
4440 
45oo 

4570 
463o 
4690 

47^)0 
4820 

4880 
4940 
5ooo 
5o6o 
5iio 

5170 
523o 
5290 
5340 
5390 



Diff. 



o 
I 
3 
3 

4 
5 



\ 

10 



II 
12 
i3 

14 
l5 

16 

;j 

'9 
20 

21 

22 
23 

24 
25 

36 

27 
28 
29 

3o 
3i 

32 

33 

34 
35 

36 

37 
38 

39 

40 

41 
42 
43 
44 
45 

46 

% 

49 



Anj^lee. 



|0 29'5o" 
3o' 5o" 
3i'4o" 
32' 3o" 
33' 3o" 
34' 20" 

35' 10" 
36- 

36' 5o" 
37' 40" 



!J 



38' 3o" 

39' 3o" 
40' 20" 
41' 10" 
41' 5o" 
42' 40" 

43' 3o" 
44' 10" 
45' 

45' 5o" 
46' 3o" 



% 



20' 



48' 5o" 
49* 3o" 
5o' 20" 

5i' 

5i'5o" 
52' 3o " 
53' 10" 
54' 

54' 40" 
55' 20" 
56' 10" 
56' 5o" 
57' 3o" 

58' 10" 

58' 5o" 

59' 3o " 

20 00' 10" 

5o" 

r4o" 
2' 20" 
3' 

3' 35" 
4' 10" 

4' 5o" 
5' 3o " 
6' 10" 
6' 5o" 
7' 3o" 



Seconds. 



5390 
54 5o 
55oo 
555o 
56io 
566o 

5710 
5760 
58io 
586o 
5910 

5970 

6020 

6070. 

6110 

6160 

6210 

62 5o 

63 00 
635o 
6390 

6440 
6480 
653o 
6570 
6620 

6660 
6710 
6750 
6790 
6840 

6880 
6920 
6970 
7010 
7o5o 

7000 
7i3o 
7170 
7210 
725o 

73oo 
7340 
7380 
74i5 
745o 

• 

7490 
753o 
7570 
7610 
765o 



Diff. 



5o 
5i 

52 

53 

54 
55 

56 

% 

61 

62 
63 
64 
65 

66 

67 
68 

69 

70 

7! 
72 

73 

74 

75 

76 

81 
82 

83 

84 
85 

86 

?7 
88 

89 

90 

9i 
92 

93 

94 
95 

96 

97 
98 
99 



Angles. 



7'3o' 
8' 10' 
8' 45' 
9' 20' 

10' 

10' 40' 

n'lS' 
ir5o' 
12' 3o' 
i3' 5' 
|3* 40' 

14' 20' 
1 5' 

1 5' 35' 
16' 10' 
16' 45' 

17' 20' 
17' 55' 
18' 3o' 
19' 5' 
19' 40' 

20' 1 5' 
20' 5o' 

21*25' 

22' 
22' 35' 

23' 10' 
23' 45' 
24' 20' 
24' 55' 
25' 3o' 

26' 

26' 35' 
27' 5' 
27' 40' 
28 10' 

28' 45' 
29' 1 5' 
29' 5o' 
3o' 20' 
3o' 55' 

3i'25' 

82' 

32' 3o' 
33' 5' 
33' 35' 

34' 5' 
34' 40' 
35' 10' 
35' 40' 
36' 1 5' 



Seconds. 



I 



765o 
7690 
7725 
7760 
7800 
7840 

7875 
7910 
7950 

8060 
8100 
8i35 
8170 
8205 

8240 
8275 
83io 
8345 
838o 

841 5 
8450 
8485 
8520 
8555 

8590 
8625 
8660 
8695 
8730 

8760 

8860 
8890 

8925 
8955 
8990 
9020 
9055 

9085 
9120 

9i5o 
9185 
9215 

9245 
9280 
9310 
9340 
9375 



Diff. 



00 
01 
02 
o3 

04 
o5 

06 
o: 



09 
10 

II 
12 
i3 
14 

i5 

« 

16 

:? 

•9 
20 

21 
22 
23 

24 
25 

26 

2 

2 

3i 

32 

33 

34 
35 



36 

3 

3 

39 

40 



I 



41 
42 
43 
44 
45 

46 

47 
48 

49 



THE KATCBAL TANGENTS AND COTANGENTS. 



77' 





log. tan. 


x"= 4.685575 + log; 


X + diff. 








log 


. cot. 


x"=: 15.314425 - 


-log. 


X - diff. 






FOE TANGENTS 


AND COTANGBNTS OF 


SMALL ANGLES. 




Angles. 


Seconds. 


Diff. 


Angles. 


Seconds. 


Diff. 


ik ogles. 


Seconds. 


Diir. 


0" 







1° 3'3o" 


38io 


5o 
5i 

52 

53 

54 
55 


|0 3o'io" 


5410 




7' 10" 


43o 





4' 10" 


385o 


3o' 3o" 


543o 


100 


ii'io" 


670 


I 

0% 


4' 5o" 


3890 


3r 


5460 


lOI 

t /\4 


14' lo" 


85o 


2 

3 


5' 3o" 


3930 


3r3o" 


5490 


102 

io3 
104 
io5 


17' 


1020 


6' 


3960 


82' 


5520 


19' 


1440' 


4 
5 


6'-4o" 


4000 


32' 20" 


5540 


21' 


1260 


6 

0m 


7' 20" 


4040 


56 


32' 5o" 


5570 


106 

1 fyj 


23' 


i38o 


7' 5o" 
8' 3o" 


4070 


33' 10" 


55qo 


24' 5o" 


1490 


I 


4110 


33' 40" 


56ao 


108 


26' 3o" 


1590 


9' 


4140 


34' 10" 


5630 


27' 5o" 


1670 


9 
10 


9 40 


4180 


34' 3o " 


5670 


109 
110 


29' 20" 


1760 
1840 


• • 


10' 20" 


4220 


61 
62 
63 


35' 


5700 


fit 


3o' 40" 


II 


10' 5o" 


425o 


35' 20" 


5720 


111 

« ■ n 


3a' 


1920 


12 
i3 

14 
|5 


ir3o" 


4290 


35' 5o" 


5750 


1 12 
ii3 


33' 10" 
34' 20" 


1990 
2060 


12' 
12' 3o" 


4320 
435o 


64 
65 


36' 10" 
36' 40" 


5770 
5800 


1 1 v^ 

ii4 
ii5 


35' 3o" 
36' 40" 


2i3o 

2200 


16 


i3' 10" 
i3' 40" 


4390 
4420 


66 

ll 
69 
70 


37' 10" 
37' 3o" 


583o 
585o 


116 


37' 5o" 


2270 


\l 


14' 10" 


445o 


38' 


588o 


\\l 


38' 5o" 


233o 


lo 


14' 5o" 


4490 


38' 20" 


5900 


110 


39' 5o" 


2390 


«9 
20 


|5'20" 


4320 


38' 5o" 


5930 


119 

120 


40' 5o" 


24$o 


tfk • 


i5' 5o" 


455o 


■ 71 

1 n 


39' 10" 


5950 


V A ■ 


41' 5o" 


25|0 


21 


16' 20" 


458o 


39' 3o" 


5970 


121 


42' 5o" 


25p 
2630 


22 
23. 


17' 


4620 


73 

m i 


40' 


6000 


129 
123 


4J' 5o" 


17' 3o" 


465o 


40' 20" 


6020 


44' 40" 


2680 


24 

25 


18' 


4680 


75 


40' 5o" 


6o5o 


124 
125 


45' 40" 


2740 


26 


18' 3o" 


4710 


76 


4i'io" 


6070 


126 

1 o«« 


46' 3o" 


2790 


19' 


4740 


41' 40" 


6100 


47' 20" 


2840 


27 
28 


19' 3o" 


4770 


42' 


6120 


127 

128 


48' 10" 


2890 


20' 


4800 


42' 3o" 


6l30 


49' 


2940 


?9 
3o 


20' 3o" 


483o 


2? 


42' 5o" 


6170 


129 
i3o 


49' 5o" 


2990 


3i 

32 

33 

34 
35 


21' 


4860 


81 
82 

83 

84 
85 


43' 10 " 


6190 


i3i 

l32 

i33 
1 34 
i35 


5o' 40" 


3040 


21' 3o" 


4890 


43' 40" 


6220 


5i'3o" 
52' 20" 
- 53' 


3090 
3i4o 
3i8o 


22' 

22' 3o" 
23' 


4920 
49^0 
4980 


44' 

44' 3o" 
44' 5o" 


6240 
6270 
6290 


53' 5o" 


323o 


36 

11 
40 


23' 3o" 


5oio 


86 

89 
90 


45' 20" 


6320 


1 36 

1 3d 

139 
140 


54' 40" 


3280 


24' 


5o4o 


45' 40" 


6340 


55' 20" 


3320 


24' 3o" 


5070 


46' 


6360 


56' 


336o 


23' 


5ioo 


46' 20" 


638o 


56' 5o" 


3410 


25' 3o" 


5i3o 


46' 40" 


6400 


57' 3o" 


345o 


/ • 


26' 


5i6o 


f\. • 


47' 10" 


6430 


.141 

m /A 


58' 10" 


3490 
353o 


41 


26' 3o" 


5190 


9» 


%''' 


6450 


58' 5o" 


42 
43 

44 
45 


26' 5o" 


5210 


92 
93 
94 
95 


6480 


142 
143 
144 
145 


59' 3o" 

l** 0'20" 


3570 


27' 20" 


5240 


48' 20" 


6300 


3620 


27' 5o" 


5270 


48' 40" 


6520 


I' 


366o 


46 

47 
48 


28' 20" 


53oo 


96 


49' 


6540 


146 
148 


r4o" 


3700 


28' 40" 


5320 


49' 20" 


656o 


2' 10 " 


3730 


29' 10" 


535o 


% 


49' 40 " 


9580 


2' 5o" 


3770 


29' 40 " 


53So 


5o' 10" 


6610 


J'3o" 


38io 


49 


3o' 10" 


5410 


99 


5o' 3o" 


663o 


N149 
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THE NATUBAL TANGENTS AND COTANGENTS. 



log. tan. a"= 4685575 + log. A+ diff. 
log. cot A"= 15.314425 - log. A- diflf. 



FOE TANGENTS AND COTANGENTS OF SMALL ANGLES. 



Angles. 



5o'5o" 
5i'io" 
5i'3o" 

52' 

5a' ao" 

52' 40" 
53' 

53' 2o" 
53' 5o" 
54' 10" 

54' 3o" 
54' 5o" 
55' lo" 
55' 3o" 
55' 5o" 

56' lo" 
56' 3o" 
56' 5o" 
57' lo" 
57' 40" 

58' 

58' ao" 
58' 40" 
59' 

59' 20 



n 



59' 40" 

a® 00' 00" 
ao" 
40 



ti 



I'ao" 
1*40" 
2' 

2' 20" 
2' 40" 

3' 

3' ao" 
3' 40" 
4' 
4' ao" 

4' 40" 
5' 

5' 20" 
5' 40" 
6' 

6' ao" 
6; 40" 

7 ao 
7 40 



Seconds. 



663o 
665o 
6670 
6690 
67 ao 
6740 

6760 
6780 
6800 
6830 
685o 

6870 
6890 
6910 
6930 
6950 

6970 
6990 
7010 
7o3o 
7060 

7080 
7100 
7120 
7140 
7160 

7180 
7200 
7220 
7240 
7260 

7280 
7300 
7320 
7340 
7360 

7380 
7400 
7420 
7440 
7460 

7480 
7500 
7520 
7540 
7560 

7580 
7600 
7620 
7640 
7660 



Difl: 



5o 
5i 

52 

53 

54 
55 

56 

5^ 

62 
63 

64 
65 

66 

69 

70 

71 
72 
73 
74 
75 

76 

?2 

9 



81 
82 
83 

84 
85 



86 

8 

89 

90 



91 

92 
93 

95 



96 

9 
9 
99 



Angles. 



S 

8 
8 
8 

9 

9 

9 
o 



o 

o 
I 
I 
I 

2 

a 
a 
3 
3 



ao 
20 
20 
ao 
ai 

ai 
21 
aa 
22 
22 



40' 

i5" 
3o" 
5o" 
10 



>i 



3o" 
5o" 
10" 
20" 
40 



n 



55" 
1 5" 
35" 
55" 
1 5" 

35" 
55" 
1 5" 
35" 
5o" 

10" 
3o" 
45" 
5" 
20" 

40" 
55" 
1 5" 
3o" 
5o" 

5" 
25" 
40" 

1 5" 

35" 
55" 
1 5" 
3o" 
45" 

5" 
ao" 
40" 
55" 
i5" 

3o" 
45" 
5" 
20" 
35" 



Seconds. 



7660 
7680 
7695 
7710 
7730 
7750 

7770 

7790 
7810 
7820 
7840 

7855 
7875 
7895 

7935 

7955 

797? 




ii5 
8o3o 

8o5o 
8070 
8o85 
8io5 
8iao 

8i4o 
81 55 
8175 
8190 
8210 

8225 
8245 
8260 
8280 
8295 

83i5 
8335 
8355 
8370 
8385 

8405 
8420 
8440 
8455 
8475 

8490 
85o5 
8525 
8540 
8555 



Dlff. 



aoo 
aoi 
aoa 
2o3 
204 
2o5 

ao6 
a67 
ao8 
ao9 
aio 

an 

212 

2l3 

214 

2l5 

ai6 

217 

2id 

219 
aao 

aai 
222 

223 

224 

225 

226 

237 

328 
229 

23o 

23l 

232 

233 

234 

235 

236 

238 
239 
240 

241 
242 
243 

344 
245 

246 

247 
248 

249 



Angles. 



22 


35" 


aa 


55" 


a3' 


10' 


a3' 


3o" 


a3' 


45" 


24' 




24' 


20" 


24' 


35" 


24' 


55" 


a5' 


10" 


25' 


25" 


a5' 


'45" 


26' 




26' 


20" 


26' 


35" 


a6' 


5o" 


27' 


10" 


27' 


35" 


% 


45" 


a8 


|5" 


a8' 


35" 


a8' 


5o" 


29' 


10" 


39 


25" 


29 


40" 


3o' 




3o' 


i5" 


3o 


3o" 


3o' 


5o" 


3i' 


5" 


3i 


'20" 


3i 


35" 


3i 


55" 


82 


10" 


32 


25" 


32 


40" 


32 


55" 


33 


1 5" 


33 


'3o" 


33 


'45" 


34 




34 


'i5" 


34 


'3o" 


34 


45" 


35 




35 


20" 


35 


35" 


35' 


5o" 


36' 


5" 


36' 


20" 



Seconds. 



8555 
8575 
8590 
8610 
8625 
8640 

8660 
8675 
8695 
8710 
8725 

8745 
8760 
8780 

8795 
8810 

883o 
8845 
8865 
8880 
8895 

8915 
8930 
8960 
8965 
8980 

9000 
9015 
9o3o 
9o5o 
9065 

9080 
9095 
9115 
9i3o 
9145 

9160 
9175 
9195 
9210 
9225 

9240 
9255 
9270 
9285 
9300 

9320 
9335 
9350 
9365 
9380 



Diff. 



a5o 
a5i 

252 

253 
254 
255 

256 
257 
258 
239 
260 

261 
262 
263 
264 
265 

266 



269 
270 

271 
272 
273 

274 

275 

276 

277 
278 

279 

2»o 

a8i 
282 
283 

284 
285 

286 
287 

288 
289 
290 

291 
292 
293 

294 
295 

296 

297 
298 

299 
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TABLE XT. 



ooNTAiNnra 



THE NATURAL TANGENTS AND COTANGENTS 



roB 



EVERY DEGREE AND MINUTE OF THE QUADRANT. 



so 



NATURAL TANGENTS. 



9i 


0' 


V 

017455 


2« 

034921 


8" 


4" 


6" 


6" 


7" 


8" 


9" 


60 


oooooo 


062408 


069927 


087489 


io5io4 


122785 


i4o54i 


i583S4 


1 • 291 


oH^ 


5212 


2699 


070219 


8075 


i 53^8 


, 3980 


0837 


j 8683 59 
' 8981 58 


2 


582 


018037 
328 


55o3 


32?3 


o5ii 


5692 


3375 


ii34 


3 


873 


6^^ 


0804 


8368 


5987 


3670 
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